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ABSTRACT

We study a multiobjective optimization problem in finite-dimensional spaces with a feasible set defined
by directionally differentiable (or quasiconvex) inequality constraints and Fréchet differentiable equality
constraints. Under a suitable constraint qualification (of the Mangasarian-Fromovitz type) an expression
for the contingent cone to the feasible set is obtained. As application, necessary conditions of Pareto
optimality both Fritz John type and Kuhn-Tucker type are obtained by means of Lagrange multipliers
rules.
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RESUMEN

Estudiamos un problema multiobjetivo de optimizacion en espacios de dimension finita con un conjunto
de factibilidad definido por restricciones en desigualdades que son direccionalmente diferenciables (o
cuasiconvexas) y restricciones de igualdad que son Fréchet diferenciables. Bajo una adecuada
calificacion (del tipo Mangasarian-Fromovitz) una expresion para el cono contingente de las restricciones
es obtenida. Como una aplicacién, las condiciones necesarias para la Pareto optimalidad del tipo de
Fritz John y del tipo Kuhn-Tucker son obtenidas por medio de las reglas de los multiplicadores de
Lagrange.

1. INTRODUCTION

Over the last three decades, the classical multiplier rule was extended in the direction of eliminating the
smoothness assumptions. These extensions were given under assumptions of directional differentiability and
Lipschitz continuity. In this work we are going on along this way using mixed assumptions of Fréchet and
directional differentiability in multiobjective optimization problems with inequality and equality constraints.

Di (1996) obtains some first and second order multiplier rules for nonlinear optimization problems with
equality, inequality and abstract constraints and considers all functions Fréchet differentiable. Ye (2001) gives
multipliers rules for a scalar nonlinear optimization problem under assumptions of Fréchet differentiability and
Lipschitz continuity.

On the other hand, constraint qualifications have a significant role in optimization problems, since they
allow us to guarantee the effective intervention of the objective functions in the Fritz John type necessary
conditions for a point to be an optimum. Since the decade of the 50's, the study of these qualifications has
been the aim of several researchers with different approaches, proposing various regularity conditions. In this
work we use a constraint qualification of Mangasarian-Fromovitz type.

This paper is structured as follows: Section 2 is devoted to the definitions, notations and preliminaries, in
Section 3 we study explicit expressions for the tangent cone to the feasible set when it is defined by Fréchet
differentiable equality constraints and or well Hadamard differentiable inequality or well mixed inequalities
functions.

To be more precise, if we consider a feasible set S defined by equality and inequality constraints, then if the
equality constraints are continuous on a neighborhood of the point and Fréchet differentiable at this point with
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Jacobian of maximal rank, and if the inequality constraints are Dini differentiable with convex derivative, it can
be shown that, under a suitable Mangasarian-Fromovitz constraint qualification, the tangent cone is equal to
the linearized closed cone in the following cases:

1. When the inequality constraints are Hadamard differentiable (Theorem 3.6).

2. When each inequality constraint is either continuous on a neighborhood of the point and quasiconvex on a
neighborhood of the point or Fréchet differentiable at the point (Theorem 3.7).

If there is no equality constraints, it is enough that the inequality constraints are either quasiconvex at the
point or Hadamard differentiable (Theorem 3.5).

As an application, necessary optimality conditions of Fritz John type and Kuhn-Tucker type for Pareto
optimum are obtained (Theorem 3.10).

2. NOTATIONSAND PRELIMINARIES

Letsc IR a nonempty set. As usual, ¢l S, int S, ri S, co S, cone S and Lin S will denote closure, interior,
relative interior, convex hull, generated cone and generated subspace by S, respectively.

Give a function f: IR - IR, the following multiobjective optimization problem is considered
(MP) Min{f(x): x € S}.

A point xge S is said to be a local weak Pareto minimum, if there exists a neighborhood B(xo, 8) of X, such
that

St NS N B(xo, 8) =D (1)
where S;= {x e IR: f(x) < f(xg)}.

