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ABSTRACT

In this paper we introduce the concept of maximal covers and provide some characterizations that make
the identification of the maximal covers from the set of covers implied by a 0-1 knapsack constraint
easier. By construction, these maximal covers induce non-dominated valid inequalities for the set of
feasible solutions for the Knapsack constraint. So, their identification can help to tightening 0-1 models.
We also show some situations where a procedure taken from the literature for identifying non-dominated
inequalities from certain types of covers only obtains a small subset of maximal covers.
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RESUMEN

En este trabajo se introduce el concepto de cubrimiento maximal y se proporcionan algunas
caracterizaciones que facilitan la identificacion de los cubrimientos maximales respecto del conjunto de
cubrimientos implicados por una restriccion de tipo mochila con variables 0-1. Por construccion, estos
cubrimientos maximales inducen desigualdades no dominadas que son validas para el conjunto de
soluciones factibles para la restriccién de tipo mochila. Asi pues, su identificacion puede contribuir al
reforzamiento de modelos 0-1. Asimismo, se muestran algunas situaciones en las que un
procedimiento descrito en la literatura que identifica desigualdades no dominadas a partir de ciertos
tipos de cubrimientos Unicamente obtiene un pequefio subconjunto de cubrimientos maximales.

Palabras clave: tapas maximas, formulaciones mas firmes, constrefimiento de la mochila,
desigualdades dominadas,

1. INTRODUCTION

Consider the 0-1 linear programming problem

max{> c;x| Y ax;<b; Viel x;e{01) VjeJ, (1)

jed jed

where J ={1,...,n}and | ={1,.... m}.

The LP relaxation of (1) is the same problem (1) where each variable x; is allowed to take any value in the
interval [0,1].

We say that two constraint systems Ax < b and A'x < b’ are equivalent if they admit exactly the same set of
0-1 solutions. The system A’x < b’ is said to be as tight as the system Ax < b if it is equivalent to Ax <b and

{x €[01]" | Ax<b}c{x€[0,1]" | Ax <b}.The system A’x < b’ is said to be tighter than the
system Ax <b if it is equivalent to Ax<b and {x €[0,1]"| A’x<b’} c {x €[0,1]"| Ax<b}.

n
We say that the inequality Z“ajxj <b is valid for a set R c IR" if it is satisfied by any vector (xi,...,X,) € R.
j=1

The tighter a 0-1 model, the smaller could the gap be between the optimal values of the related 0-1
problem and its LP relaxation, and, less computational effort could be required to solve the problem. Thus, we
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are interested in finding tighter formulations for problem (1), see {Dietrich et.al. (1993), Hoffmann-Padberg

(1991), Padberg (1975), Savelsberg (1994)] among others. Obviously, a scheme for obtaining as-tight-as
formulation for (1) consist of appending to the constraint system of (1) valid inequalities for its feasible region.
It is well known that the scheme can be more effective by appending valid inequalities that have been violated
by feasible solutions for the LP relaxation of (1). See Johnson et al.(2000) for a good survey on the subject.

The main contribution of this paper is the introduction of the concept of maximal covers and its related
characterization. This concept is defined as a generalization of the concept of maximal cliques, see Mufioz
(1999). A maximal cover from a set of covers is a cover whose induced inequality is not dominated by the
inequality induced by any other cover from the set. The inequalities induced by the maximal covers from the
set of covers implied by a knapsack constraint of problem (1) are valid for its feasible region, and they can be
used in constraint reformulation. We show that these maximal covers can be characterized as the extensions
of certain minimal covers.

This paper is organized as follows: Sections 2 and 3 review classical types of covers and introduce the
concept of maximal covers. A theoretical background is also given to state in Section 4 a characterization of
those valid inequalities. Section 5 draws some conclusions from this work.

2. COVERS IMPLIED BY A CONSTRAINT

Given a set of variables {x,...,x,} and a set Fc {1,...,n}, let us denote X(F) = ZXJ-.
jeF

See e.g. [12] for more details about some of the concepts defined throughout the paper. See also the
references compiled in Aardal-Weismantel (1997).

Definition 1. A cover C is a set of indices of variables that can be expressed as the union of two disjoint sets,
say C" and C’, such that

X(CH=X(C)<k.—|C], ()

where k. is an integer with 1 <k; < lcl. Inequality (2) is said to be induced by C.

Definition 2. A trivial cover is a cover C such that k. = |C | .

n
Definition 3. A cover C with induced inequality (2) is implied by the inequality Zajxj <bif (2) is a valid
=1
n
inequality for {(x1,....x,) € {0,1}" | Z:ajxj <b}.
j=1

We consider knapsack constraints from problem (1) of the form

Z“ajxj <b, (3)

jedo

where 0 <aj<b Vje Joanda <a; Vj,j e Jo withj<j. (Note that any constraint in 0-1 variables can be put
in this form). Without loss of generality, we assume that Zaj > b. Let Fy be the set of 0-1 solutions that
jedo
satisfy constraint (3), i.e., Fo= {(x) ;eJ € {0,1}" | Z:ajxj <b }.
iedo

Lemmas 1 and 2 state some necessary and sufficient conditions for a subset of J to be a non-trivial
cover implied by constraint (3). These conditions lead to the characterization given in Proposition 1, which will
be used to state in Theorem 1 a necessary and sufficient condition for certain covers to be implied by
constraint (3).

