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ABSTRACT

In this problem, we have discussed three echelon supply chain problem for inventory. Here we have been taken
single supplier, single manufacturer and multiple buyers. Whole discussion has been done under inflation and time
discounting over an infinite planning horizon by allowing partial backlogging for retailers. It is assumed that the
units in inventory deteriorate over the time and follow a two-parameter weibull distribution and deteriorated units
are not replaced. Results show that the total cost function is convex. With the convexity, a simple solution algorithm
is presented to determine the optimal order quantity and optimal cycle time of the total cost function. The results are
discussed with a numerical examples and particular cases of the model discussed in brief. A sensitivity analysis of
the optimal solution with respect to the parameters of the system is carried out.
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ABSTRACT

In this problem, we have discussed three echelon supply chain problem for inventory. Here we have been taken
single supplier, single manufacturer and multiple buyers. Whole discussion has been done under inflation and time
discounting over an infinite planning horizon by allowing partial backlogging for retailers. It is assumed that the
units in inventory deteriorate over the time and follow a two-parameter weibull distribution and deteriorated units
are not replaced. Results show that the total cost function is convex. With the convexity, a simple solution algorithm
is presented to determine the optimal order quantity and optimal cycle time of the total cost function. The results are
discussed with a numerical examples and particular cases of the model discussed in brief. A sensitivity analysis of
the optimal solution with respect to the parameters of the system is carried out.

1. INTRODUCTION

The terms multi-echelon and multi-level production/distribution network are also synonymous with such networks
(or supply chains), when an item moves through more than one step before reaching the final customer. The area of
supply chain management (SCM) has gained a lot of interest from researchers as well as practitioners in the
industry. Essentially, the retailer (buyer) observes a deterministic demand and orders lots from the manufacturer
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(vendor). The vendor satisfies this downstream demand through manufacturing the requested product in lots, where
each produced lot is shipped to the buyer in batches.

For a vertically integrated supply chain owned partially or jointly by the same company, such coordinated
production— shipment policy provides valuable insights and optimal decisions that lead to global optimization. On
the other hand, when individual entities are owned separately, such policy may not beneficial for all the parties
equally as some may encounter an increase in their costs and hence become less eager to depart from their locally
optimized policies. In such situations, sharing those benefits resulting from the coordinated approach becomes a
major issue. Most of the work related to joint economic lot size production (JELP) has been conducted in the context
of a two layer supply chain consisting of a single vendor and a single buyer. Goyal (1977) suggested a lot-for-lot
policy with the assumption of infinite production rate for the manufacturer. Investigations reporting coordination in
a three-level supply chain are few and far in the literature. Coordinating orders in a two-level (vendor—buyer) supply
chain has been addressed in Hill (1997). Goyal and Gunasekaran (1995) observed an integrated production
inventory marketing model to determine economic production quantity and economic order quantity for raw
materials in a multi-echelon production system. Using an interval search approach, Goyal (2000) has developed a
solution procedure for optimal production quantity in a single vendor single buyer production inventory system with
unequal and equal sized shipments from the vendor to the buyer under capacity constraint of the transport
equipment. Khouja (2003) was the first to consider a three stage supply chain with one or more firms at each stage.
He discussed three level inventory coordination mechanisms among the members of the supply Chain. Lee (2005)
added a new dimension to the single vendor single buyer problem by setting the number of raw material shipments
received by the vendor per cycle to be a decision variable. Thus, the raw material ordering cost was considered
explicitly in the model. Jaber and Goyal (2008) discussed coordination in a three-level supply chain with multiple
suppliers, a vendor and multiple buyers. Sana (2011) proposed a three layer supply chain involving a supplier of raw
materials, a manufacturer and a retailer for deterministic demand. Singh et al. (2012) studied a three echelon supply
chain inventory model for deteriorating items with storage facility and lead time under inflation.

One of the assumptions in most of the inventory model has been a negligible level of inflation. But in recent times
many countries have been confronted with fluctuating inflation rates that often have been far from negligence. The
pioneer in this field was Buzacott (1975), who developed the first EOQ model taking inflation into account. This has
become interesting factor for several researchers like Mishra (1979) proposed note on optimal inventory
management under inflation. Bierman and Thomas (1977) considered an inventory decision under inflationary
conditions. Ray and Chaudhuri (1997) provided an EOQ model with inflation time discounting. Jain et al. (2011)
discussed an inflation implication on an inventory with expiration date, capital constraint and uncertain lead time in
a multi-echelon supply chain. Yadav et al. (2013) developed a retailer’s optimal policy under inflation in fuzzy
environment with trade credit.