Because of the difficulties in verifying condition (1), local approximations of the sets S and S; through
different tangent cones are used.

Definition 2.1. Let S be a subset of IR and Xo € cl S.
(a) The tangent (contingent) cone to S at Xq is
T(S, %o) ={v € IR 3t — 0", 3%, € S such that (X — Xo)/ t, = V}.
(b) The cone of attainable directions is
A(S,xo) = {v e IR" 35> 0, 3y: [0,5] = IR /4(0) = xoy(t) € S Vt & (0, 8], v'(0) = V1.
We have the following inclusion
A(S, Xo) C T(S, Xo) 2

A complete and rigorous analysis of different tangent cones can be found in Bazaraa and Shetty (1976) or
in Aubin and Frankowska (1990).

Let D c IRn, the polar cone to D is D* = {v < IR (v,d) <0 vd e D}, which is a closed and convex set. The
normal cone to S at x,, is defined by N(S, Xq) = T(S, Xo)"-

Let us remark that the normal cone is often used in order to discuss properties of the constraint set.
Moreover, if the sets are defined by functions constraints, their approximation is realized through the cones
defined by different directional derivatives.
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Definition 2.2. Letf: IR - IR xo, v € IR .

(a) The Dini derivative (or directional derivative) of f at x, in the direction v is

f(Xg +tv) —1(Xg)
" .

Df(Xq,Vv) = lim
t—>0*

(b) The Hadamard derivative of f at x, in the direction v is

df(xov)=  fim oW =T(Xo)
(tu)—>(0*,v) t

(c) f is Dini differentiable (respectively Hadamard differentiable) at x if its Dini derivative (resp. Hadamard
derivative) exists in all directions.

The next definition of Dini subdifferential for a function f: IR — IR is well known (see, for example,
Penot 1978).

Definition 2.3. The Dini subdifferential of f at x, is
opf(Xg) =1{¢ € IR (&, v) < Df(xo, ) Vv € IRn}.

If Df(xq,-) is a convex function, then there exists the subdifferential (in the sense of Convex Analysis),

oDf(Xg, -) (0), is a nonempty, compact and convex set in IR’ and we have that:
dpf(Xg) = aDf(Xo, -) (0) and Df(xg,V) = Max {(&,v) : & € 9pf(X,)} -

If Df(xg,-) is nonconvex, then opf(xy) can be empty.

We also consider the following extensions of convexity.
Definition 2.4. Let T c IR be a convex set, f: T - IRand Xo €T
(a) fis quasiconvex at X if

vx e[, f(x) <f(Xq) = f(Ax+(1-A)xy) < f(Xg) VA €(0]).
fis quasiconvex on T if f is quasiconvex at each point of T".

(b) fis Dini-quasiconvex at X if vx eI, f(x) <f(xy) = Df(Xy,X—X)<0.

The most valuable properties for our purposes related to these concepts are summarized in the next
proposition.

Proposition 2.5.

(a) (Bazaraa, Shetty 1979). f is quasiconvex on T" if and only if the level sets
[, ={xel:f(x)<a} are convex forall a e IR

(b) Let f be Dini differentiable at x . If f is quasiconvex at x; , then f is Dini-quasiconvex at xg .

(c) (Giorgi, Komlési 1992, Theorem 3.2). If f is continuous and Dini-quasiconvex on T, then f is quasiconvex
onTl.
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The next proposition, that will be often used, is deduced from (Ref. 3, Theorem 3.9) with Q = IR.

Proposition 2.6. Let m, r be nonnegative integers with m+r>1, g,,9,,...,0,, be sublinear functions

(positively homogeneous and convex) from IR to IR, and hy,h,,...,h, be linear functions from IR'to IR given
by h,(v) ={(cy,v), keK={12,...,r}. We denote J={12,...,m}.

