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ABSTRACT

We propose a modified penalty embedding for solving complementarity problem (LCP). This embedding
is a special one parametric optimization problem P(t), te[0,1]. Under the condition (A3) (a modified
Enlarged Mangasarian Fromovitz Constrait Qualification), (A4) (P(t) is Jongen- Jonker -Twilt regular)
and two technical assumptions (Al) and (A2) there exists a path in the set of stationary points
connecting the chosen starting point for P(0) with a certain point for P(1) and this point is a solution for
(LCP). The path may include types of singularities, namely points of Type 2, Type 3 and Type 4 in the
class of Jongen-Jonker-Twilt. We can follow this path by using pathfollowing procedures (program
package PAFO) only. We do not have any assumption with respect to the matrix B in the description of
the (LCP). The assumption (A4) will justified by two theorems. An illustrative example shows that points
of Type 2 and 3 could appear.

Key words: Linear complementarity problem, penalty embedding, non degenerate critical points,
singularities, Jonge-Jonker-Twilt regularity, Mangasarian Fromowitz Constraint, path-
following methods.

RESUMEN

Se propone un embedding de penalidad modificado para resolver el problema de complementariedad
lineal (PCL). Esta inmersién es un problema de optimizaciéon paramétrica especial P(t), t € [0,1]. Bajo la
condiciéon (A3) (a modified Enlarged Mangasarian Fromovitz Constraint Qualification), (A4) (P(t) es
Jongen- Jonker -Twilt regular) y las hipotesis (Al) y (A2) existe un camino sobre el conjunto de puntos
estacionarios conectando el punto inicial seleccionado para P(0) con un tal punto para P(1) y este punto
es una solucion de (LCP). El camino puede incluir singularidades, denominadas de Tipo 2, Tipo 3,
Tipo 4 por-Jonker-Twilt. No se establece condicién sobre la matriz B en la descripcién del problema. El
programa PAFO posibilita seguir el camino descrito. La hipétesis (A4) es justificada por dos teoremas.
Un ejemplo ilustra el procedimiento.

Palabras clave: Problema de complementariedad Lineal, inmersién de penalidad, puntos criticos no

degenerados, singularidades, Jonge-Jonker-Twilt-regularidad, Condicién de regularidad
de Mangasarian Fromowitz, método de continuacion.

1. INTRODUCTION
Let B be an nxn -matrix, q € R", and

M= {x e R"|Bx+q=0,x"Bx+q x=0,Xx=0}.
We consider the well known linear complementarity problem (we refer e.g. to Burke-Xu (1998), Cottle, R.W.

et al. (1992), Ferris, M.C. et al. (1997), Fischer, A. (1995), Kojima, M. et al. (1991), Stoer, J. et al. (1998) and
the papers cited there)

(LCP) Find a point x e M" (1.1)

There are many interesting applications of this problem (cf. for instance Ferris M.C. et al. (1997)). If we
introduce

blT
B=|: with b'#0,j=1,...n, and b’ eR",
bnT
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hen we can write M in the following form:
M-={x e R"[b"x+q>0,x"Bx+q'x=0,%2>0,]jed},
where J: ={1,..., n}
We assume that
(Al) M'=Q

Let E(x; ,p) := {x € R"| |Ix - x |12 < p}, where x, € R" is an arbitrarily chose and fixed vector and p € R
with p > 0.

Then there exists a po > 0 such that M- n E(x; ,p) = @ for all p > po (1.2)
If M" is compact, then we even have: M" < E(x ,p) for all p > po.