The control and maintenance of inventories for deteriorating items with shortages have received much attention of
several researchers in the recent years because most of the physical goods deteriorate over time. In reality, some of
the items are either damaged or decayed or affected by some other factors. Ghare and Schrader (1963) developed a
model for an exponentially decaying inventory. An order level inventory model for items deteriorating at a constant
rate was proposed by Dave and Patel (1981). Some of the significant recent work in this field has been done by
Chung and Ting (1993), etc. Recent efforts of the deteriorating inventory research have been focused on considering
the partial backlogging of the unsatisfied demand. The motivation is some reality issues since the case of complete
backlogging is more likely only in a monopolistic market. In a non-monopolistic market, customers encountering
shortages will respond differently. Some customers are willing to wait until the next replenishment, while others
may be impatient and go elsewhere as waiting time increases. Therefore, partial backlogging is a necessary
consideration for inventory management. Deb and Chaudhuri (1986) were the first to incorporate shortages into the
inventory lot sizing problem with a linearly increasing time-varying demand. Abad (2001) derived a pricing and
ordering policy for a variable rate of deterioration and partially backlogging. The partial backlogging was assumed
to be exponential function of waiting time till the next replenishment. Dye et al. (2006) derived a deteriorating
inventory model in which the partial backlogging rate linearly depends on the total number of customers in the
waiting line. Chern et al. (2008) considered that the fraction of shortages backordered is a differentiable and
decreasing function of time. Using the same partial backlogging ratio function as in Chern et al. (2008), Skouri et al.
(2009) studied ramp type demand rate and Weibull distribution deterioration. Singh et al. (2010) developed an EOQ
model with Pareto distribution for deterioration in a study. They have discussed Trapezoidal type demand and
backlogging under trade credit policy.

In this paper a three echelon supply chain with cooperative behavior is considered which consists of single supplier,
single manufacturer and multiple buyers who are involved in procurement, producing and selling only one type of
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finished product. Single supplier provides each type of component or raw material to the manufacturer and the
manufacturer purchases each type of raw material from only single supplier according to the bill of materials of the
finished product. The manufacturer produces finished products and distributes them to its buyers in separate and
independent markets. The whole environment of business dealings has been assumed to be inflationary, which
conforms to the practical market situation.

The whole combination is unique and very much practical. This setup has been explored numerically as well, an
optimal solution has been found and the sensitivity of that solution has been also checked with respect to various
system parameters. The final outcome shows that the model is not only economically feasible but stable also. A cost
minimization model is derived along with an efficient solution algorithm that is based on the calculus approach.

2. ASSUMPTIONS AND NOTATIONS
The following assumptions and notations are considered to develop the model.
2.1. Assumptions

1. This study considered cooperation between single supplier, single producer and multiple buyers.

2. Partial backlogging is allowed for buyers only. The partial backlogging is replenished in the next delivery.
3. Deterioration of the item follows a two-parameter weibull distribution and the deteriorated units are not
replaced.

4, Multiple deliveries per order are considered. The planning horizon is infinite and cycles during the
planning horizon are continuous. Since one cycle is considered, the items of the first delivery are made in the
previous cycle.

5. Demand rate and production rate is deterministic and constant. Production rate is greater than demand rate.
6. Lead time is assumed to be negligible and single item is considered.
7. The cost components are divided into two classes. The costs that increase at the inflation rate occurring

within the company are brought under class-I, whereas costs increasing at the inflation rate of the general economy
comes under class-11. Two separate inflation rates; the internal (company) inflation rate i; and the external (general
economy) inflation iy, these two rates can be estimated by averaging the individual inflation rates of the costs in each
class.

2.2. Notations

Production rate (units/unit time)

Number of buyers

Demand rate per unit time for buyer i=1, 2, 3, 4...... N
Fraction of the buyer’s demand backordered

The discount rate, representing the time value of money

The internal inflation rate, which is varied by company operation status
The external inflation rate, which is varied by the social economical situation
r —i, The discount rate minus the internal inflation rate

r —i, The discount rate minus the external inflation rate

Scale parameter of deterioration rate of raw material

Shape parameter of deterioration rate of raw material

Scale parameter of deterioration rate of finished goods

Shape parameter of deterioration rate of finished goods

Scale parameter of deterioration rate of finished goods for buyer

Shape parameter of deterioration rate of finished goods for buyer

Raw material’s order quantity per order
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—
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=

©

Producer’s finished goods production quantity per production

LS

Buyer’s received quantity per delivery from producer
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k The number of delivery per order

T, The production period

T, The non-production period

T, Period that buyers are not out of stock

T, Period that buyers are out of stock

Ts Time period between deliveries, T, =T /k=T, +T,
T Length of cycle, T =T, +T,

Raw material’s inventory level at any timet, 0<t<T,

=

e
—

~—

Producer’s finished goods inventory level at any time 1,0<t < T, j=12

=.

—~
—

~—

= =

i Buyer’s finished goods inventory level at any timet, 0 <t < TJ— , 1=3,4

—~
—
~—

C. Supplier’s setup cost per order cycle

Cy, Producer’s setup cost per production cycle

Cyp Producer’s ordering cost per order cycle

Ci i Buyer’s ordering cost per order cycle

Cow Raw material’s per unit holding cost per unit time

Cop Producer’s finished goods per unit holding cost per unit time
Cro i Buyer’s finished goods per unit holding cost per unit time
Cria i Buyer’s finished goods per unit backlog cost per unit time
Crvz i Buyer’s finished goods per unit shortage cost for lost sales
C. Raw material’ per unit cost

C, Producer’s finished goods per unit cost

C, i Buyer’s finished goods per unit cost

MI, Producer’s finished goods maximum inventory level

M, i Buyer’s finished goods maximum inventory level

TUC,  Supplier’s present worth total cost per unit time
TUC,  Producer’s present worth total cost per unit time

TUC, Buyer’s present worth total cost per unit time
TUC  The present worth total cost per unit time

3. MATHEMATICAL FORMULATION

The following scope applies to the study. A supplier procures raw materials from outside supplies and delivers the
fixed quantities to the producer warehouse at a fixed time internal. The Producer withdraws raw materials from the
warehouse and produces finished goods. The fixed quantities finished goods is delivered to the buyers at a fixed-
time interval.