Then the following statements are equivalent:

(a)For each set {&;: ] = 1,2,...,m}, with & € 0g;(0), we have that:

> Mg+ e =0, 22 0,uelR implies 2=0,p=0.
jed keK

(b) Foreach 2> 0, u e IR Zngj(v)+Zpkhk(v) >0,vv e R, implies A =0,u=0.
jed keK

(c) {c: k € K} is linearly independent and there exists v e IR such that

g;(v)<0,j=12...,mh(v)=0k=12,....r.

(d) {cc: k € K} is linearly independent,

0¢co [Uagj(O)} and [cone co (Uagj(O)H ﬂ Lin{c, :k eK}=1{0} .

jed jed

3. SOME EXPRESSIONSFOR THE CONTINGENT CONE AND APPLICATIONSTO OPTIMALITY
CONDITIONS

In this section we consider a set S defined by equality and inequality constraints, a point of S at which we
will obtain the tangent cone and we suppose that h is Fréchet differentiable at x, and continuous on a
neighborhood of X. Under different conditions, we provide an expression for the tangent cone (Theorems 3.5,
3.6 and 3.7).

When the feasible set of the problem (MP) is defined by:
S=xelR": g(x) <0, h(x) = 0} (5)

with g: IR > IR" and h: IR - IRr, whose component functions are, respectively, g;,jeJ={12,...,m},

h.keK={12,...,r}, we shall adopt the following notation. Givenx, €S, the active index set at x, is
Jo = {j € J: g(x) = 0}. The sets defined by the constraints g and h are denoted, respectively, by
G={xelR:g(x) <0}, H={x e IR: h(x) = 0}, following that S=G nH.

Assuming that the constraint functions are Dini differentiable at X, the cones that we shall use in order to
approximate S at x, are (linearized cones):

Co(S) = {v € IR Dgj(xo,V) < 0 Vj € o, Vh(xo)V = O},
C(S)={ve IR Dg;(X.V) <0 Vje Jg, Vh(xo)v =0}

Co(G) and C(G) are defined analogously and we denote K(H) = Ker Vh(xy). Consequently,
Cy(S) =Cy(G)nK(H) and C(S)=C(G) nK(H).
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If g is differentiable at Xx,, the relationship between these cones and the ones given in Definition 2.1 is
(Bazaraa, Shetty 1976, Theorems 6.1.2 and 6.2.2):

(a) If there is no equality constraints (S = G) then
Co(G) = A(G,X,) < T(G,X,) = C(G).
(b) (@) T(Sx0) = C(S).
(2) If {Vh,(x,), k eK} is linearly independent, then C,(S) < A(S,X,).

Let us begin by studying these inclusions for Dini or Hadamard differentiable functions. We will suppose
that all the functions are continuous at Xg and the active ones Dini differentiable at x,.

Our aim is to obtain the inclusions
Co(S) c T(S,xy) = C(S), (6)
such that if the first set is nonempty and its closure is C(S), we have that the two last sets are the same.

In the differentiable case it is enough that C,(S) is nonempty in order to have clCy(S) < C(S). But, in

general, this result is not true. It is still possible to obtain this result if the inequality constraints have convex
Dini derivative and the equality constraints have linear Dini derivative. The following lemma gives us the basic
properties of the linearized cones and the aforementioned sufficient condition.

Lemma 3.1. Let Dgj(Xo,"),j € Jo be convex and C(S) = & . Then:

(i) Co(S) is a convex cone, relative open in K(H), and C(S) is a closed convex cone.
(i) cICy(S)=C(S).

Proof.

Part (i) follows immediately from the convexity of Dg;(Xo,-),j € Jo, the linearity of Vh(x,) and continuity of
all of them.

(i) The following is a classical reasoning. Let ue Cy(S), veC(S), u, =iu+1-A)v with A €(01). Then

lim u, =v and the proof will be completed if we show that u, € C,(S). But this follows because of the
A—0*

convexity of Dg;(Xo,*),j € Jo and the linearity of Vh(x,).
In the following proposition sufficient conditions for the second inclusion in the sequence (6) are stated.

