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ABSTRACT

This work concerns estimation of linear autoregressive models with Markov-switching using expectation
maximisation (E.M.) algorithm. Our method generalise the method introduced by Elliott for general
hidden Markov models and avoid to use backward recursion.
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RESUMEN

Este trabajo concierne la estimacion de modelos lineales autoregresivos con cambios Markov usando el
algoritmo de maximizacion de la esperanza. Nuestro método generaliza el método introducido por Elliott
para modelos de Markov ocultos y evita el uso de la recursion descendente.

1. INTRODUCTION
In the present paper we consider an extension of basic (HMM). Let (X;, Yz be the process such that

1. (Xt)tez is a Markov chain in a finite state space IE = {e,,...,en}, Which can be identified without loss of

generality with the simplex of IR", where e; are unit vector in IR, with unity as the ith element and
zeros elsewhere.

2. Given (Xiiez, the process (Yiez is a sequence of linear autoregressive model in IR and the
distribution of Y, depends only of X, and Y.1,...,Ynp.

Hence, for a fixed t, the dynamic of the model is: Y1 = Yxm (Yt[pﬂ) + Ox,,, €1 with Fxt+l € {Fel,...,FeN} linear
functions, Ox,, € {cel,...,ceN} strictly positive numbers and (g).ein+ @ i.i.d. sequence of Gaussian random
variable N(0,1).

Definition 1. Write F, = o{Xo,...,X{}, for the o-field generated by Xo,...,. X, Vi = ofYo,...,Yy}, for the o-field
generated by Yo,...,Yr and G; = o{(Xo,Y0),...,(X;,Yy)}, for the o-field generated by Xo,...,X;
and Yo,...,Y.

The Markov property implies here that P(X.1 = €jF) = P(Xu1 = €X). Write a; = P(Xu1 = €|X; = €) and
A = (a) € IR™ and define: Vii: = Xy - E[Xw1lFi] = X1 — AX.. With the previous notations, we obtain the
general equation of the model, fort  IN:

Xpyp = AXy + Vi
1)

_ t
Yea=Fx, (Yepa) + OX,,,Et+1

The parameters of the model are the transition probabilities of the matrix A, the coefficients of the linear
functions Fe, and the variances e A successfull method for estimating such model is to compute the

maximum likelihood estimator® with the E.M. algorithm introduced by Demster, Lair and Rubin (1977).
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This likelihood is computed conditionally to the first “p” observations.
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Generally, this algorithm demands the calculus of the conditional expectation of the hidden states knowing
the observations (the E-step), this can be done with the Baum and Welch forward-backward algorithm (see
Baum et al. (1970)). The derivation of the M-step of the E.M. algorithm is then immediate since we can
compute the optimal parameters of the regression functions thanks weighted linear regression.

However we show here that we can also embed these two steps in only one. Namely we can compute, for
each step of the E.M. algorithm, directly the optimal coefficients of the regression functions as the variance
and the transition matrix thanks a generalisation of the method introduced by Elliott (1994).

2. CHANGE OF MEASURE
The fundamental technique employed throughout this paper is the discrete time change of measure. Write

c the vector (cel,...,ceN), ¢() for the density of N(0,1) and {.,.) the inner product in IR

We wish to introduce a new probability measure P, using a density A, so that 3—:3 = A and under P the

random variables y; are N(0,1) i.i.d. random variables.

Define

o, X|—1>¢(Y|)

t
k,:< , 1 e INY, with Ag =1 and A, =TI\,
o(z)) =1

and construct a new probability measure P by setting the restriction of the Random-Nikodym derivative to G,
equal to A;. Then the following lemma is a straightforward adaptation of lemma 4.1 of Elliott (1994) (see
annexe).

Lemma 1. Under P the Y, are N(0,1) i.i.d. random variables.
Conversely, suppose we start with a probability measure P such that under P
1. (Xiicnis @ Markov chain with transition matrix A.

2. (Yownis a sequence of N(0,1) i.i.d. random variable.

We construct a new probability measure P such that under P we have Y.; = Fy (Ytt—p) + Ox€t1- 10

_A,.

construct P from P, we introduce %,:= (A)™" and A, :(A) " and define P by putting (g—;]
Gt

Definition 2. Let (Hy), t € IN be a sequence adapted to (G,), we shall write:

Yt+l B I:X[ (Ytt—p+1)
CA
<G! ei>¢(Yt+l)

w(H) = E[AH, |y,] and T'(Ye) = (

The proof of the following theorem is a detailed adaptation of the proof of theorem 5.3 of Elliott (1994)
(see annexe).

Theorem 1. Suppose H, is a scalar G-adapted process of the form: Hy is Fo measurable, Hiyy = H; + o +

Bi+1, Virr) + 8 +1f(Yee1), K = 0, where V1 = Xii1 - AX,, fis a scalar valued function and a, B, 8 are G predictable
process (B will be N-dimensional vector process). Then:
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Yt+l(Ht+1Xt+1): = 'Yt+1,t+l(Ht+1)

= 2 {n(HX), T

N
=
(o (X T (Yern))) 2
+ (B (Xu T (Yesn))) (V1)

+ (diag(a) + aa ) 1t (Bea(XoT'(Vis1)))

where a;: = Aei,aiT is the transpose of a and diag(a) is the matrix with vector a; for diagonal and zeros
elsewhere.