Instead of the (LCP) (cf. (1.1) we now consider the following optimization problem

(P") min{%(x—xo)TA(x—xo)lx eML} (1.3)

where A is a symmetric nxn matrix (A € R"™Y7) here the space of symmetric nxn matrices is identical with

R"™D2 and x, € R". We follow the concept of modified penalty embeddings described in Gollmer R. et al.
(1993), Gomez, W. et al. (2000), Guddat J. et al. (1997), Guddat J. et al. (1990)) (first used in Gfrerer, H.
et al. (1985)). The problem (P") will be embedded by

P-(t) min{%(x—xo)TA(x—x0)+||w—wo||2 +||v—v0||2|(x, w,v)eM-(t)te [0,1]} (1.4)
where
o+ + -t - () ) 0,
M-(t) =4 (x, W, Z,v) € R" x R" x R" xR txj+(1—t)(z]-—(zl)j)2 0,jed (1.5)

t(x"Bx+q'x)+(1-t) (vj ~vy)=0

=[x =xolf" ~flw—wa|]" -z -z (v -v. > 0

where J:={1,...,n}, Xo, X;Wo, W1, W20, 21,2, € R", v, € R are fixed, p > 0, s > 0 sufficiently large.

We use the pathfollowing procedure for a suitable chosen wg, w;,24,2z, obtaining a very good starting
situation for t = 0. If we achieve t = 1, we have a solution of the (LCP). The use of pathfollowing methods for
(LCP) (cf. e.g. Burke-Xu (1998), Cottle, R.W. et al. (1992), Kojima M., et al. (1991), Stoer, J. et al. (1998) and
the papers cited there) is not new. Modified penalty embeddings (cf. above) are not new either. What is new
is the application of this embedding to the (LCP). We will see that we achieve t = 1 using path following
procedure only, without any assumption concerning the matrix B, like in Burke-Xu (1998), Fischer, A. (1995),
Kojima, M. et al. (1991), Stoer, J. et al. (1998) The matrix B could also be indefinite. This is the real
advantage of this approach. From this point of view it is not necessary to compare our pathfollowing
procedure with others for (LCP). Section 2 includes a summary of the theoretical background and a short
description of the program package PAFO. In Section 3 important properties of P(t) (i.e., the starting situation
and the singularities that may appear) will be discussed. In Section 4 theorems justifying the chosen
approach are presented. An illustrating example is given in Section 5, and it shows us that point so Type 2
and 3 could appear , we achieve t = 1 and the matrix is indefinite. We were also successful with all the other
examples calculated.
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2. THEORETICAL BACKGROUND AND THE PROGRAM PACKAGE PAFO

First , we present a very short version of 2.5, 2.6 in Guddat J. et al. (1990). We consider the general one-
parametric problem:

P(T)  minff(xt)x e M(t)} t e % resp. t e [0,1], (2.1)

where M(t) = fx € | ) = 0 e Ly, (x,1) = 0, € I}

and
fh,g e C(R" xRxN),ielje .

Furthermore , we introduce the following notations

z o= {(x,t) eR"xR|x isageneralized critical po int* of P(t) }
Z stat = {(x,t) e R"xR|x isa stationary point P(t) } ,
Z loc = {(x,t) e R"xRN|x isalocal minimizer of P(t) } ,

H = (hy,....h )" .G = (9., 0s)

The Linear Independence Constraint Qualification (briefly LICQ) is satisfied at XEM(E) if the vectors

D (X, 0),i €1D,g;(X.1), je Jp(x,1) are linearly independent, where Jo(x,0): = {j € 3| gi(x,t) = O}.

The Mangasarian-Fromovitz Constraint Qualification (briefly MFCQ) is satisfied at x e M(f) if:
(MF1) thi(i 9) iel are lineary independent,
(MF2) There exists a vector & e R" with
D,h(xy)e=0,iel?
D,g;(X )& >0, je Jp(XY).
Next, we cite our short characterization from Gémez, W. et al. (2000), Guddat, J. et al. (1990) of the class F

introduced by Jongen, Jonker and Twilt (Jongen et al.(1986)). In Jongen, H.Th. et al. (1986) the local
structure of >4 is completely described if (f,H,G) belongs to a Cg-open and dense subset F of

C3 (R"xR, R)"™ , where C2denotes the strong (or Whitney-) C*-topology (see Guddat J., et al. (1990), too).
If (f,H,G) € F, then X4 can be divided into 5 types.