Proposition 3.2. Let suppose that for each jeJ,, either g; is Hadamard differentiable at x, or g; is Dini-

quasiconvex at x, whose derivative Dg;(Xo,-) is continuous on IR Then T(S,x,) < C(S).
Proof.
Let us consider v e T(S,X,) . Then, there exist t, - 0",v,, - v such that x, =x, +t,v, €S, ¥n e N.

(@) Let je Jy. 1) If g; is Hadamard differentiable at X, , then

9;(Xn) — 9j(Xo)
-

dg;(xe,V) :n“_rno
n
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Asx,eSandjeJywe obtain that g;(x,)<0,9{(Xo)=0 and, therefore, g;(x,)-g;(Xo)<0. Thus
Dg;(xg,V) =dg;(Xq,V) <0.
2) Now let g; be Dini-quasiconvex with continuous Dini derivative. Then, as x, €S, it follows that
g;(Xn) <0 =gj(X,) . Because of Dini-quasiconvexity we have that Dg;(Xq,X, —Xg) <0, i.e. Dg;(X,t,v,) <0,

and consequently, Dg;(X,,v,) < 0. By continuity we obtain Dg;(X,,v) <0.

(b) As x,, € S =G nH, we have that h(x,) =h(xy)=0 for all n. Hence,

nmﬂgﬁfﬂﬁﬁ:v%a@v=u

N—o0 n

So, Vje g, Dgj(Xg,v) <0 and Vh(xy)v =0, which means that v e C(S).

If it is only required that Dgj(x,,-) is continuous on IRn, it is not true in general that T(G,x,) < C(G), even if

Co(G) is nonempty and Dgj(X,,-) is convex, as the next example shows.

2
Example 3.3. In IR’, let D be the convex hull of the arc of the parabola y? = -4(x +1) between the points
(-2,2) and (-2,-2), that is, D=co{(-t>-12t):-1<t<1}. Let o be the support function of D, ie.,
o(v) = Max{(d,v) ‘de D} . As D is a compact convex set, ¢ is positively homogeneous, convex and finite on

IRZ. We have that

(2 -x3)Ix if —x<y<x
o(x,y)=4 -2x+2y if y>2x,y>0
-2x-2y if y<-x,y<0

lo—2 if 1<a<3

Let ¢: IR— IR given by ¢(a) = _
1 otherwise,

W= {(xy) € IR: 2 <y < 3%\ {(0,0)}

o(x,y) if (xy)eW

and g: IR" - IR given b (X,Y)
: Vi y =
-1 = IR GVERBY GOV oy Ix?)o(xy) if (xy)eW

Clearly Dg(xq,V) =o(v), forallv e IRZ, being x, =(0,0).

The feasible set is G = {(x, y): g(x.y) <0} = A U {(x, ¥): y = 2x%, x < 0}, where A = {(X, y): -Xx <y < x},
Co(G) = {v: Dg(xo, V) < 0} =int A and C(G) = {v: Dg(Xo, V) <0} = A.

But T(G, xo) = AU {(x, 0): x <0} and, consequently, T(G, Xy) z C(G).

Next we are going to analyze under what conditions it is verified that clCy(S) = T(S,xq) = C(S) . Of course it

depends on the kind of the involved functions. If there are some equality constraints, these functions should
be Fréchet differentiable. Proof of the next previous result is immediate.

Proposition 3.4. If there is no equality constraints, S = G, and the functions g;, j € J,, are Dini differentiable

at xg, thenCy(G) < A(G, %) c T(G,Xp) -
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Theorem 3.5. Assume that each g;,je Jy, is Dini-quasiconvex or Hadamard differentiable at x,, in both
cases with convex derivative at x, . If Cy(G) = then

(i) cICy(G)=T(G,xy) =C(G).