We will now consider special cases of processes H. In all cases, we will calculate the quantity y«(H; and

deduce y(H;) by summing the components of y;(H;). Then, we deduce from the conditional Bayes™ theorem
the conditional expectation of H;:

S _ Yt(Ht)
A, : = E[HJy,] = .
v = ER =S )

3.APPLICATION TO THE EXPECTATION (E.-STEP) OF THE E.M. ALGORITHM

We will use the previous theorem in order to compute conditional quantities needed by the E.M. algorithm.

t

Let J¢° = Z(X,_l,er><x,,es> be the number of jump from state e, to state e at time t, we obtain:
=

N
Yorer (50 = Y (@) T (Vo) a, (1 (%), (Yoo ages. 3)
i=1
t+1
Write now Ojf = Z(Xn,er> for the number of times, up to t, that X occupies the state e,. We obtain
n=1
N .
Y1 (Oay) = Z<Yt,t (O;)1F|(Yt+1)> a +<Yt(xt)'rr(Yt+1)> a. 4)

i=1

For the regression functions, the M-Step of the E.M. algorithm is achieved by finding the parameters
minimising the weighted sum of squares:

n
> 0l - @5 + s+ + Vi)
t=1
where ¥i(t) is the conditional expectation of the hidden e; at time t knowing the observations y_p.1,...,Yn.

n
Write w'(t) = (1, Yia,....Yip) and 6; = (ap,.-ay), suppose that the matrix {Zyi(t)\u(t)\ﬂ(t)} is invertible.
t=1
The estimator éi(n) of 0; is given by:
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n 1 n
0i(n) = {Zyi(t)w(t)wm} PRAGNICIE
t=1 t=1

Hence, in order to éi(n),we need to estimate the conditional expectation of the following processes:

t+1
LT A= Z(Xher)YI—jYH—l
I=1
for—1<j<pand1<r<N.
t+1
2. TBi4(ij)= Z(xlver>Yl—le—i
I=1
forO<ji<pand1<r<N.
t+1
3. TC’E+1 = Z<Xller>Yl+l'
I=1
t+1

4. TDL() = D (%)Y
=1

forO<j<pand1<r<N.

Appling theorem (2) with He1(j) = TAL1(), Ho = 0, a1 = 0, Bes = 0, St = (Xo, €)Yy and f(Yeua) = Youq, if j = -1
or 8wy = (X, &) and f(Ye) = Y2, if j = -1, gives us

N .
et TALAD)= D (1 (TAT). THY )+ (1 T (Y )Y Vo (5)
i=1
where a, is the r-th column of A.
Then, applying theorem (2) with Hu1() = (TB1(,j), Ho =0, cttsa = 0, Bua = 0, 81 = (X, €)Yy and f(Yug) = 1
gives:
3 [ r
eas(TBLa0D) = D (1 (TBION TV, )i+ (1% T (Y D)o ¥ e (6)
i=1
Next, applying theorem (2) with
Hu1 = TCLy, Ho=0, a1 = 0, Bt = 0, 81 = (X;, &) and f(Ye1) = Yeuq gives:
3 [ r
TeaTCL= Y (1 (TCLO) T(Yy , a4 {1 X, T (¥, Ve @)
i=1

Finally, applying theorem (2) with

Hi1() = TDa(), Ho =0, as = 0, Brea = 0, 81a1 = (X, €0 (Y and (Y1) = 1 gives:
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N .
eas(TDLA)= D (1 (TOIO), TICYy, )+ (1), T (Y, )Y, e (®)

i=1

The “Maximisation” pass of the E.M. algorithm is now achieved by updating the parameters in the following
way.

Parameters of the transition matriz. The parameter of the transition matrix will be updates with the formula:

3, - 11071). ©)
” 17(0%)

Parameters of the regression functions. For 1 <r<N, let R": = (R{)j<p,1 b€ symmetric with Rj; =1, Ry;=
R = TD'(j), R; =TB'(i-1j—1)and C' :('T'Cr,('ArAr(i))OS i Sp).We can then compute the update parameter

ér of the regression Fe, with the formula:
6= (R)'C’ (10)

Parameters of the variances: Finally, thanks the previous conditional expectations, we can directly calculate
the parameters 61,...,6N, since for 1 < r < N the conditional expectation of the mean square error of the rth

model is
&2 :Oi(f/v(—l)+c5rTRfér —2é,Tc'). (11)
r
This complete the M-step of the E.M. algorithm.

4. CONCLUSION

Using the discrete Girsanov measure transform, we propose new way to apply the E.M. algorithm in the
case of Markov-switching linear autoregressions.