The derivations of cost are provided in this section. There are many exponents in the objective function and it is
difficult to formulate an exact solution. To obtain an approximate solution we make the following assumptions. The
present worth cost can be computed by applying the Taylors series expansion, for very small (g,a, VU< 1) , the
second and higher order terms of g, o, y and p are neglected.

This study develops an integrated inventory model for deteriorating item in a multi echelon supply chain under
inflation. A mathematical model with integrating single supplier single producer and multiple buyers is derived to
obtain the optimal number of deliveries and order lot size, when the joint total cost of the supplier, the producer and
the buyers is minimized.
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Retailer-n
Figurel, A three echelon multi-retailers supply chain

3.1. Producer’s raw materials or Suppliers Inventory System

The raw materials inventory system is shown in Fig 2(a). A supplier procures the raw materials and delivers the
fixed quantities Q,, to the producer’s warehouse at a fixed-time interval. The Producer withdraws raw materials
from the warehouse. During the time period T, , the inventory level decrease due to both producers demand and
deterioration.
The supplier’s raw materials inventory system at any time t can be represented by the following differential
equation:

dlg—t(t):—P—ghthfllw(t) o<t<sT, (1)
Using the boundary condition, 1,(T,)=0. The solution of (1) is given by

Inventory Level Qs

“— T —> Time

Figure. 2 (a)
Tl
I, (1) =Pe ™ [e*"du oO<t<T, )
t

Since |, (0) =Q, , the maximum inventory level of the raw materials, i.e. the order quantity per order from supplier
is

T T« (guh )m -I—h+1
—Ple*du=P|> " Lqu~p|T,+ 22 | .3
Qu ! ! Z; n! ' h+l ®)
1. Present Value setup cost: Since setup in each cycle is done at the start of each cycle, the present value setup cost
S, =C,. N G

2. Present value inventory holding cost: Inventory occurs during period T, the present-value inventory cost during
the period is
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2 T
HD, = Zcmwf I, (t)e ™dt Where  r, =r—i_ m=12
m=1
2 3 h+2
HD, ZC P{TZ Ty + ghT, } ......... (5)

6 (h+1)(h+2)

3. Present-value item cost: The item cost includes the loss due to the deterioration as well as the cost of the item
sold. Because the order is done att =0, the present value item cost is

h+1
IT, =C,Q, CP[T+9T j ........... 6)

h+1

The present value total cost during the cycle is the sum of the setup cost S,,, the inventory holding cost HD,, and the
item cost IT,, . For raw materials, the present value total cost per unit time is

S +HD, + IT,

TUC,, T e (7

3.2. Producer’s finished goods inventory system.

The producer inventory system in Fig 2(b) can be divided into two independent phases depicted by T, andT,. This
methodology reduces the complexity in our problems derivation on and analysis. Each phase has its own time unit, t
which starts from the beginning of the phase T, . During time period T, There is an inventory buildup and hence

deterioration becomes effective. Att =T, , the production stops and the inventory level increase to its maximum
level M1 . There is no production during time period T, the inventory level decrease due to demand and
deterioration. The Inventory level becomes zero att =T, .

The inventory system depicted in Figure 2 (b) is represented by the following differential equations;

(t) Zd —aft” M, (t)  0<t<T, (®)

A

Inventory level

v

Figure 2 (b)
"2 ( ) —id aft’™, (1)  0<t<T,

The first-order differential equations are solved using the boundary conditions I, (0)=(0) and I, (T,)=(0), then

N t
Z(P—ZdiJemﬁIeMdu 0<t<T, (10)
0

i=1
and
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N T
t)=ZdieiatﬁJ.eaUﬁdU 0<t<T, U .. (11)
i=1 t

Since I, (0)=MI, the producer’s maximum inventory level is
2 p

S v T & (au?) N oTpn
_;dige du_izl:di!: Z(‘;—m dU~izl:di(T2+ﬁ+1j 1)

The production quantityis Q,=PT, (13)

By the boundary condition I, (T,) =1, (0), one can derive the following equation;

N T N T
(P ~>d, je“f [e du=>"d [e™"du
i=1 0 i=1 0

For a Very small value of o, second and higher order terms of o are neglected. The above Eq. can be reduced as

(p Zd j[ ””J .Zd[ o TJ ............... (14)

Since T, in Eq. (14) is a high power equation, it is difficult to solve analytically for the value of T,when o T1 < <1,
the method used in Mishra (1975) and Wee (2007), where aT”* / S +1 is neglected, results in the following
approximate value for T,

i
di /3+l
T, ~—= (Tz “ ) .............. (15)