Type 1: A point Z = (?,f) € 24 Is of Type 1 (non-degenerate critical point) if the following conditions are
satisfied:

There exists Ii,ﬁj eR,iel jedy(z) with

D+ Db+ Zi D0, -0 2.2)

iel jedglz —
1% 2=

39



LICQ is satisfied at X e M(t) (2.3a)
(therefore X ;ji, ielje JO(E) are uniquely defined)
wji = 0, j € Jo(2) (2.3b)

is non singular (2.3c)

D2L(x.t)
T
where DiL is the Hessian of the Lagrangian

Lt = Ft)+ > ah(x )+ Y gi(x,1)

ie €3 (2)
and the uniquely determined numbers Xi,;j are taken from (2.2). Furthermore, T(z) = {¢ € R" | Dyh; (2)¢ = 0O,

i € 1, D@i(2)E = 0, j € Jo(2)} is the tangent space at z and DZL(z) |y, represents V'DV/LV,where V is a
matrix whose columns form a basis of T(z).

The set 24 is the closure of the set of all points of Type 1, the points of the Types 2--5 constitute discrete
subset of 2. The points of the Types 2--5 represent three basic degeneracies:

Type 2 -- violation of (2.3b)
Type 3 -- violation of (2.3c)
Type 4 -- violation of (2.3a) and |I| + |[Jo(X,t)] -1 <n
Type 5 -- violation of (2.3a) and $|I] + |Jo(x,t)] = n + 1.
Remark 2.1 In Section 4 we need a complete description of a point of Type 4 (cf. Gémez, W. et al. (2000))
Let a* be fixed Jo(x,t) = {1,....., p }

Dygp(x*,t*) € span {Dihi(x*,t*), i € I, Dygi(x*,t*), j = 1,......... p-1

(x*t*) e ZZC, if the following conditions are satisfied:

a) 1< m+p<nanditholds (Dxh_1(x*t¥),...,Dihm(x*,t*), Dxg_1(Xx*,t¥),....,Dx@p(x*,t*)) =m + p -1

b) a:Hj #0forallj €{1,......... , P} where o* is fixed and defined in

m p
Do Dyhi (X4, 1)+ o], mDy; (X5, 1 = 0
i=1 =1

*

OLHm io, lep

c) (t*,01%,...,0mspa*, X*,0) € R™™ P! is a non-degenerate critical point of the problem.

min t|(x,a,t,00): G(X,0,t,0,0) = 0} where
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p-1
Dx oLOf(Xv t) - Z oLihi(x7 t) - z OLerjgj(Xa t) - 0‘m+pgp(xa t)
iel =1

hl(?(' t)

G (X,Ot,t,ao): hm('X! t)
9:(x,t)

g (X, 1)

The following theorem provides a special perturbation of (f,H,G) with additional parameters that can be
chosen arbitrarily small such that the perturbed function vector belongs to the class F. Let the space of
n(n+1)
symmetric nx n-matrices be identified by R 2

Let Z;Cv e {1,...,5} be the set of g.c.- points of Type v. The class F is defined by

v

_ 3 +m-+
F={{fH,G) e CCR"xR, R" ™) ¥ .c ulezgc
n(n+1)
Theorem 2.2: Let (f, H, G) e C*(R"xR,R*™*). Then, for almost all (b,A,c,D,e,F) € R'™xR 2 xR™<R"xR°xR"™,

(F(x,t) + b'x + X'Ax, H(x,t) + ¢ + DX,G(x,t) + e + Fx) € F.

Here "almost all" means:

each measurable subset of {(b,A,c,D,e,F)\(f(x,t) + b'x + X' Ax,H(x,t) + ¢ + Dx,G(x,t) + e + Fx) ¢ F} has the
Lebesgue-measure zero.