(i) N(G,xy) = cone co[ Uang(xo)] .
iedo

Proof.

(i) From Propositions 3.4 and 3.2, we have that C,(G) c T(G,Xy) = C(G) and, as the derivatives are convex,
the conclusion follows from Lemma 3.1.

(ii) As
C(G)={ve IR Dgi(Xo, V) <0 Vj € Jo} =
= (v e IR" (5, v) 0, V& € dpgi(%o), Vj € Jo}

using (Rockafellar 1970, page 122), the polar of C(G) is the closure of the convex cone generated by all the
gj, ie.,

C(G)" =clcone co [ U ang(xo)} :

iedo
By hypothesis, there exists v e IR such that Dg;(xq,v) <0,¥je J,. By Proposition 2.6 (with r = 0),

Oeco[ Uang(xo)] and, as co[ Uang(xo)J is compact (Hiriart-Urruty, Lemaréchal 1996, Theorem

i€do j€edo

1.4.3, Chap. 3), it follows that the set cone co[ Uang(xo)J is closed, (Hiriart-Urruty, Lemaréchal 1996,
iedo

Proposition 1.4.7, Chap. 3), consequently C(G)" = cone co[ Uang(xo)J .
jedo

The result follows taking into account that N(G,x,) = T(G,X,)" = C(G)".

This theorem generalizes some results of the Convex Analysis, for example, Corollary 23.7.1 of Rockafellar
(1970) and Theorems 1.3.4 and 1.3.5 (Hiriat-Urruty, Lemaréchal 1996, Chap. 6).

Theorem 3.6. Suppose that the following conditions are true.

(@) For each je Jy, g; is Hadamard differentiable at xo with convex derivative.
(b) Vh(x,) has maximal rank.

() Co(S)= 9.

Then:
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(i) cICy(S)=A(S,Xo) =T(S, %) =C(S).
(ii)N(S,Xg) = N(G,X,) + N(H, X, ) = cone co {U(?ng(xo) } Lin{Vh, (x):k eK} .
jedo

Proof.

(i) If we prove that C(S) < A(S,Xq) < T(S,Xy) ., by Proposition 3.2 and Lemma 3.1 we have the conclusion.
The second inclusion is a well known result. Let us proof the first one.

By hypothesis, Vh,(Xy),k=12,...,r are lin. indep. (we suppose r <n).
Given a vector v, by (Hestenes 1981, Theorem 5.3, Chap. 3), the system
h (X) =h (Xg) +tVh (Xg)v, k=12,....r
has a solution x =y(t),-8 <t <§ such that y(0) = x, and y"(0) = v.

Now, let v eCy(S). We have that Vh,(x,)v=0, k=12,....,rand, as X, €S, it follows that h (y(t))=0,
vte[-8,8], k =12,...,rand therefore, y(t)eH Vte[-5,3].

Let us see that y(t) e G for t >0 small enough.
Since v is differentiable at t = 0, y is Hadamard differentiable at t = 0, and we have that dy(0,1) = Vy(0)l=v.

On the other hand, since the Hadamard derivative verifies the chain rule (Demyanov, Rubinov 1995,
Theorem 3.3, Chap. 1), if we put y =g; oy, it follows that

dy(0,1) = dg;(v(0), dy(0,1)) = dg;(xo.V) .

_ Hy(t
Consequently, dy(0,1) = Dy(02) = lim O+t 0 = lim 9, ))<0
t—>0" t t—>0" t

Therefore, for t small enough g;(y(t))<0,VjeJy. For jeJ\J,, by the continuity of g; at X, and the
continuity of y at t = 0, we have g;(y(t)) <0 for t small enough.