N
P-3d, =
i=1
1. Present-value ordering cost: Since replenishment in each cycle is done at the start of each cycle, the present-
value ordering cost for raw material is
OR,=C,, (16)

2. Present-value setup cost: At the start of the cycle, the cycle has an initial production setup cost. The present
value setup cost is

S,=C, 17)
3. Present-value inventory cost: Inventory is carried during T, and T, time periods. If this system does not

consider the buyers, all of the holding costs belong to the producer. If this system considers the buyers, the holding
costs of the items that are delivered to the buyers belong to the buyers. It should be subtracted from the producer.
The present-value holding cost is

T T k;
HD, =>"C, | [ 1, (t)e™dt+ 1, (t)e ™" dt— { fl' (t)e‘”dtZe TrTe H
L o 0

i=1 o

wherer,, =r —i, m=12

_ 2 B B N E_ I’mT13 B alg-l—lﬁ+2
HD"_;CW’ [P Zldj{ 2 3 (ﬁ+1).(,8+2)}

1-rT)T2 rTE (5+2) N T2 o, T3 T2 1-e™

+z )2_m2+ apT, Z ( T) ......... (18)
6 (B+1).(8+2)] S Tvr1).(v+2) (1-e™%)

4. Present-value item cost: The item cost includes the loss due to the deterioration as well as the cost of the item

sold. Because set up is done att =0 , the present worth item cost is
IT,=Cc,Q,=C¢c,.p1, (19)
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Therefore, the present-value total cost during the cycle is the sum of the setup cost S, ordering cost OR,, the

holding cost HD, and the item cost IT,. The present value total cost per cycle is
S, +OR, +HD, +IT,

T
3.3. Buyer’s finished goods inventory system

TUC, =

The change in buyer’s Inventory level is depicted in fig 2(c). Since P >> d, we assumed that the initial delivery is
made at t =0 in the buyer’s inventory system. Part of stock is delivered towards backorders, leaving a balance of
MI, units in the initial inventory. During time period T, , the inventory level decrease due to both demand
deterioration. At t =T, the inventory level is zero. During the time period T, , part of the shortage is backlogged and

part of it results in lost sales. Only the backlogged items are replaced in the next replenishment. There are k
deliveriesin T =T, +T, time period. In T, segment of Figure 2 (c), the broken line indicates the complete shortage

and the dark line indicates shortage due to partial backlogging.
A
Mlpi

v

o Ny k = No. of delivery in cycle time T
T = i =
3 Ta\] N=No.of Retailer Ts=T/k

4—>
Pk T=Ti+T, Cycle Time ~ —

Figure 2 (c)

In Figure 2 (c), the buyer’s inventory system can be represented by the following equation;

di} (t _
( ) =—d, —uvt"I, (t) 0<t<T, i=123,....N
dI ot
— ( ) _ —Bd

dt

The first order differential equation is solved using the boundary conditions,

l,, (T;)=0,and I, (0)=0, one has

; 0<t<T,

I, (t)=die*“t”Tfe”““dh 0<t<T,
t
and |, (t)=-Btd, 0<t<T,
Since Ié (T3) = MI; i.e. the buyer’s maximum inventory level is
YIN —d:.: e’ g J‘ (uhv) dh = d, [T3+L(]VL—I\—/;3]

The quantity per delivery to the i buyer is

T v+1)

. ) (v+1)
Q' =Ml + Bd,T, ~d, [T &}r Bd,T,

248



1. Present-value ordering cost: The present value of the total replenishment cost during T is given by
N -
OR,=k>'C{ (27)
i=1
2. Present-value inventory holding cost: Inventory is carried during time period T, . The present value holding cost

is

HD, = kiNZl[mzz_;c;bI I}, (t)e‘rm‘dt] kZ(ZC I[d et fe”h th ‘rmtdt]

N 2 T2 rmT33 UVT v+2
HD, ~ k;[;c { s +(v+1).(v+2)H ............ (28)

3. Present-value shortage cost: Shortage occurs during time period T, . The present value shortage/backlog cost is

N 2
BA= kZZCmmj {-1,, (1)} &=Vt

i=1 m=1

(1-r,T,)T7 r T2
BA= kZZCmbl { 23) L - m34} ......... ... (29)

i=1 m=1

4.Present-value lost sale: Lost sale occurs during time period T, . During this time period, the complete shortage is
d.T, and the partial backlog is Bd.T, . The difference between them indicates the lost sales. The present value lost
sale cost is

LS = kZZCmszd—Bd e (g kZZcmb2 (1-B). ji{_

i=1 m=1 i=1 m=1 n=0

(T +t)} it

r T/
LS ~ kzzcmbz {(1_ rmT3)T4 - m24 } ........... (30)

i=1 m=1
5. Present-value item cost: The item cost includes loss due to deterioration as well as the cost of the item sold.
Because order isat t =0 and t =T, +T, . The present value item cost is

IT, = kZN:[Cg.Ml,; +CJ BT, d e |
i=1

u (v+1)