Definition 2.3: Let K € R U {«}. The problem P(t) is called regular in the sense of Jongen-Jonker-Twilt,
briefly JJT-regular, (with respect to K) if:

(f,H,G) € Fl« ((\R"™xK) N Xgec U1 TVg0)
The following theorem is essential for our analysis.
Theorem 2.4 (follows from Gefrerer,H. et al. (1985)). We assume
(C1) M(t) is non-empty and there exists a compact set C with M(t) < C for all t € [0,1].
(C2) P(t) is JJT-regular with respect to [0,1].

(C3) There exists a t; > 0 and a continuous function x:[0,t;) — R" such that x(t) is the unique stationary point
for P(t) for t € [0, ty).

(C4) MFCQ is satisfied for all x € M(t) for all t € [0,1].
Then there exists a PC*-path in g4 that connects (x°,0) with some point (x*,1).

Now we describe the modified penalty embedding used in Gémez W. (1997), Gémez W. et al. (2000),
Guddat, J. et al. (1997) and denoted by PP(t) for the general optimization problem

(P) min {f(x) [x eM}, (2.4)

where
M={xeR" |h(x)=0,iel, g(x)>0,jeJ}
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and h;, gje C¥(R", R),iel,jeJ
PP(t): min{tf(x) + (1-t)(x-x°)TAX-X°) + (v-v®)'C(v-v°) + (w-w°) D(w-w°) | (x,v,w) € MP(t)}, (2.5)
t e [0,1]

where

th,(x)+ (@~ t){v,~v°)=0,i <!

MP(t) =1 (xw,v)e R"x K" xR tgj+(L-t)...(w; - (w )2 0,jed p,q>0
ool 20

A

sufficiently large.

We observe that PX(t) is a special parametrization of PP(t) (cf. (2.5)) and P°(t) is a special parametrization of
P(t) (cf. (2.1)). The main properties of this embedding are included in Theorem 1.1 in Gollmer R. et al. (1993),
(good starting situation, MP(t) = @ for all t €[0,1], equivalence of PP(1) and (P).

To apply Theorem 2.3 we ask for a sufficient condition on the feasible set M of the original problem (P)
(cf. (2.4)) that (C4) in Theorem 2.3 is satisfied. Here we follow Gomez, W. et al. (2000) and Guddat, J., et al.
(1997). Under the assumption that M is non-empty we fix X’ € R"and p in such a way that M n E(x°,p) = &
where E(C,p):= {x eR™n |\ [x-x*\|> < p}.

Definition 2.5: The Enlarged Mangasarian-Fromovitz Constraint Qualification (EnMFCQ) is satisfied in M if,
for all x € E(X°,p)

EnMFCQ1 D,hi(x), i e |, are linearly independent
EnMFCQ?2 There exists a vector $£eR" with the following properties
hi(x) + Dhi (X) £E=0, i e |
gi(x) + Dygi(x)§ > 0,V] e J with g(x) = 0,
2(x-x)'E>0,if [|x-x°° = p.
In Gimez, W. et al. (2000) the following Mangasarian-Fromovitz vectors (MF-vectors) are used:

For all x eMP(0)
n:= ((xx°), 0, %(Wﬁwc))-W) 2.6)

For all (x,v,w) e M°(t), t € (0,1):

Let & be a vector that realizes the EnMFCQ2. We fix a number

vg; (x) + Dg; ()& < 0 for all j € I where 37 := {jed | g, (x) > O}. With this number we define the following
w" e R°, where the j-th component has the following value:
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—(w,——(wl)j] if jeJ\(Jp"sﬂSo(y,t)J
wil =

J —Y(V_VJ'—(Wl)j) if je [JPOS ﬂ?]o()_/:{)) @7

where Jo(y,t) = { i1g(y.t) = o} and

= [TL—(\_/— VO)'an

is a MF-vector.

On the program package PAFO (this is a very short version of Chapter 4.5 and 5.2 in Guddat, J. et al.
(1990)).