137



Lemma 1. Let C*, C < J be two disjoint sets with non-empty union and let k. be an integer such that
ke< | C*| +C| -1. 1f X(C)- X(C) < ks - | C | is a valid inequality for Fo, then

(M) lc'ndol = 2.
(2) ke = |C\Jo | +]C| +1.

(3) D aj>b VFcClwith [F| =k.-[CT[ +1.
jeF

Proof. (1) Suppose that |C" " Jo| <1andletx=1Vje C andx=0 Vje J\C". Sinceb>0,a<b VjeJy

and |C*| > k.- |C| + 1, we have that Zajxj = Z aj<b and ZXJ—ZXJ -|c*| > k.- |C
jedo jeC*nJg jeC* jeC”

which contradicts the fact that X (C*) = X (C") < k. — |C| is a valid inequality for Fo.

’

(2) Suppose thatk, <|C*\Jo| + |C| +1andletk EC* N Jo, x;=1VjE(C \Jo) U {k} and x; = 0 Vj €7\
((C* \ Jp) u {k}). Then Zajxj =a, <b and ij - ij = [C"\ Jo|+ 1>k - |C|, contradicting the
jGJU jeC+ jeC™

initial hypothesis.

(3) Let F < C" be such that |F| =k, - [C’| + 1 and suppose that »"a; <b. Choosing x = 1 Vj € F and
jeF
X =0 Vj €J\F it results Zajxj =2aj£band ZXJ—ZXJ = !F| > ke - !C| which is a
jEJO JEF jeCJr jeCf
contradiction. []

Lemma 2. Let C',C < J be two disjoint sets and let k. be an integer such thatk. < |C+| + |C| -1.

lfk.> |C| -1 and Zaj >b VF < C" with |F| = k.-|C| + 1, then X(C*) = X(C) < ks —=|C| is a valid
jeF

inequality for F.

Proof. Let (x) jo; € {0,1}" and CI = {j € C"[x = 1}. If ij—2xj> ke -|C|, then 3 F c CI
jeC* jeC™
= ijz ij—ij and k. -|C'|+ 1 > 0. Therefore

jeC* jeC* jeC™

such that |F| = ke - |C'|+ 1, since

Z:ajxj ZZajxj :Z:aj >b. [

jedo jeF jeF

ci

Proposition 1. Let C < J be a non-trivial cover with induced inequality (2).

Then C is implied by constraint (3) if and only if ke > |[C*\ Jo|+ |C|+ 1 and Zaj >b VFcC" with
jeF
|F|=kc' |C-|+ 1
Proof. It follows from claims (2) and (3) of Lemma 1 and from Lemma 2. [J

Lemma 3. Let C < J and | be an integer such that |C \ Jo | +2<1< | C| . Then the following statements are
equivalent:

(1) D a;>b vFcCwith [F[=1.
jeF

(2) Zaj>b VFcCNJowith [Fl=1-[C\Jl.
jeF
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Proof. (1) = (2) Let F = C N J, be such that [F|=1-[C\Jo|. Since D a;= > &, FU(C\J)c Cand

jeF jeFU(C\Jp)
|F U (C\Jo)| =1, we have that Zaj>b.
jeF
(2) = (1) Let F = C be such that |F| =1. Them 3 F'c F nJowith |F'|=1- |C\ Jo|, since |[FNJo|= |F] -
[F\Jol=1-[F\Jol 21- [C\Jol >0.80, Y aj= Y aj>b.

jeF jeF'

Given a non-empty set C c J, let m(C) be the set of the | smallest indices of C, where | is an integer such
that 1 <1<|Cl, andlet y (C)=min {jlj€C} and y (C)=max {jlj€C}.

Proposition 2. Let C < J be a non-trivial cover with induced inequality (2).

Then C is implied by constraint (3) if and only if k; > |C"\Jo|+ |C|+1 and

z a; >b.

jem, ) (c*moj
o

c[+1

+
¢ \y

Proof. It follows from Proposition 1 and Lemma 3, since a;<a; Vj,j € Jo with j<j. [

Theorem 1. Let C < J be a cover with induced inequality (2) such that C* N Jo# ¢.

Then C is implied by constraint (3) if and only if k. > | C"\ Jo|+|C | + I, where |, = max {I| ; a<bl.
jemi|\C*nJo

Proof. (=) If C is a trivial cover, it results ke = |C N Jo |+ [C\Jo|+[C[>]C Vol +|C |+ L.

If C is a non-trivial cover, by Proposition 2 we have that z aj > b, hence

jem c'nJd
) kg—C*\Jo‘—‘c"n( o)

l,<ko-|C \Jol-]C.