N . .
IT, = kZ{Cg.di {Ta 3 1 j+Cg.B.T4 d; {1-1, (T, +T4)}} ........... @31
i=1

The present worth total cost during the delivery is the sum of the ordering cost OR, , the holding cost ( HD, ), the
backlog cost (BA), the lost sale cost ( LS ) and the item cost ( IT,). The present value total cost per delivery is
OR, + HD, + BA+ LS + IT,

TUC, = = b (32)

There are k deliveries per cycle per buyer. The fixed time interval between the deliveries is T, =T /k . Therefore,
the present worth total cost per cycle att =0 is

k=1
TUC, =TUC, > e "™
j=0
OR, +HD, + BA+LS + ITbj [1_em j

T 1—e ™
This study develops an integrated production inventory model for deteriorating items with weibull distribution under
partial backlogging, inflation and time value of money with multiple buyers. For very small o, r, and value

TUC, =(
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(a,r,, 1 <1), an approximate model with multiple buyer and a single producer is developed to derive the optimal
production policy and lot size. The present value total cost per unit time of the producer and the buyers is sum

of TUC,,, TUC, andTUC, . Since T, =T, -T,, T, =T /k; andT =T, +T,, the problem can be stated as an
optimization problem and it can formulate as

Minimize TUC(k,T,,T,)=TUC +TUC, +TUC, . (34)

Subjectto O<T,,0<T,<T/k (35)

4. SOLUTION PROCEDURE
The optimization technique is used to minimize (34) to deriveT, and T, as follow:

Stepl. Since the number of delivery per order k, is an integer value, start by choosing an integer value of k >1.
Step2. Take the derivative of TUC(k,TZ,T4) with respect to T,and T,, and equate the result to zero. The necessary

condition of optimality is TUC (K, T,,T,)/dT, =0 and oTUC(k,T,,T,)/dT, =0 These simultaneous equations can
be solved for T,and T,
Step3. Find those values of T,and T, from step 2 for that

0°TUC(k,T,,T,)/oT,2.0°TUC (K, T,,T,)/oT,? —(aZTuc(k,T2 T.) /8T28T4)2 >0
and 0°TUC (K, T,,T,)/aT,” is positive
Step4. Using these values of T,and T,in eq. (34) and find the minimum value of TUC
Step5. Repeat steps 2 and 3 for all possible values of k until the minimum TUC(k*,TZ*,T4*) is found. The values of

TUC(k*,TZ*,T[) constitute the optimal solutions that satisfy the condition mentioned in step 3.
Step6. Derive the T, , T, T, , T°,Q;, Q,, Q;, TUC,", TUC, and TUC,

5. NUMERICAL EXAMPLE

Optimal production and replenishment policy to minimize the present worth total system cost may be obtained by
using the methodology proposed in the proceeding sections. The following numerical example is illustrated the
model.

Consider a three-echelon supply chain with three retailers (N = 2) , a producer and a supplier for single item, the

value of parameters adopted in this study are production rate P=1000; demand rate d=200; setup cost
C1w=%100;C1p=%50; ordering cost C2,=%$90; C1,=%$80; holding cost Crw=%0.6; Cmp=%0.8; Crmp=%1; backlog cost
Cmp1=$10; lost sale cost Crmp2=$5; item cost C=$8; C,=$10; Cx=$12; deterioration rate g=0.08, h=2, 0=0.05, f=2,
u=0.08, v=3; inflation rate r=0.2, 1=0.08, i,=0.14; fraction backorder B=0.8.

The computational results are shown in Table 1. The raw material, producer and retailer’s costs are presented in
Table 2.

The major conclusions and the special condition are drawn from numerical are as follow;

1. In this example, TUC" is $20867.5 while the optimal values of k", T1", T.", Ts"and T," are 17, 1.29, 8.70, 0.45 and
0.13 respectively. For the raw materials Qw is 1347.2 units. As for the finished goods, Qp is 1290 units and Qy is
221.9 units. The time period between deliveries is 0.58 units.

2. If the optimal solution is calculated independently from the raw material’s view, k™ is 1 and TUC™ is $27521.9.
An increase of $6654.4 per unit time. If the optimal solution is derived independently from the producer’s view, k”
is 2 and TUC™ is $25970. An increase of $5103 per unit time. The reason is the entire buyer’s cost will increase. If
the optimal solution is derived independently from the retailer’s view, k™ is 15 and TUC" is $20872. Since the entire
producer’s cost will increase, an increase of $5 per unit time.
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Table 1 .Numerical results for illustrated example
K T T Ts Ta Quw Qb TUC, TUC, TUC, TUC
870 295  7.04 13472 1290 40386 11799  6562.7 195147  27521.9