PAFO (cf. Gbmez, W. et al. (2000), cf. Guddat, J. et al. (1990)) is based on a pathfollowing method (called
PATH IIl in Guddat, J. et al. (1990) Chapter 4.5) and jumps (called JUMP | in Chapter 5.2 Guddat, J. et al.
(1990) and JUMP Il in Chapter 5.3 Guddat, J. et al. (1990))

We explain the main ideas of PATH lll, but not those of JUMP I, Il as we do not need them here.
PATH Il

This algorithm computes a numerical description of a compact connected component in X, i.e., in
particular it finds a discretization of an interval [tatg], ta < O < tz (not necessarily [ta ,tzg] > [0,1]), and
corresponding g.c. points starting at (xo,0) € Xqc(cf. (A2)). The algorithm is based on the active index set
strategy and is a so-called predictor-corrector scheme if the active index set is constant. A Newton corrector
is used.

The main point of the approach consists in the computation of the new index sets for the possible
continuations at points of Type 2 and 5. In our application only points of Type 2 could be appear. This is done
easily without any numerical problem.

We note that we do not have any numerical difficulties walking around turning points of the Types 3 or 4. In
our application only points of Type 3 could appear.

Remark 2.6

If there exists a PC%path connecting (xo,0) and a point (x,1), PAFO constructs a finite number of predictor
steps in [0,1], i.e., a discretization

0= L. <t .Sty = 1
and, by corrector steps using Newton-like methods, corresponding approximations X (t) of stationary points
x(t), i=1,..,N,

where the rate of convergence will be at least superlinear and the points i(tj)will be obtained by a finite
number of Newton-like steps.

3.PROPERTIES OF THE MODIFIED PENALTY EMBEDDING

We consider the problem (PY) (cf. (1.3)) and the modified penalty embedding P“(t), t € [0,1] (cf. (1.4)). We
follow here Section 8.2.2 in Gollmer, R. et al., 2001) for the problem PP(t) and we consider the special
problem P“(t). We choose
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(A2)  Xg, X1, Wo ,Wy € R" with Wo> Wy, 2o, Z1, Zo € R" with zo> z4, and:
[IX0 - Xall” + [[Wo - Wal[* + |Zo - Zol[* + [IVo-val[* < p
Theorem 3.1. Let (A1) and (A2) be satisfied. Then we have the following properties for P"(t)

(i) If we choose the matrix A to be positive definite, then (xo,Wp,20,Vo) iS @ global minimizer, the unique
stationary point for $P"(0)$. Furthermore, (Xo,Wo,Z0,Vo) is @ nondegenerate critical point for P-(0).

(i) M“(t) is non-empty for all t € [0,1].
(iii) Let 1, be the orthogonal projection of R"xR"xR" onto R". Then I1,(M(1)) = M" N E(Xo,p).
Now we consider a modification of the EnMFCQ. (Definition 2.5).
Definition 3.2 The Modified EnMFCQ is satisfied if it holds for all x T E(X, ,p)\M" that:
EnMFCQ 1 (B+B")x +q =0
ENMFCQ 2 There exists a vector neR" with the following properties
a)x'Bx+q'x+(B+BNx+q) n=0
b)b"x+q+b™ >0, jed withb'x+q<0
C) X+ el n >0, jed withx<0 (ej is the j-th unit vector)
d) -2(x-Xo)'m > 0 if [Ix-xol|* = p
Remark 3.3 By a geometrical interpretation of the EnMFCQ it will be obvious that a violation of theEnMFCQ
is possible, but in exceptional cases only. (If a point belonging to M" is obtained as feasible solution of M(t),
for some te [0,1], then the problem has been solved).
Theorem 3.4 We assume:
(A3) ENnMFCQ is satisfied.