(<) If C is a trivial cover, it is clear that C is implied by constraint (3). If C is a non-trivial cover, it follows
that k, > [C*\ Jo|+|C[+ 1 and > a > b, since 1<l <k, -[C"\ Jol- [C; thus, by
jemkcf|c*ug|f|cw+1(c+GJO)
Proposition 2, C is implied by constraint (3). [

3. MAXIMAL COVERS FROM A SET OF COVERS

n n
Definition 4. The inequality zanj < b is dominated by the inequality Za'j Xj < b if {(x1,....Xn) € [0,1]" |
= =

n n
D axj<b} < {(xn,%) €[01]" | D ajx;<b}.
=1 =1
Definition 5. Given a set of covers C, C € C is a maximal cover from C if its induced inequality is not
dominated by the inequality induced by C’ VC’ € C such that C"* = C* or C” = C” or ky # k.
There are several ways for tightening the formulation of problem (1) by using maximal covers whose

induced inequalities are valid for its feasible region. It can be done by appending those induced inequalities to
the constraint system of (1) (e.g., provided that they are violated by the optimal solution of its LP relaxation)
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and by increasing or reducing the coefficients of some constraints in (1), [see Dietrich et al. (1993),
Escudero et al. (1998), Escudero-Mufioz (1998), Muiioz (1999)] among others.

Example 1 illustrates he case where the coefficient reduction method proposed in (4) [see also Escudero-

Murioz (1998), Muiioz (1999)] can be applied to a knapsack constraint by using a maximal cover from the set
of covers implied by that constraint, but it cannot be applied by using a non-maximal cover.

Example 1. Consider the 0-1 knapsack constraint
X1+X2+4X3+ 7X4+8X5+9X6§10 (4)

Consider the covers C = {3, 4, 5,6} and C’ = {3, 4, 5}, and let (5) and (6) be their induced inequalities,
respectively.

X3+ X4 + X5 + Xg <1 (5)

X3+X4+X5S1 (6)

It can be shown that C is a maximal cover from the set of covers implied by constraint (4), see Theorem 3.
On the other hand, C’ is implied by (4), but it is not a maximal cover from the set of covers implied by (4),

since inequality (6) is dominated by inequality (5).

By applying a coefficient reduction approach (see Dietrich-Escudero-Chance (1993) to constraint (4) using
the cover C, we obtain the constraint

X1+ Xo— 44Xz — X4 + Xg <2 (7)
(See that the constraint system given by (7) and (5) is tighter than constraint (4)).
On the contrary, the coefficients of constraint (4) cannot be reduced by using the cover C'.

Based on Definition 5, identifying maximal covers from the set of covers implied by constraint (3) can be a
hard task. It is useful to introduce some characterizations that make easier the identification of such covers.

Proposition 3. Let X(C*) = X(C) < ke —| C'| and X(C™) —XﬁC") < ke —|C”| be the inequalities induced by the
covers C and C’ respectively. If ke — ke > |C*\ C*|+|C \ C"|, then the inequality induced by C is
dominated by the inequality induced by C’.

Proof. Let (X))jccuc e [0,1]|CUC'| be such that ZXJ - ZXJ- <ke—|C”
jeC'™* jeC™

Considering that Z X < Z x;and C" = (C"nC’) u (C"\ C)), it results Z Xj — Z X < kg —
jeC*nC* jeC* jeC*nC* jeC'"nC~
-lene )=k - (lc|-lcver]).

(lcr

Therefore we have that Z X; — Z x < ke — |Cl+lCVC[+]C"\ C*|< ke —|C] since Z X
jeC* jeC™ jec*

z X = Z X+ Z Xj— Z Xj — Z X;. 0

jeC™ jeC*nC'* jeCcr\c* jeC™ nC'"” jeC™\C"
Proposition 4. Let X (C*) = X (C) < k¢ — |C"| and X (C*) =X (C") < ke — |C”| be the inequalities induced by

the covers C and C’ respectively. If C is a non-trivial cover and its induced inequality is dominated by the
inequality induced by C’, then C’ is a non-trivial cover and ke — ke > |C*\C™*[+|C\ C" .
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Proof. The result will follow if it can be shown that 3 (x)cc.c' € [0,1]'% such that > x— > x<ke—

jec jec

[c7land Y x = D xzke +[CT\C*[-[C' A C7[. In this case we have that ke —|C| = ke +[C"\
jeC* jeC™

c*|-lc A~ C7|, from which ke — ke > |C*\ C*|+|C \ C"|; so, C is a non-trivial cover, since kg

<|ctl+|c|-1-lct\c*|-|c\C|=Ic*~CH|+|c~CT]-1<| C |- 1.

o If kg > |C'Q C|, suppose that !C+m'C’+| <ke -lc C| andletx;=1 Vj€C’ u((}" \C) and x =0
Vj € C U(C" \ C). Considering that C*'= (C*n C)u (C'\C),C =(CnC)u(C'\C)and Cis a
non-trivial cover, it results Z X — Z x=|C*nc*l-[c\C| <kg-IC nC|-[C\C| =ke —|C

jeC™* jeC~
and Z X — Z X = |C+| > ke — |C! contradicting the initial hypothesis. Consequently, it must
jeC* jeC™
be |[C" ~ C*| > ke - |C A~ C7| and, thus, 3 F = C" n C* with |[F| = k¢ =|C ~ C7I.