[N
=
N
©

2 1.29 8.70 2.45 2.54 1347.2 1290 2081.0 1179.9 6480.1 18006.2 25970.1
3 1.29 8.70 2.00 1.33 1347.2 1290 1353.6 1179.9 6551.2  15551.0 23557.8
4 1.29 8.70 1.67 0.82 1347.2 1290 992.6  1179.9 6620.8  14257.0 22381.9
5 1.29 8.70 1.42 0.57 1347.2 1290 7829 1179.9 6680.7  13582.1 21775.6
6 1.29 8.70 1.23 0.43 1347.2 1290 647.9 1179.9 6728.6  13215.7 21437.7
7 1.29 8.70 1.08 0.34 1347.2 1290 551.6 1179.9 6768.6  12949.4 21236.4
8 1.29 8.70 0.96 0.28 1347.2 1290 480.3 1179.9 6801.8  12765.7 21110.2
9 1.29 8.70 0.86 0.24 1347.2 1290 425.8 11799 6831.1  12630.2 21027.7
10 1.29 8.70 0.78 0.21 1347.2 1290 3829 11799 6854.1  12554.1 20972.4
11 129 8.70 0.71 0.19 1347.2 1290 347.6  1179.9 6875.5  12496.3 20934.7
12 1.29 8.70 0.65 0.18 1347.2 1290 319.7 11799 6894.3 125283 20908.8
13 1.29 8.70 0.60 0.16 1347.2 1290 2929 1179.9 6909.7  12395.7 20891.2
14 1.29 8.70 0.55 0.15 1347.2 1290 269.3 1179.9 6927.2  12267.5 20879.6
15 1.29 8.70 0.51 0.14 1347.2 1290 249.8 11799 6940.3  12186.5 20872.4
16 1.29 8.70 0.48 0.13 1347.2 1290 2344  1179.9 6948.8  12188.3 20868.7
17 1.29 8.70 0.45 0.13 1347.2 1290 2219 1179.9 6958.4  12301.0 20867.5
18 1.29 8.70 0.42 0.13 1347.2 1290 209.8 1179.9 6968.9  12340.6 20868.4
19 1.29 8.70 0.40 0.12 1347.2 1290 198.6 1179.9 6974.2  12314.1 20870.9

20 1.29 8.70 0.37 0.13 1347.2 1290 189.7 1179.9 6986.1  12454.1 20874.9

30 1.29 8.70 0.23 0.07 1347.2 1290 114.2 1179.9 7031.5 14636.2 20954.1

3. A graphical representation and numerical analysis are presented to show the convexity of TUC. Based on above
discussion and graphical representation of Figure 3 (a) and 3 (b), one can say that TUC is a convex function. When
k* = 17 the sufficient conditions are °TUC/0T2%=1112.46, 0?°TUC/0T4?=2758.78 , 0*°TUC/0T20T4=0

and O°TUC(K,T,,T,)/0T.'TUC (K T,,T,)/aT, (8 TUC (K T,,T,)/aT,4T,) =3.06x10° >0

4. When k increase T1, T» will same and Ts, T4 and Ts will decrease. The reason is multiple deliveries will increase
the number of production to avoid the excess inventory.

5. When there is complete backordering i.e. B=1, at k=17, TUC is $21024. There is no lost sale cost in this situation.
An increase of $157 per unit time.

Table 2. The supplier, producer and buyer’s cost for k = 17
Buyer’s Costs  Producer’s Costs  Supplier’s Costs
OR, 2560.3 OR, 60 Sw 100
HD, 2722.8 HD, 5658.4 HDw 838.9
1Ty 8245.9 IT, 1290.3 ITw 1077.8
BA 1749.9
LS 33721

251



1108 F

10 15 20

Figure 3 (a) Figure 3 (b)

In figure 3(a), Variation of TUC w. r. t. T1 (from 0 to 10) and T3 (from 0 to 5) and in figure 3(b) Variation TUC w. r.
t. the value of k (No. of delivery)

6. When deterioration for raw material is not considered (i.e. g=0, h=0) then at k=15, the TUC is $20799. A
decrease of $73 per unit time.

7. When deterioration for finished goods of producer is not considered (i.e. =0, =0) then at k=16, the TUC is
$12426. A decrease of $8442 per unit time.

8. When deterioration for finished goods of buyer is not considered (i.e. u=0, v=0) then at k=16, the TUC is $21529.
An increase of $661 per unit time.

6. SENSITIVITY ANALYSIS

The change in the values of parameters may happen due to uncertainties in any decision-making situation. In order
to examine the implications of these changes, the sensitivity analysis will be of great help in decision making. Using
the numerical example given in the previous section, the sensitivity analysis of various parameters has been done.
We derive the optimal solution for fixed values of the parameters P, d, Ciw, C1p, C2p, C1b, Craws Cimp, Cmb, Crmb1, Cmb2,
Cw, Cp, Cv, g, h, 0, B, u, v, 1, i1, i and B (1000, 400, 100, 50, 90, 80, 0.6, 0.8, 1, 10, 5, 8, 10, 12, 0.08, 2, 0.05, 2,
0.05, 3, 0.2, 0.08, 0.14 and 0.8).The optimal values of k® and TUC? are derived; when one of the parameters
increases or decreases by 5% and 10% while other parameters remain unchanged. The results are presented in
Tables below. The percentage of cost increase index is defined as

pct = TYC -TUC 160
Table 3. Effect of change of parameters on T, and T4°
-10% changed
P d g h o B u Y r iy iy B