So, y(t) e S for t small enough and, consequently, v € A(S, x,), completing the proof.
(i) N(S,x0) = C(S)" =[C(G) NK(H)]" =N[C(G) nK(H), 0]=N[C(G), 0]+ N[K(H), 0]
The last equality holds by (Rockafellar 1970, Corollary 23.8.1) because K(H) is polyhedral

and (riC(G))nK(H) = @ is verified. To see the latter, we note that, by hypothesis, C,(S) # &, so there exists
v such that Dgj(xo,v)<0,VjeJ, and Vh(xo)v=0. By continuity of Dg;(Xo,.), it follows that

v e (int C(G)) nK(H) . Finally N[C(G),0]= C(G)" = cone co [UaDg J-(XO)J by Theorem 3.5 (ii).
jedo

In this theorem it is only required h to be differentiable at x, and not on a neighborhood of the point and,
far from it, to be C'. That are the conditions in which Hestenes's Theorem is valid. On the other hand, this
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theorem generalizes and improves Theorem 3.3 of Di (1996) who suppose that g is Fréchet differentiable at
Xo and obtains that T(S,x,)=C(S) .

If the functions g; are only Dini differentiable, then the proof of Theorem 3.6 is not valid, because the chain
rule is not verified. However, we can still have the same conclusions with extra hypothesis.

Theorem 3.7. Suppose the following:

(@) For each jeJg,g; is either Dini-quasiconvex and continuous on a neighborhood of X, with convex
derivative or Fréchet differentiable at xo.

(b) Vh(xy) has maximal rank.
() Cy(S)=D.
Then

(i) cICo(S)=T(S,xo) =C(S).

(i) N(S,xo) = D_cone dp9;(Xo) +Lin{Vhy (xo) -k e K.
iedo

Firstly, we need next Lemma 3.8. We consider the following sets:

Jo1 ={j € Jp : g; is Dini-quasiconvex on a neighborhood of x,},
Joz ={i€Jo \Jo; : 9; is Fréchet differentiable at x,},

Gi={xelR:g(x) <0, Vjedo}and S, = {x e IR: g(x) <0, Vj € I\ Joz, h(x) = O
Notice that S=G; nS,.

Lemma 3.8. Vh(x,) has maximal rank and C,(S)= & if and only if C,(G;)= & and the following constraint
qualification (CQ) holds at x;:

(CQ) there exists no (A, n) IR x IR such that

1)420, 2)(Lw=0 and  3) D A;Vg;(Xe)+ Y mVhy(Xo) € -N(G1,Xo)
j€Joz keK

Proof.

(=) Itis obvious that C,(G;) = <. Conditions C,(S) =< and {th(xo):k € K} lin. indep. are just statement
(c) in Proposition 2.6 applied to the convex functions Dg;(Xo,"),j€ Jo1, VG;(Xo)(),j€ o, and the linear
functions Vh, (X,)(-),k e K. Such statement is equivalent to (a) of that proposition.

If we suppose that (CQ) is not true, then there exist %; >0, je Joy,ky elR, k € K not all zero such

that " 4,Vg;(Xe) +_mxVh(Xo) € -N(G1,Xo) -
j€dos keK

Now, by Theorem 3.5(ii), N(Gl,xo):coneco(Uang(xo)]:Zconeang(xo), thus there exist

i€doy j€dor

L;20,&; €9g;(0),Vje Jo; such that
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> hE+ DA VG (Xe) + i Vhi(X0) =0,

i€do1 j€doz keK
contradicting statement (a) in Proposition 2.6.

(<) We shall prove that (a) of Proposition 2.6 is verified.

Let D 3&; +D_ mcVhy (Xo) =0 with %j > 0,&; € 8p0;(Xo), Vj € Jo .
jedo keK

For each je Jy,,9; is Fréchet differentiable at Xo, and so dpg;(Xo) = {Vgj(Xo)}. Thus:

ijéj + ZMVQJ(XOHZHMK(XO) =0,

i€dor j€doz keK

and because N(Gy,Xq) = ZGng(xo) we have that

jedo

z AVQ;(Xo) +Z mVhi(Xg) € -N(Gy, Xo) -

i€doz keK

By hypothesis (CQ), A; =0,Vje Jg,,u =0, and consequently, Zngj =0.

jedor

Now, since Cy(G,)# <, by Proposition 2.6 (with r = 0), we deduce that A; =0, VjeJy,, and the proof of
the lemma is completed.