Now, let ;= 1 Vj € FU(C"\ C") U(C "\ C)and x, =0 VjE (C*\ F)uC. Since C* = FU(C™ \ F),
C"=(C"NC)U(C \C)and C" = (C'C")u(C"\ C"), it follows that D~ x— > x=|F[-[c"\C] =
jeC* jeC™
ke=ICland Y x- > x=I[Fl+[c"\C"=ke+ |C"\C"[-[C nC.
jeC* jeC™

olf ke < |C A C"|, we have that 0< |C ~C"|-ke < |C ~ C"|. Accordingly, 3 F = C n C” with
IF| = |C ~ C"|- ke and, choosing x=1 ViE(C'\CHYUFuU(C'\C)andx;=0 VjEC" U (C\F),it
results > x— > x=-(Ic\Cl+|F[) =ke=IC"[and Y x- > x=I[c\c*|-[F| =ke

jeC™ jeC'"” jeC* jeC™

+lchvetl-lcncer]. o

Corollary 1. Let X(C*)- X(C) < ke -|C| and X(C'") = X(C") < ke -|C”| be the inequalities induced by the

covers C and C’ respectively. If C is a non-trivial cover and any of the following conditions is satisfied, then

the inequality induced by C is not dominated by the inequality induced by C’.

(1) ke = [C].

(2) kc < ke -

(3) ke =keand C* ¢ C”.
(4) ke =kcand C zC".

Proposition 5 provides a procedure for obtaining some covers implied by constraint (3) whose induced
inequalities dominate the inequality induced by a given cover implied by (3).

Proposition 5. Let C be a cover implied by constraint (3) with induced inequality (2).

If C" nJo# ¢, then for any pair of sets C*, C” and any integer ke such that C"'nJoc C* c C’,
C cC and [C"\Jp|+|C7[+1c <ke <kec-ICT\C*| - |C\C"|, where Ic = max {I| Z a;< b}, the
jemi(C*nJo)

following properties hold:

(1) C*u C”is a cover implied by constraint (3), and inequality (8) is induced by C'* U C”.

X(C*) =X (C)<ke-|C 8)

(2) If Cis a non-trivial cover, then ko <|C™*|+]C" |- 1.
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(3) Inequality (2) is dominated by inequality (8).

Proof. (1) Since C* N Jo = C" N Jo, we have that C* n Jo = ¢ and ke = |C*\ Jo|+[C7|+

max {1 Z a<b}. On the other hand, considering that ke < |C*|+[C| itresults ke < |C*[-|C*
jemi(C* o)

\c*|+|c|-|cve|=|c*|+]C7]. Hence, by Theorem 1, C*U C” is a cover implied by constraint (3) and

inequality (8) is induced by it.

(2) It follows from the proof of claim (1) above.
(3) It follows from Proposition 3. [

Note. Given a cover implied by constraint (3) with induced inequality (2), it is obvious that there exist two
sets, say C"and C”, such that C' nJoc C* < C" and C"c C'. Furthermore, if C*' nJy # ¢, by Theorem
1| \|Ne have that ke > |C*\ Jo|+|C |+ Ic and, since |C"\ Jol=[C"\C*| + [C™*\ Jy| and |C'T=|C‘\C"

+|C”

Jitresults |C*\ Jol+|C7|+1c <kc-lC\C*|-|C\C].

Therefore the hypotheses of Proposition 5 are correct.

Proposition 6 states some conditions to be satisfied by a maximal cover from the set of covers implied by
constraint (3). These conditions lead to the characterization given in Theorem 2, which will be improved in
Theorems 3 and 4.

Proposition 6. Let C be a maximal cover from the set of covers implied by constraint (3). Then C is a non-
trivial cover, C < Jo and its induced inequality is X (C) < max {I| z a;j<b}.
jemi(C)

Proof. Let (2) be the inequality induced by C. It can easily be verified that C is a non-trivial cover; so, by claim
(1) of Lemma 1 it follows that C* N Jo # ¢.Thus, choosing C* = C* n Jy, C” = ¢ and k¢ = ¢ in Proposition 5, it
results that C* n Jy is a cover implied by constraint (3), and the inequality X(C") — X(C") < k¢ -lc] s
dominated by the inequality X (C* n Jo) < Ic. Consequently, it must be C* = C* n Jo, C = ¢ and k¢ = I¢,
whence C c Jy and its induced inequality is X(C) < max {l| z aj<b}. [

jemi(C)

Theorem 2. C is a maximal cover from the set of covers implied by constraint (3) if and only if C is a maximal

cover from the set of non-trivial covers C’ < J, with induced inequality X(C’) < max {l| Z aj<b}.
jemi(C")

Proof. (=) It follows from Proposition 6 and Theorem 1.

(<) Let C’' be a cover implied by constraint (3) with induced inequality X(C'*) =X(C") < kcv-|C"| such
that C" = C or C = ¢ or ke = max {l| z a; < b}. By Theorem 1, it suffices to prove that the inequality
jemi(C)
induced by C is not dominated by the inequality induced by C’.