Note that, contrary to the Baum and Welch algorithm, we don’t use backward recurrence, altought the cost
of calculus slighty increase since the number of operations is multiplicated by g,where N is the number of

hidden state of the Markov chain.

ANNEXE
Proof of lemma 1
Lemma 2. Under P the Y, are N(0,1) i.i.d. random variables.

Proof. The proof is based on the conditional Bayes Theorem, it is a simple rewriting of the Proof of Elliott,
hence we have

P (Yu1 < 1| G) = E [Livusey| G
Thanks the conditional Bayes” Theorem we have:

El 1G] = ElA Ly, <0G _ A, y Elh Ly, <] Gil
Yiri<ey | Ot] = = —
e El[A4|G] A ElgGY

Now
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0

E[kt+1|Gt] = J‘Wx

¢(8t+1) ¢(8t+1)d8t+l

= I<G’ Xt>¢(FX1 (Ytt—p+1) + <5’ Xt> X 8t+1) de, =1

—00

Yt+l B I:X[ (Ytt—p+1) .

and since g1 =
<(5, Xt>

E(YHI <t ‘ Gt) = E[lel{le Gt]

<t}

- T <51 Xt>¢(Yt+1)
¢(8t+1)

X 1{Yt+1£r) X O(er1)derss

= J¢(Yt+1)dyt+l = E(YtJrl = T)

—00

Proof of Theorem 2

Theorem 2. Suppose H; is a scalar G-adapted process of the form: Hy is F; measurable, Hyy = Hy + oy +
Br+1, Vir1) + Saf(Yer), K > 0, where Vi1 = Xy — AX,, fis a scalar valued function and «, B, 6 are G predictable
process (B will be N-dimensional vector process). Then:

Yer1(He1Xer1) 7= Vs era(Hesr)

N .
= Z{Wt(HtXt)aFI(Ytﬂ» ;

i=1
+ 7i(aeea (Ko, T'(Ya))) @
. (12)
+ Yt(8t+1<xty FI(Yt+1)>)f(yt+l)ai
+ (diag(a) - a@] ) n(Bua(Xe T'(Ye)))

where a;; = Ag;, aiT is the transpose of a; and diag(a;) is the matrix with vector g, for diagonal and zeros elsewhere.

Proof. Here again it is only a rewriting of the proof of Elliott.
We begin with the two following results:

Result 1

E [Vt | Yer] = E[E [Vis1 | Gy, Yerr] Yera] = E [E [Via | G]Yea] = 0. (13)

Result 2
xt-¢-1x;|-+l = AXt(AXt)T + AXtVtTv-l + Vt+1(AXt)T + Vt+1Vt-£-l .

Since X; is of the form (0,...,0,1,0,...,0) we have
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X1 Xtsy = diag(Xes) = diag(AX,) + diag(Ve)

SO

Vi Ve = diag(AXy) + diag(Vis1) — A diag(X) A" - AX, V!, - Vi (AX)'.
Finally we obtain the result
(Verr): = E[Ve1 V4 | R
= E[Vua Vi | Xd (14)

= diag(AX;) — A diag(X)A.
Main proof We have

Yerreea(Het) = E[Xt+lHt+lxt+l|Yt+1] = ELAX + Vi) (Hy + apq+ < Brass Visa > +84f(Y 1)) X Xt+1|Yt+1]-
Thanks equation (13),

Yt+1,t+1(Ht+1) = E[((Ht + Oyt 81+1f(yt+1))AXt+ < Bt+l1 Vt+l >) X Xt+l|Yt+l]

SO:

N

'Yt+l,t+1(Ht+l) = Z{E[((Ht + 0t 8t+1f(yt+l)) < Axtvej > ej)At+1| Yt+l]} + E[< BM 'Vt+l> ><At+1| Yt+l]l
=1

hence

N

N
Yerre1(Hesr) = Z
i

i=1

Z {E[((Ht +0pug + 0paf(Yean)) < X ei)XHlajiej | Yiald + E[< Btew Vier> ><Kt+1| Yinl
we have noted a; = A, SO
N —_— J— —_— —
Terea(Hea) = Z{E[((Ht + 01 +00af(Yia1)) < X € >)A 08 | Yial} +EI<B, V> ><At+1| Yeal -
i=1
Since for an adapted process H; to the sigma-algebra G;

— N .
E[AuqH; | Yl = Z Ve(HX ), T (Yei0))
-1

So, forall e, € |IE

N
E[ApH <X e >|Yt+l] = Z(Yt(Htxt < Xp € > (Yer))

i=1

N .
=3 (X8, T ()
i=1

But we also:

N
Yt(HtXtXtT) = Z (re(HeXy), ei>eieiT,

i=1
So we have:
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N
E[AqaH < X e >| Yeal = Z(Yt(HtXtXtTer)vFI(ynl» = (7 (HX) T (Yeun)) -

i=1

Since «, B, 6 and G predictible and f(y.1) mesurable with respect to Yy, the result (14) yield us the
conclusion m
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