Proof of Theorem 3.7.
Let us prove that
T(G1NS,,Xg) =T(Gy,Xg) N T(S3,Xp) (7)

By hypothesis (a), taking a closed neighborhood of X, §(x0,6) , with & small enough, we can assume that
on this neighborhood all the functions g;, j € Jo,, are continuous and quasiconvex (Proposition 2.5(c)). Hence,

Gy =Glm§(x0,8) is convex (Proposition 2.5(a)) and closed. We have that N(Ggy,Xq)=N(Gy,Xq), and
therefore, the constraint qualification (CQ) holds at x, for Gy instead of G;. From Theorem 4.1 of Di (1996),
we obtain

T(Go MS,,X0) =T(Gp,Xg) N T(S3,Xg)

and, because the tangent cone is a local concept, T(Gy,Xg)=T(G4,Xy) and T(Gy N Sy, Xo) = T(G1 M Sy, Xo),
completing the proof of (7).

Now, let us see that

Co(S) = T(S,x0) = C(S) ®)

The second inclusion follows from Proposition 3.2. By Theorem 3.6, C,(S,) < T(S,,Xq) , by Proposition 3.4,
Co(G;) = T(G;,%,), and using (7) we have that

Co(S)=Co(G1)NCy(S2)=T(G1,Xg) NT(S2.%0) = T(G1 NS5, %) = T(S,Xp) -
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Finally, let us prove parts (i) and (ii). By (8), C,(S)=T(S,xy), and by Proposition 3.2, T(S,xy) = C(S).
Then, by Lemma 3.1, cIC(S)=T(S,xy) =C(S) . The proof of part (i) is analogous to that of Theorem 3.6(ii).

In the next example a problem is proposed in which the results obtained here can be applied. Note that
neither the results of the Convex Analysis nor the ones of the Theory of Generalized Gradients of Clarke are
applicable though.

Example 3.9. First, we define a real function with real variable, quasiconvex, Dini differentiable and not locally
Lipschitzian and from it, we will construct other function with two variables, keeping these properties.

Let 5, be a decreasing sequence of positive numbers converging to 0 such that §,,,/3,, —> 1 and let c, be
such that §,,, <c, <3§,,Vn. We define ¢: IR— IR such that is odd (o(-t) = —¢(t) ), o(t)=t if t>3,, ¢(0)=0
and for 0 <t <9, is given by

Opyp 1O,y <t<c,,n=12,..
=1 "
) if c, <t<5,,n=1,2,..

where [,(t) is the affine function through the points A, =(5,,8,), C, =(C.0,,1) . Its expression is
ln(t)=m,(t-3,)+5,, where m; = (8, —8,1)/(8, —Cp).

Let 5, =1/n and c, =1/n-1/4". Then the function so defined is continuous on IR and it is not Lipschitz
near O (the sequence of the slopes of |, tends to +o).

It can easily be proved that ¢ is Dini differentiable at 0. As a matter of fact, it is differentiable with ¢'(0) =1.
In fact,

= lim sup @:1.

¢+ (0) =limsup
e—>0" te(0,¢) t

t—0*

o(t) — 9(0)
t

o~ (0) = liminf 2O =00 _ iy ine €O _ iy e 90O _
t—>0* t e-0" te(0g) t n—w te(0,5,) t

. . . t . ol (c . .. 0
= lim inf inf oY) _ lim inf h(C) _ lim inf XL =1,
n—wo k2n+ltel§,,5,_,) t n—o k>n+1 Ck n—o k>n+1 Ck

¢ is quasiconvex on IR, since it is increasing, but it is not convex.
From ¢ we define y: IR—> IR, given by

[20(t) if t=0
W(t)_{(p(t) if t<o.