T 152 | 1.06 | 1.31 | 0.30 | 1.13 | 030 | 1.29 | 0.30 | 1.30 | 1.29 | 1.29 | 1.29

T | 045 | 045 | 045 | 026 | 0.45 | 0.26 | 0.45 | 0.26 | 0.46 | 0.45 | 0.44 | 0.41
-5% changed
T° | 141|118 | 1.30 [ 0.30 | 1.19 | 0.30 | 1.29 | 0.30 | 1.30 | 1.29 | 1.29 | 1.29
T | 045 | 045 | 045 | 026 | 0.45 | 0.26 | 0.45 | 0.26 | 0.45 | 0.45 | 0.44 | 0.43
+5% changed
T,° [ 118 | 140 | 1.29 | 030 | 1.36 | 0.30 | 1.29 | 0.30 | 1.29 | 1.29 | 1.30 | 1.29
T; | 045 ] 045 | 045 | 026 | 0.45 | 0.26 | 0.45 | 0.26 | 0.44 | 0.45 | 0.45 | 0.46

+10% changed
T,° [ 1.08 | 150 | 1.28 | 0.30 | 1.44 | 0.30 | 1.29 | 0.30 | 1.28 | 1.30 | 1.30 | 1.29
T | 045 | 0.45 0.26 | 0.45 | 0.26 | 045 | 0.26 | 0.44 | 0.45 | 0.45 | 0.48
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The main conclusions are from sensitivity analysis:

1. From the table 4, change of the value of demand rate (d) affects the value of TUC and which is presented by PCI.
When demand rate (d) increases by 10%, the value of PCI increases by over 8.36%. The values of PCI are more
sensitive to the shape parameters (h, v and ).

2. The values of PCI are least sensitive to the scale parameter (g and u).

3. The values of PCI are little sensitive to the parameters iy (internal inflation rate), i, (external inflation rate) and B
(fraction of demand backordered).

4. The parameters production rate (P), demand rate (d), scale parameters (g, a and u), shape parameters (B),
inflation rate (iy, i2), and fraction of demand backordered (B) influence the value of PCI in the same direction and
the parameters shape parameters (h, v) and discount rate (r) influence the value of PCI in the opposite direction.

5. The value of production time (T1) is little sensitive to the parameters P, d, g, a, u, r, and highly sensitive to the
parameters h, B, v but no sensitive to the parameters iy, i, and B.

6. The value of T3 is little sensitive to the parameters r, i, and B, highly sensitive to the h, B and B but no sensitive
to the parameters h, d, g, a, u, i1.

Table 4. Different values of TUC® and PCI° with respect to the percentage change of the value of different

-10% changed
P d g h a B u \Y r iy ix B
TUC® | 20551.8 | 19067.4 | 20861.3 | 21827.8 | 20470.8 | 19733.0 | 20865.7 | 21828.5 | 21155.2 | 20814.9 | 20756.6 | 20760.5
PCI -1.51 -8.62 -0.02 +4.20 -1.90 -5.43 -0.009 +4.60 +1.38 -0.25 -0.53 -0.51
-5% changed

TUC® | 20716.9 | 19974.9 | 20864.4 | 21827.5 | 20633.1 | 20667.7 | 20866.6 | 21827.8 | 21011.7 | 20841.2 | 20812.2 | 20818.0
PCI -0.72 -4.40 -0.01 +4.20 -1.12 -0.95 0.00 +4.60 +0.69 -0.25 -0.26 -0.23
+5% changed
TUC® | 21004.5 | 21746.5 | 20870.5 | 21827.4 | 21018.1 | 23265.4 | 20868.4 | 21826.8 | 20722.6 | 20893.8 | 20922.6 | 20909.9
PCI +0.65 +4.21 +0.01 +4.20 +0.72 +11.49 0.00 +4.60 -0.69 +0.12 +0.26 +0.20

+10% changed
TUC® | 21128.7 | 22613.0 | 20873.5 | 21827.3 | 21236.1 | 25049.0 | 20869.4 | 21826.5 | 20577.1 | 20920.0 | 20977.4 | 20946.2
PCI +1.25 +8.36 +0.02 +4.20 +1.76 +20.04 0.009 +4.60 -1.38 +0.25 +0.52 +0.37

parameters like P, d, g, h, a, B, u, v, 1, i1, iz, and B for k=17
7. CONCLUSIONS

In this study, we have derived a three-layer supply chain involving supplier, producer and multiple retailers with
replenishment lot size. Different rates of deterioration for supplier, producer and buyer have taken because raw
material, finished goods for producer and finished goods for buyers are under different management. Partial
backlogging has taken for buyers. The study has been conducted under the discounted cash flow (DCF) approach as
it permits a proper recognition of the financial implication of the opportunity cost in inventory analysis. Multiple
buyers and multiple deliveries are the most important policies to reduce inventory as well as many other costs. Joint
decision also reduces optimal joint cost when compared with an independent cost by supplier or producer or
retailers. To make it admissible to all parties, the integrated policy should offer some kind of profit sharing. The
profit sharing policy can be in the form of advanced payment, per item cost discount. The study is particularly useful
for the inventory systems where all parties form a strategic alliance with mutually beneficial objective. Numerical
example and sensitivity discussion has been performed in this study and we have showed that a certain value of k
optimize the total system cost. This research can be extended to consider the permissible delay in payments,
imperfect production, variable production and demand rate.