If C’ is a trivial cover, by Corollary 1 the inequality induced by C is not dominated by the inequality induced
by C'.

If C’ is a non-trivial cover, by claim (1) of Lemma 1 we have that C* 1 Jg # ¢.
Let X(C™ n Jo) < max {I| Z a;< b} be the inequality induced by C™* n Jo. Then, by Proposition 5,

jemi(C™ ~Jo)

C™* n Jo is a non-trivial cover implied by constraint (3) and the inequality induced by C’ is dominated by the
inequality induced by C"* N J,.
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e If C" n Jy = C, the inequality induced by C’ is dominated by the inequality induced by C. Therefore, by
Proposition 4 it follows that the inequality induced by C is not dominated by the inequality induced by C’.

e IfC" N Jg # C, the inequality induced by C is not dominated by the inequality induced by C™* N J,, since
C" N Jy is a non-trivial cover with induced inequality X(C'" n Jo) < max {I| Z aj<b}. O
jemi(C* nJo)

Given a maximal cover from the set of covers implied by constraint (3), Proposition 7 shows that either
adding another variable to the left-hand-side of its induced inequality, or deleting a variable from the left-hand-
side and simultaneously reducing in one unit the right-hand-side, the resulting inequalities are not valid for the
set Fy. Proposition 8 shows the converse.

Proposition 7. Let C be a maximal cover from the set of covers implied by constraint (3) with induced
inequality X(C) < kc. Then the inequalities X(C U {k}) < ke and X(C \ {k'}) < k¢ — 1, where k € J \ C and
k’ € C, are not valid for Fy.

Proof. Trivial. [

Proposition 8. Let C < Jo be a non-trivial cover with induced inequality X(C) < k¢, where ke = max {l|
Z aj<b}.Ifforallk € Jo\ C and k' € C the inequalities X(C U {k}) < kc and X(C\ {k'}) < k¢ — 1 are not

jemi(C)

valid for Fg, then C is a maximal cover from the set of covers implied by constraint (3).

Proof. Let C # C be a non-trivial cover in Jo with induced inequality X(C’) < k¢, where

ke = max {I| z g < b}. If it can be shown that k¢ - ke < |C \ C'|, by Proposition 4 and Theorem 2 it will
jemi(C")

follow that C is a maximal cover from the set of covers implied by constraint (3).

Indeed, by Theorem 1 it results that X(C’) < k¢ is a valid inequality for F.
Suppose that ke — ko =|C\ C'| and let (x));., € Fo.

If C & C,let KEC'\C. Since Cu {k} C'U(C\C), we have that »  x< > x+ » x<ke
jeCutk} jeC' jeC\C'
+ | c\C | < K¢, which is a contradiction.

If Cc C,let KEC\C. Since C\{k} =C U(C\C)\ {k'}), it follows that z X = Z X +
jeC\{k'} jeC'
X <Kkg + | Cc\C | -1 <kc — 1, which is also a contradiction. O
je(C\C K}

Theorem 3 states a necessary and sufficient condition for a proper subset of J, to be a maximal cover from
the set of covers implied by constraint (3).

Theorem 3. Let C — J, be a non-trivial cover with induced inequality X(C) < kc, where ke = max {l|
z a; < b}. Then C is a maximal cover from the set of covers implied by constraint (3) if and only if
jemi(C)
Z aj+a;u)c <band z a;<bh.
Jemk ¢ (C) jemy (C\{y(C))

Proof. (=) Let C < Jo be a maximal cover from the set of covers implied by constraint (3). Then the
inequalities X(CU{ y (Jo\ C)}) <kcand X(C\ {y (C)}) <kc— 1 are not valid for Fo.
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Let us consider the inequality X(C U {y(Jo\C)}) < ke By Propositon 2, it results

Z aj < b; therefore mkc+1(C U {;(JO\C)}) # my +1(C), since Z a; > b. Moreover
jemkcﬂ(cu{;(Jo\C)) jemy44(C)

M _+1 (CuU {y(\C)}) = my, (C) v {min{y (Jo\C), Y (C\mkc(C))}} and my_+(C) = m (C)u {v (C\mkc(C))}?
thus, it must be my .4(C L {7 (Jo\C)}) = my (C)u {7 (Jo\ C)}, whence z aj+ayqy,c <b.

jemy_(C)

Now, let us consider the inequality X (C\ {y(C)}) < ke —1. If kc = 1, we have that z a<b
jemy, (C\y(C)})

If kc> 1, by Proposition 2 it follows that Z a;<b.
jemy, (C\y(C))

(=) Let C < Jo be a non-trivial cover with induced inequality X (C) < k¢ such that

D a+ayy; o <b and D" a<b, and let k€J,\C and K EC.
jemic (C) jemy (C\ix(Ch

By Theorem 1 and Proposition 8, it suffices to prove that the inequalites X (C U {k}) < k¢ and
X (C\ {K'}) <kc —1 are not valid for Fo.