Then the MFCQ is satisfied for all y e M(t) for all t [0,1), where y = (x,w,z,v)

Proof: We use the same MF-vectors 1 as used in ((2.6) and (2.7)) specialized for M'(t) for t = 0 and
t e (0,1). 0

Using the Theorems 2.4, 3.1 and 3.4 we obtain the following summarizing result:

Corollary 3.5 If we choose the matrix A to be positive definite, and if (A1), (A2), (A3),
and

(A4)  P(t) is JIT-regular with respect to [0,1] are satisfied, then there exists a PC*path in Y. that
connects (y°,0) with some point (y*,1).

The following remark concludes our investigation.

Remark 3.6

Using the properties of the functions defining M“L(t) we can apply Theorem 3.1.1 from Bank,B. et al. (1982).
Then we obtain that the point-to-set mapping t t — M(t) is closed in a neighbourhood U, (1), i.e., for each
sequence {t} with t, —1 and each sequence {yk} with yk € M(t) there exists a convergent subsequence of {yk}
and its limit y’ belonging to M“(1), i.e, y' € M". This is the reason why we are successful with the pathfollowing
procedure.

44



4 JUSTIFICATION THEOREMS

Let [[C3]P*2" = {fB — R**" | B = {y:|lyl|>< p}, f e C®} with the strong topology. We consider the embedding

P, (b): Min{(X-Xo) 'A(X-Xo) + (V-Vo)® + ||w-wo||* + ||z-2o||*
S.t.
t(x"Bx+q'X)+(1-t)(v-v;) = 0, (1)
tx+(@Q-t)(z-2z1) 20, (2)
4.1)
t(Bx+q)+(1-t)(w-w,) 20, 3)

2 2 2 2
[1X = X"+ (v - vo) "+ [lw - Wl [+ [z - 25]|” <p (4)
Theorem 4.1 For almost all 3, = (Xo;X1;Vo;Va;V2;Wo,W1;W2 ;20,2122 ;A) € R V2 b (1) is 33T-regular.

Proof: Let (x,v,w,z,t) = y € >4 Where the LICQ is satisfied. We will suppose that the compactification
constraint is active. In the other case the proof is analogous. That means:

2A(X - Xo) + M[(B + BNx + q] - By ™ - thy u®- 2p(x - X1) = 0
2(w - Wo) (1 - lzp’ - 2u(w - wp) = 0

2(z-20- (1-Yhp®-2u(z-22) =0

2(V-Vo- (1- A -2u(v-v,) =0

tX'Bx+q'x) + (1-t)(v-v) =0 (42)
txi+ (1 - 1)(Zi- (z1 )id); i € Jo(y,) = 0

t(Box + q) + (1 - ty(w - wy) = 0

X = Xal P+ (v - V2 )+ W - W, |+ Iz - 2= p

where B, I; are the sub-matrices of B,l,, corresponding to the active constraints of inequalities (2). I, is
analogously defined in the case of inequalities (3). As we want to study the characteristics of the critical
points: the number of multipliers that are zero, and the rank of the Hessian of the Lagrangian, we will consider
the following system:

Dx,W,Z,V,?»,ul,pz,u,L(X’ W, z,V, A, ul, |.12, w t, X)= 0 Q)
sz,w,z,v,k,ul,uzL(X. W, Z,V, A, l»lly Hzr u i, X) =Y (2)
(4.3)

11-13(rs) 1, =0 (3)

1 . 1
l,l,] = 0, J € Jo(y,t) \ ‘]"‘(H )

2 . 2
ui =0, j e Joly,) \ Jo(n)
p=0

where J(W)={ied uj>0i=12}

45



The system (1) presents the equations corresponding to the characterization of the generalized critical
point, in (2) the equations are taken using the symmetry of the Hessian. If y; € R, (2) and (3) imply that the
Hessian has k eigenvalues that are zero. The last three systems represent the null multipliers corresponding
to the active constraints. We are going to apply the Sard parametric Theorem. The Jacobian U of the system
(4.2), depending on some of the parameters y variables and multipliers, is defined by:

U= (Dvariables multiplierss Dparameters )

D, D, D, D, D, Ds Dp D

® 0 0 0 ® ® ® X 0

0 0 0 0 0 tly o _w O
0
0 o u 0 0 o th -z O
0
o 0 0 uw <t 0 0 -v 0
® 0 0 T 0 0 0 0 0
Dvariabies = (4.4)
Tiipliers ® 1« 0 0 0 0 0 0
® 0 Tl 0 0 0 0 0 0
); w z v 0 0 0 0 0
® ® ® ® ® ® ©® ® I
0 0 0 0 0 0 0 0 Il®
0 0 0 0 0 |J1|0 0 0 0
0 0 0 0 0 0 U0 O 0
0 0 0 0 0 0 0 1 0
(rows from A to w; )
Da on DWO DZO DV0 le Dzl
I -2A 0 0 0 0 0
0 0 2 0 0 0 0
0 0 0 -2 0 0 0
0 0 0 0 -2 0 0 (4.5)
0 0 0 0 0 0 0
0 0 0 0 0 Tly 0
Dparameters = 0 0 0 0 0 0 -tly
0 0 0 0 0 0 0
I« 0 0 0 0 0 0
0
0 0
0
0 0 0 0 0 0 0
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B=2-2u1=(1-t),X = 2(X - X1),W = 2(W — W,),Z = 2(2 - Z2),V = 2(V — V1),

If the LICQ does not hold in (x,w,z,v), the compactification constraint has to be active. Let (k,ul,pz,u) be the
vector unequal to 0, such that:

tk[(B+BT)x+q]+tzulej+tZszlj+u>2:0

iedoy i€doz
M1-t)+uv=0
(4.6)
(1—'[)2;1}1]- +Hw =0
i€do1
1-t) z il +uz =0
i€Joz

Without loss of generality we assume that u = 1. Obviously: (X,w,z;V,Ao,A1,n 1% 1), o = O the coefficient
associated with the objective function of P(t) is a generalized critical point of that problem. We will prove that it
is a point of Type 4 for almost all . Type 4 is characterized by the conditions of Remark 2.2. From
the description of the problem it follows: 1 < 1+ p < 2n + 2 < 3n +1. In addition, the Jacobian of the
active constraints has rank p since only the compactification constraint is able to introduce the dependence
of the gradient vectors. Therefore, condition a) is satisfied for all parameter vectors. b): We will prove
that the components of u' and p® are all non-zero. We consider the equation system describing

——1 =2

(X,W,z,v,0,A,n ,pu ,p) as a generalized critical point and the equalities p' = 0, j e (Jo\ Ju(u'),uf =0,

j € (3 J.(u%). The Jacobian of this system is:

®

o O xX|

o

o o <I

DW DZ D)L Dul D}’L2 DI
X1 —X
0 0 ® tB, tly 11_t
2 _
0 0 ¢ 0 o 2Av2-Vv)
1-t
| 2(w, —w)
2 0 0 Tol 0 -t
0
| 2(z, - 2)
1 Py e
0 20 0 _
0 1-t
0
V, —V
0 0 0 0 0 1t (4.7)
(wy —w)
0 0 O 0 0 t
0
(z1 - 2)
0 T|2 0 0 0 t
0
w 2 0 0 0
0 0O 0 140 0
0 0 0 0 tl, 0 0
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p, D, D, D, D, D,
21 0 0 0 0 0 0
0 2 0 0 0 0 0
0 0 21 0 0 0 0
constraints 0 0 0 2l 0 0 0 (4.8)
0 0 0 0 0 0 0
0 0 0 0 0 0 0
- 2X —-2v  -2w -2z 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

We denote by (34, S, dw, 8.0ig, 01, 82, O, 8,1, 8,1), the coefficient vectors corresponding to the rows of the
Jacobian in a linear combination of the rows equal to zero. From the columns corresponding to D1, Dy1 , D1
follows that &4,= 0, 3, = 0, 8, =0, .= 0. Hence, from Dyy, Dw, , D, , Dy, it follows that: 8= (X - X1), 3y = (V - V3),
dw = (W-wy), 6, = (z-z,). From D; we obtain:

IIX-X2 || + [w-w, || + ||z-z2 |I* + [[v-v2 ||* = O in contradiction to the fact that compactification constraint is
active. From Sard's parametrized theorem we obtain that J; U J, = & for almost all y.