ACKNOWLEDGEMENT: The authors would like to thank the anonymous referees and editors for their detailed

and constructive comments and the first author is very much thankful to the council of scientific and industrial
research (CSIR) New Delhi, India for the financial assistance in the form of Junior Research Fellowship (JRF).

253




RECEIVED JANUARY, 2014
REVISED MAY, 2014

REFERENCES
[1] ABAD, P.L. (2001): Optimal price and order-size for a reseller under partial backlogging. Computers and
Operation Research, 28, 53 — 65.
[2] BUZAKOT, J.A. (1975): Economic order quantities with inflation. Operational Research Quarterly, 26, 553-
558.
[3] BIERMAN, H. and THOMAS, J. (1977): Inventory decision under inflationary conditions. Decision Sciences, 8,
151-155.
[4] CHUNG, K., and TING, P. (1993): A heuristic for replenishment of deteriorating items with a linear Trend in
demand. Journal of the Operational Research Society, 44, 1235-1241.
[5] CHERN, M., YANG H., TENG, J. and PAPACHRISTOS, S. (2008): Partial backlogging inventory lot-size
Models for deteriorating items with fluctuating demand under inflation. European Journal of Operational
Research, 191, 127-141.
[6] DAVE, U., . and PATEL, L.K. (1981): (T, S) policy inventory model for deteriorating items with time
proportional demand. Journal of the Operational Research Society, 32, 137-142.
[7] DEB, M., . and CHAUDHURI, K.S. (1986): An EOQ model for items with finite rate of production and variable
rate of deterioration. Opsearch, 23, 175-181.
[8] DYE, C., CHANG, H. . and TENG, J. (2006): A deteriorating inventory model with time-varying demand and
shortage-dependent partial backlogging. European Journal of Operational Research, 172, 417-429.
[9] GHARE, P.M., . and SCHRADER, G.F. (1963): An inventory model for exponentially deteriorating items.
Journal of Industrial Engineering, 14, 238-243.
[10] GOYAL S.K. (1977): An integrated inventory model for a single supplier-single customer problem.
International Journal of Production Research, 15, 107-111.
[11] GOYAL, S.K. (2000): On improving the single-vendor single-buyer integrated production inventory model
with a generalized policy. European Journal of Operational Research, 125, 429-430.
[12] GOYAL, S.K. . and GUNASEKARAN, A. (1995): An integrated production—inventory—marketing model for
deteriorating items. Computers and Industrial Engineering, 28, 755-762.
[13] HILL, R.M. (1997): The single-vendor single-buyer integrated production—inventory model with a generalized
policy. European Journal of Operational Research, 97, 493-499.
[14] JABER, M.Y. . and GOYAL, S.K. (2008): Coordinating a three-level supply chain with multiple suppliers, a
vendor and multiple buyers. Int. J. Production Economics, 116, 95-103.
[15] JAIN, R. . and SINGH, S.R. (2011): Inflation implication on an inventory with expiration date, capital
constraint and uncertain lead time in a multi-echelon supply chain. International Journal of Procurement
Management, 4, 419-432.
[16] KHOUJA, M. (2003): Optimizing inventory decisions in a multi-stage multi-customer supply chain,
Transportation Research Part E. Logistics and Transportation Review, 39, 193-208.
(171 KUMAR, N., SINGH, S.R. . and KUMARI, R. (2012): Three echelon supply chain inventory model for
deteriorating items with storage facility and lead time under inflation. International Journal of Services and
Operations Management, 13, 98-118.
[18] LEE, W. (2005): A joint economic lot-size model for raw material ordering, manufacturing setup and finished
goods delivering. Omega, 33, 163-174.
[19] LO, S. T., WEE, H. M. . and HUANG, W.C. (2007): An integrated production-inventory model with imperfect
production process and weibull distribution deterioration under inflation. Int. J. Production Economics, 106, 248-
260.
[20] MISHRA, R.B. (1979): A note on optimal inventory management under inflation. Naval Research Logistics
Quarterly, 26, 161-165.
[21] RAY, J. . and CHAUDHARY, K. (1997): An EOQ model with stock dependent demand, shortage, inflation
and time discounting. International Journal of Production Economics, 53, 171-180.
[22] SANA, S.S. (2011): A production—-inventory model of imperfect quality products in a three-layer supply chain.
Decision Support Systems, 50, 539-547.
[23] SKOURI, K., KONSTANTARAS, I., PAPACHRISTOS, S. . and GANAS, 1. (2009): Inventory models with
ramp type demand rate, partial backlogging and Weibull deterioration rate. European Journal of Operational
Research, 192, 79-92.

254



[24] SINGH, N. VAISH, B. . and SINGH, S. R. (2010): An EOQ model with pareto distribution for Deterioration,
trapezoidal type demand and backlogging under trade credit policy. The IUP Journal of Computational

Mathematics, 4, 30-53.
[25] YADAV, D.,SINGH, S.R. . and KUMARI, R. (2013): Retailer’s optimal policy under inflation in fuzzy

environment with trade credit. International Journal of System Science, 1-9, In Press.

255