Considering that my .1(Cutk}) = my (C) w {min {k,y (C\m(C))}}, it results Z aj < Z a; +
jemy, . 1CU{k)) jemie (C)

& < z( ) a+ay,\o < band, by Proposition 2, the inequality X(Cu{k}) < k¢ is not valid for F.
jemk¢ (C

If ke = 1, the inequality X (C \ {k'}) < k¢ — 1 is not valid for Fy. If kc > 1 and it can be shown that

Z a; < b, by Proposition 2 the inequality X (C\ {k'}) < k¢ — 1 will not be valid for Fo.
jemy (C\{k'})

o If K € m(C), it follows that ka(C\ {k'}) = m+1(C) \ {K'}, hence Z a;= ayc) + Z aj—

jemy (C\{k'}) jemy, (C\{y(C)})
A < z g < b.

jemi (C\{y(C)

o If k'€ C\my,(C), we have that m (C\ {k'}) = mi.(C) and, consequently,

Z a; < z aij. 0

jemy (C\{KY) Jemy (Cy(C)+})

The characterization given by Theorem 3 is not valid if C = Jo, since in this case 7 (Jy\ C) is not defined.
Theorem 4 states a necessary and sufficient condition for J, to be a maximal cover from the set of covers
implied by constraint (3).

Theorem 4. Let X (Jo) < ko be the inequality induced by the cover Jo, where ko = max{l| ; aj< b}.
jemilJo

Then Jq is @ maximal cover from the set of covers implied by constraint (3) if and only if Z a;<b.
jemi (Jo\{1(Jo )

Proof. It follows from the proof of Theorem 3. (Note that J, is a non-trivial cover). [
Example 2. Consider the 0-1 knapsack constraint
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X1 + 4X2 + 4X3 + 5X4 + 7X5 <8 (9)

Consider the cover Cy = {2, 4, 5} and let X (C4) < 1 be its induced inequality. By Theorem 3, C; is a maximal
cover from the set of covers implied by constraint (9), since a, + a3 = 8.

Consider the cover C, = {3,4} and let X (C,) < 1 be its induced inequality. By Theorem 3, C, is not a
maximal cover from the set of covers implied by constraint (9), since a; + as = 11.

Consider the cover C; = {1, 2, 3, 4, 5} and let X (C3) < 2 be its induced inequality. By Theorem 4, C; is a
maximal cover from the set of covers implied by constraint (9), since a, + a; = 8.

4. MINIMAL COVERS AND EXTENSIONS

Definition 6. A non-trivial cover C implied by constraint (3) such that C" = ¢ is said to be minimal with respect
to constraint (3) if a<b VkKEC.
jeC\ik}

Definition 7. Let C be a minimal cover with respect to constraint (3). The setE (C)=Cu {j€J0|j>§(C)}
is called the extension of C.

For the sake of completeness, let the well-known three propositions below.

Proposition 9. If C is a minimal cover with respect to constraint (3), then k¢ = |c| -1andCc Jo-

Proof. Letk EC,x,=1 VjEC\{k} and x,=0 Vj€EJ\(C\{k}). Since (x)s € Fo, it mustbe k¢ =|C| -1.

Therefore, by Proposition 1 we have that Z aj>b. Now, if 3 KEC\ Jy then Z a = Z aj > b,
jeC jeC\{k} jeC
contradicting the fact that C is a minimal cover with respect to constraint (3). [

Proposition 10. A set C < Jo is a minimal cover with respect to constraint (3) with induced inequality
X(C)<|c|-1 ifandonlyifz a,>b and Z a <b.
jeC jeC\{y(C)}

Proof. It follows from Propositions 1 and 9. [J

Proposition 11. If C is a minimal cover with respect to constraint (3), then

(1) E (C) is a non-trivial cover implied by constraint (3), and the inequality X (E(C)) <|c]-1 is induced
by E(C).

(2) The inequality induced by C is dominated by the inequality X (E(C)) < lc|-1.
Proof. (1) It follows from Proposition 2, since m|c|(E(C)) = C and Z aj>b.
jeC
(2) Trivial. [

Theorem 5 shows that every maximal cover from the set of covers implied by constraint (3) is the extension
of a unique minimal cover with respect to (3).

Accordingly, for identifying these maximal covers it suffices to identify the minimal covers with respect to
(3), see Propositions 9 and 10. A characterization of those minimal covers whose extensions are maximal
covers from the set of covers implied by constraint (3) is given in Theorem 6. Proposition 12 is required by the
proof of Theorem 5.

Proposition 12. Let C and C’ be two minimal covers with respect to constraint (3).
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If E(C)=E(C’), then C = C..

Proof. Without loss of generality, suppose that ;(C) < ;(C’). If 3 j€C\C, it follows that j <§ (C’) and,
s0, j ¢ E(C’), which contradicts the fact that C < E(C) = E(C’).

Consequently, it mustbe C < C’. Now, if C < C’, choosing k€ C'\C we have that z a2 z a > b,
jeC'\{k} jeC
whence C’ is not a minimal cover with respect to constraint (3). 0

Theorem 5. If C is a maximal cover from the set of covers implied by constraint (3), then there exists a unique
minimal cover with respect to constraint (3), say C’, such that E(C’) = C.