Now let us prove c). According to the latter reasoning the point (0, x, v, €, z, A, ul, uz) is a critical point of
the problem:

I5(t) ‘mint

tk[(B+BT)x+q]+thlej+t2pflj+ux:0

j€doy j€dor

Ml-t)+pv=0

(1—t)2u}1j+uvivzo

jedos

1~ u?B 4z =0

j€doa
t(x"Bx+q"x)+ @-t)(v—v;) =0
tX; +(1-1)(z; = (z)) = 0
t(Bx+q)+(L-t)(w-w;)=0

I} ="+ (v v = we + -] =p

In order to see that it is non-degenerate, we will follow the same arguments as in Gémez, W. et al. (2000).
We have to prove that for almost every y the gradient of the objective function (2A(X-Xo), 2(W-Wp), 2(z-Zo),
2(v-Vp)) is not in the subspace generated by

t{(B+B")x+q] B, tl, —2(X = Xy)
0 -ty O —-2(w—-w,)
0 0 A-t)l, -2(z-2z,)
1-1) 0 0 —-2(v—V,)
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Evidently, the gradient vector of the objective function belongs to the subspace generated by the gradient
vector of the active constraints iff (o, Vo, Wo, Zo) belongs to the translated subspace. This fact implies that W
(Hessian of the Lagrangian of P,(t) on the orthogonal subspace of the active constraints of P,(t) is
nonsingular.

Now let us define the map

(x—xo)  A(x o)+ (v o P + |[w — wo||* +||z - 2o
t(xTBx + qTx)+ A-t)(v-v,)

CD(X): tX+(1-t)(z—-2zy) (4.9
t(Bx +q )+ (I-t)(w—-w,)

2 2 2 2
el + (v =va Pt = wio|” + ffz = 2o -

n(n+1)
+8n+3
We will consider the Euclidean normin R 2 and the Withney topology on [Cs]

3+2n

Theorem 4.2 [Genericity Theorem] Let (B,q) be fixed, then the set

T={y | P,(t) is JJT-regular with respect to (0,1)}

n(n+1)+

is an open and dense set of R 2 with the topology induced by the Euclidean norm.
Proof:

T is dense: if not, there is a ball B such that ®(y) ¢ F for all y € B. But B has positive Lebesgue measure,
and this contradicts Theorem 4.1.

T is open : T is the preimage by @ of F, which is an open set of [C%s]***" with the strong topology. Now let
us prove that @ is continuous: we consider a sequence y,— y, thenitis clear that ®(y,) converges uniformly
to d(x) on {(X,v,w,2) ||X - X¢|[* + (v - Vo) + ||w - W?||* + ||z - Z,||* < p. But since this set is compact it is equivalent
to the convergence in the sense of the strong topology. The theorem is proved. [

5. AN ILLUSTRATIVE EXAMPLE

We consider the LCP defined by

-4 1 1 1
B=| 2 4 1| g=|-6
0O 1 4 -4
B is a nondefinite matrix.
We have chosen A =I,, and
0 1 0 1 0
Xg=% =0} vg=0, wo=w,={1|, w;=|0| z5=2,=|1} z,=|0|-p=130
0 1 0 1 0

The Figures 5.1, 5.2 and 5.3, respectively, show the curve of x;, X, and x3 corresponding to stationary
points. Note that points of Type 1, 2 and 3 appear for t € [0,1].
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