y has the same properties than ¢ (continuity, not Lipschitz near 0, quasiconvexity) except that it is not
differentiable at 0, but it is Dini differentiable, with convex derivative

2t if t>0

DW(O’t):{t if t<0

And, from y we define g: IR > IR given by



\y(\/x2+y2j if x>0,y>0

a(x.y) =1 w(y) if x<0,y>x
w(x) if y<0,y<x

2
It is a continuous and quasiconvex function on IR, but it is neither Lipschitz near x, = (0,0) nor convex. Its
Dini derivative has the expression:

ZW if x>0,y>0

2y if x<0,y>0

Dy(Xo, (X, Y)) = y si y<0,y>x
X if x<0,y<Xx

2X if x>0,y<0

which is convex on IR2. Its Dini subdifferential is
9p9(Xo) = co({(10),(0)} U {(x,y): x* +y? = 4,x >0,y > 0}).

If we consider g as a constraint function, let G = {(x,y) tg(x,y) < O}. In order to obtain N(G,xy), Corollary

23.7.1 or Theorem 23.7 of Rockafellar (1970) cannot be applied, because g is not convex. Neither Theorem
2.4.7 (or Corollary 1) of Clarke (1983) can be applied because g is not Lipschitz near x,. However, from

Theorem 3.5, it follows that N(G, x,) = cone 0p0(Xg) ={(X,y): x>0,y >0} .
We can add an equality constraint. Let

-X+y+xy if y>0
h(x,y) = _
-Xx+y-xy if y<O

This function is differentiable at x,, but it is not differentiable on any of its neighborhoods. Let
H={(x,y):h(x,y) =0} and S=GnH. Theorem 3.7 can be used since

Co(S) = {(X,y):y =x,x< 0} # . Thus,
N(S,xq) = cone 0pg(Xy) +Lin{ Vh, (Xo)} = {(X,y) : x+y = 0}
and T(S,xq) ={t(-1-1):t >0} .

As an application of previous results, we can formulate necessary optimality conditions both Fritz John and
Kuhn-Tucker type for a multiobjective optimization problem.

Theorem 3.10. Consider the problem (MP) where S = {X IR g(x) < 0, h(x) = 0},f is Hadamard
differentiable at x, € S with convex derivative, and assume that conditions (a) and (b) of Theorem 3.6

J
or Theorem 3.7 hold. If X, is a weak local Pareto minimum for (MP), then there exist (A, u, v) € IR xIR°x IR,
(A, w) =0, (A, w) = 0 such that

p r
OeZ}“iani(Xo)‘*’zujang(X0)+szth(X0)- 9)
i=1 jedo k=1

If, moreover, C,(S)= <, then L #0.
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Proof.

It is known that if X, is a weak local minimum of a Hadamard differentiable function f on S, then
n
T(S,xg) N Cy(f) =, where Cy(f) = {u e IR: dfi(xo, u) <0, i=1,2,...,p}.

If Co(S) =@, from Theorem 3.6 or from Theorem 3.7 it follows that C(S)NCy(f) =9 .
Hence,
Co(S)NCo(f) = (10)

If Co(S)=9, then (10) is obviously satisfied.

Consequently, the following system has no solution u e IR":

df(xg,u) <0, Dgj(Xou) <0Vjedy, Vh(xou=0.
Using Proposition 2.6, there exist

A, u,v) e IR xIR" x IR, (A, w) >0, (A, w) = 0 such that (9) holds and
p r n
D hidfi(Xo,U) + Y DY (Xg,u) + D v Vhi(Xo)u=0 Vue IR, (11)
i=1 iedo k=1

For the second part, assume that Cy(S)= <. If were A =0, as there exists w e Cy(G)nK(H) and n=0,
we have that

r
Zungj(xo,w)Jerthk(xo)w <0,
iedo k=1
which is a contradiction with what is obtained choosing u = w in (11).
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