Proof. By Proposition 6, C < J, and its induced inequality is X(C) < k¢, where ke = max {l z a < b}
jem(C)

<|cl. Letc = my+(C). Considering that my (C\ {y (C)}) =C'\ {y(C)}, by Theorems 3 and 4 it results

a; < b. Therefore, by Proposition 10 it follows that C’ is a minimal cover with respect to constraint (3)
j€CYy(C)}
and its induced inequality is X(C’) < kc.

If C =Jy, itisclearthat E(C’)=C. If C c Jy, by the proof of Theorem 3 we have that ;(Jo \C) <y (C\
m.(C)) and, since y (C\ my(C)) = ; (C), it results E(C’) = C.

Hence, by Proposition 12, C’ is the unique minimal cover with respect to constraint (3) such that
E(C)=C. U

Theorem 6. Let C be a minimal cover with respect to constraint (3) and let X (E(C)) < |C|- 1 be the inequality
induced by E(C). Then E(C) is a maximal cover from the set of covers implied by constraint (3) if and only if
one of the two following conditions is satisfied:

(1) E(C) < Jo and Z aj+ayyye@E) < b
jeC\{y(C)}
(2) E(C)=Jo.

Proof. It follows from Theorems 3 and 4. (Note that Z aj>b and Z a; < b, from which
jeC jeC\{y(C)}
max {Il > a<b}=[C|-1and > a<b). [
jem, (E(C)) Jeme) 1 (E(CIMy(E(C))

Theorems 5 and 6 show that the extensions of the strong covers defined in Balas (1975) are the maximal
covers from the set of covers implied by the related 0-1 knapsack constraint. So, this type of maximal covers
can be used to obtain facets of the knapsack polytope, see e.g. [Balas (1975), Balas-Zemel (1978), Padberg
(1975), Weismantel (1997) Wolsey (1976).

REMARK. In [2] it was shown that, given a 0-1 knapsack constraint, the inequality induced by the
extension of a strong cover C is not dominated by any other inequality of the form X(E(C’)) < lc |1,
where C’ is a minimal cover with respect to the knapsack constraint and lc'| =lc].1tis worthy of note that
we have shown that the inequality induced by the extension of a strong cover is not dominated by any other
inequality of the form X(C™) — X(C") < k¢ -lc”|, where C'* U C”is a cover implied by the knapsack
constraint.

Example 3. Consider the 0-1 knapsack constraint

2Xq *+ 33Xy + 3X3 + 5x4 + 6X5 + TXg + 7X7 < 12. (10)
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LetCy={1,4,6},C,={2,4,5} and C3 = {1, 2, 3, 4}. By Proposition 10 it results that Cy, C; and C; are
minimal covers with respect to (10); their extensions are E(C4) = {1, 4, 6,7}, E(C,) = {2, 4, 5,6, 7} and
E(Cs)=1{1,2,3,4,5,6,7}.

Let (11), (12) and (13) be the inequalities induced by E(C+), E(C,) and E(C;) respectively.

X1 + Xy +Xg+ X7 < 2 (11)
X2 + X4+ X5+ Xg+ X7 < 2 (12)
X1+ Xog+ Xzt Xg+ Xs+ X+ X7 <3 (13)

Then, by Theorem 6 it follows that E(C,) is not a maximal cover from the set of covers implied by constraint
(10), but E(C,) and E(C3) are maximal covers.

Example 4. Consider the following 0-1 knapsack constraint taken from Example 2.1 in [15].
X1+X2+X3+X4+3X5+4X6§4 (14)

It can be shown from Proposition 10 and Theorem 6 that the inequalities induced by the maximal covers
from the set of covers implied by constraint (14) are (15)-(25).

X1 +Xe < 1 (15)
Xo +Xxg < 1 (16)

X3 +Xxg < 1 17)

Xa +Xg < 1 (18)

X5+ Xg < 1 (19)

X1+ Xo +X5+Xg < 2 (20)
X4 + X3 +X5+Xg < 2 (21)
X1 +X4+X5+Xg < 2 (22)
Xo + X3 +Xs+Xs < 2 (23)

X2 + X4+ X5+ Xg < 2 (24)
X3+ Xa+ X5+ Xg < 2 (25)

Thus, it can easily be verified that inequalities (26)-(30) are induced by covers implied by constraint (14),
see inequalities (20) and (25).

X1+ Xo + X3 +Xs+Xg < 3 (26)
X1 + X +X4+X5+Xg < 3 (27)
X4 +X3+ X4+ X5+ Xg < 3 (28)

Xo+Xg+ X4+ Xs+Xg < 3 (29)
X1+ Xo+Xg+ X4+ X5+ Xg < 4 (30)
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Moreover, it can be shown that each of the inequalities (20)-(30) can be tightened by using coefficient

increasing procedures, see [Escudero et al. (1998), Escudero-Murioz (1998), Mufioz (1999)] among others.
As a result, a complete inequality description of the polytope related to constraint (14) is obtained, see

inequalities (1)-(16) from [Weismantel (1997)].

A procedure for identifying non-dominated inequalities induced by the extensions of certain minimal covers
with respect to constraint (3) is presented in [Dietrich et al. (1993)], see also [Mufioz (1995)]. The two

examples below taken from [Dietrich et al. (1993)] show that these extensions can be a very small fraction of
the whole set of maximal covers from the set of covers implied by (3). This fact, together with the

computational results that have been obtained in the literature by applying the algorithms given in [Dietrich
et.al.(1993)] and by using the resulting covers to tighten a 0-1 model (see [Dietrich-Escudero(1993),

Escudero et al. (1998)] among others), indicates that an approach for identifying maximal covers based on
Proposition 10 and Theorem 6 could become very useful in 0-1 model tightening.

Example 5. Consider the 0-1 knapsack constraint
X1+ 2X2 + 3X3 + 4X4 + 5X5 + 8X6 + 9X7 +
16X8 + 17Xg + 32X10 + 33X11 + 64X12 + 65X13 <128. (31)
It can be shown from Proposition 10 and Theorem 6 that there are 83 maximal covers from the set
of covers implied by constraint (31), but only 3 of them are identified by the procedure proposed in
Dietrich et al. (1993).
Example 6. Consider the 0-1 knapsack constraint
5X1 + 6X2 + 6X3 + 7X4 + 9X5 + 10X6 + 10X7 +
11X8 + 12Xg + 14X10 + 14X11 + 15X12 + 15X13 + 16X14 +
17X15 + 18X16 + 20X17 + 21X18 + 22X19 + 22X20 + 23X21 <119. (32)
It can be shown from Proposition 10 and Theorem 6 that there are 23514 maximal covers from the
set of covers implied by constraint (32), but only 41 of them are identified by the procedure proposed in
Dietrich et al. (1993).
5. CONCLUSIONS
In this paper we have introduced the concept of maximal covers from a set of covers and we have
given some characterizations of several types of covers. It has been shown that the maximal covers
from the set of covers implied by a 0-1 knapsack constraint are the extensions of the so-called strong
covers. Some situations that illustrate the benefits of maximal cover identification in 0-1 model
tightening have also been shown.
REFERENCES
AARDAL, K. and R. WEISMANTEL (1997): "Polyhedral combinatorics", in: M. Dell’Amico, F. Maffioli
and S. Martello (eds.). Annotated bibliographies in combinatorial optimization. John
Wiley, Chichester, 31-44.
BALAS, E. (1975): "Facets of the knapsack polytope", Mathematical Programming 8 (146-164).

BALAS, E. and E. ZEMEL (1978): "Facets of the knapsack polytope from minimal covers", SIAM
Journal on Applied Mathematics 34 (119-148).

DIETRICH, B.L.; L.F. ESCUDERO and F. CHANCE (1993): "Efficient reformulation for 0-1 programs-
methods and computational results", Discrete Applied Mathematics 42, 147-175.

148



DIETRICH, B.L.; L.F. ESCUDERO; A. GARIN and G. PEREZ (1993): "O(n) procedures for
identifying maximal cliques and non-dominated extensions of consecutive minimal covers
and alternates”, Top 1 (139-160).

ESCUDERO, L.F.; S. MARTELLO and P. TOTH (1998): "On tightening 0-1 programs based on
extensions of pure 0-1 knapsack and subset-sum problems", Annals of Operations
Research 81 (379-404).

ESCUDERO, L.F. and S. MUNOZ (1998): "On characterizing tighter formulations for 0-1 program",
European Journal of Operational Research 106 (172-176).

HOFFMAN, K.L. and M.\W. PADBERG (1991): "Improving LP-representations of zero-one linear
programs for branch-and-cut", SIAM Journal on Computing 3 (121-128).

JOHNSON, E.L.; G.L. NEMHAUSER and M.W.P. SAVELSBERGH (2000): "Progress in linear
programming-based algorithms for integer programming: An exposition", INFORMS
Journal on Computing 12 (2-23).

MUNOZ, S. (1995): "A correction of the justification of the Dietrich-Escudero-Garin-Pérez O(n)
procedures for identifying maximal cligues and non-dominated extensions of consecutive
minimal covers and alternates”, Top 3 (161-165).

(1999): Reforzamiento de modelos en programacion lineal 0-1. Ph. Dissertation.
Departamento de Estadistica e Investigacion Operativa |, Universidad Complutense de
Madrid.

NEMHAUSER, G.L. and L.A. WOLSEY (1988): Integer and combinatorial optimization. John
Wiley, New York.

PADBERG, M.W. (1975): "A note on zero-one programming”, Operations Research 23 (833-837).

SAVELSBERGH, M.W.P. (1994). "Preprocessing and probing techniques for mixed integer
programming problems”, ORSA Journal on Computing 6 (445-454).

WEISMANTEL, R. (1997): "On the 0/1 knapsack polytope", Mathematical Programming 77
(49-68).

WOLSEY, L.A. (1975): "Faces for a linear inequality in 0-1 variables", Mathematical Programming
8 (165-178).

149



