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ABSTRACT

This paper proposes classes of estimators for the mean of sensitive variable utilizing information on a non — sensitive
auxiliary variable. Expressions for the biases and mean square errors of the suggested estimators correct up to first order
of approximation are derived. It has been shown that the suggested new class of estimators based on the known

population mean X and variance S, of the auxiliary variable X are better than conventional unbiased estimators which
do not utilize the auxiliary information, Sousa et al.’s (2010) ratio estimator and Gupta et al.’s (2012) regression
estimator under a very realistic condition.
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RESUMEN

Este trabajo propone clases de estimadores para la media de una variable sensitiva usando informacién sobre un variable
auxiliar no — sensitiva. Expresiones para los sesgos y errores cuadraticos medios de los estimadores sugeridos,
corregidos hasta el primer orden de aproximacion, son derivados. Se demuestra que la nueva clase de estimadores

sugerida, basada en al conocimiento de la media X y varianza S,2 de la variable auxiliar X, son mejores que
estimadores insesgados tradicionales que no usan la informacién auxiliar, como el estimador de razén de Sousa et al.
(2010) y el estimador de regresion de Gupta et al. (2012) bajo condiciones muy realisticas.

1.INTRODUCTION

In survey sampling, it is well recognized that the use of auxiliary information results in substantial gain
in efficiency over the estimators which do not utilize such information. Ratio, product, regression
estimators and their many rectifications have been discussed in the literature. In survey research, direct
reliable observation on the variable of interest Y is sometimes not possible because the variable may be
sensitive in nature such as habitual tax evasion, reckless driving, indiscriminate gambling, abortion, etc.
However we may be able to directly observe a highly correlated auxiliary variable X, for instance see
Sousa et al. (2010, 2012) and Koyuncu et al. (2014). Eichhorn and Hayre (1983), Bar — Lev et al.
(2004), Perri (2008) and many others have estimated the mean of a sensitive variable when the study
variable is sensitive and there is no auxiliary variable. Sousa et al. (2010), Gupta et al. (2012), Koyuncu
et al. (2014) and Tarray and Singh (2014) have proposed mean estimators based on randomized
response technique (RRT) models in the presence of an auxiliary variable that can be observed directly.

In this paper we have made an effort for developing the classes of estimators of the population mean
Y of the sensitive variable Y using two different situations: (i) when the population mean X of the

auxiliary variable X is known; and (ii) when both population mean X and variance S,? of the auxiliary
variable X are known.

Let Y be the variable under study, a sensitive variable which can’t be observed directly. Let X be a non
— sensitive auxiliary variable that have a positive correlation with the study variable Y. Let S be a
scrambling variable independent of the study variable Y and the auxiliary variable X. The respondent is
asked to report a scrambled response for Y given by Z, =Y+S, but is asked to give a true response for
the auxiliary variable X. To obtain the second response, Hussain (2012) advocated the use of
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subtractive model Zs = Y-S. Here we suggest the generalized additive model Zy = Y+gS for
giving the scrambled response, but is asked to provide a true response for X, where g is a suitably
choosen constant such that |g| <1. It is to be noted that for g =1, Z4 reduces to additive model Z, = Y+S
while for g = -1 it reduces to subtractive model Zs =Y-S. Suppose a simple random sample of size n is
drawn without replacement from a finite population U=(U1,Us,...Uy). For the i unit (i=1,2,...,N), let
yi and Xx; respectively, be the values of the study variable Y and the auxiliary variable X. Further, let

n n n —
y=@/n)xy; X=@A/n)¥X;,Z, =(1/n)> .z, be the sample means and Y =E(Y),
i=1 i=1 =
X =E(X), Zg = E(Z,) be the population mean for Y, X and Z respectively. We assume that the

population mean X of the auxiliary variable X is known and S = E(S) =0 . Thus, E(Z4) =E(Y).
If information on auxiliary variable X is ignored, then an unbiased estimator of the population mean

Yis given by

. 19
Y:zg :szgi (1.2)

i=
The variance / mean square error (MSE) (ignoring finite population correction terms) of Yis given by

2. 1
MSE(Y) = =(S% +9°S?) . 1.2)

n

1 1

- S (y: = Y)2 , and S = (s —5)2.
(N-1)iz"”" ' O (IN-DiT!
We note that for § = +1, the MSE in (1.2) is given by

where Sf,

= = 1
MSE(Z,) = MSE(Z,) = - (S; +S7) . (1.3)
1n 1n
where Z, =—>.Z, and Z, = — > Z; .
N i=1 ni=1
From (1.2) and (1.3) we have
_ _ g2
MSE(Z,){= MSE(Z,)} = 78(1—92) (1.4)
which is positive if
1-g2>0
ieif g?<1
i.e iflgl<1 (1.5)

Thus putting the condition |g| < 1 in the proposed additive model Z4 = Y+gS to be better than usual
additive model Z, = Y+S and the subtractive model Z; = Y-S is justified.

When the population mean X of the auxiliary X is known, Sousa et al. (2010) proposed a ratio

estimator based on usual additive model Z, = Y+S for the population mean Y of the sensitive variable
Y as

; _Z(XJ (1.6
HR = 44 X ’ ’

Based on the proposed model Z4 = Y+gS, |g| <1, using information on the population mean X, Singh
and Tarray (2014) suggested a ratio estimator for the population mean Y as

. _(X

Hro = 2| o | - 1.7

Forg=1in(1.7), l:lR(l) reduces to the estimator [1g in (1.6) due to Sousa et al. (2010).
Sousa et al. (2010) suggested the transformed ratio estimator



cxX+d

where ¢ and d are the unit — free parameters, which may be quantities such as the coefficient of
skewness and coefficient kurtosis of the auxiliary variable X.

Motivated by Sousa et al. (2010) we define a transformed ratio estimator for the population mean Y of
the sensitive variable Y as

. _ [cX+d
Hr@3) = Zg ox+d ] (1.9

where (c,d) are same as defined for (1.8).
Several other estimators like:

. _ X . (XY . _ a(X —X)

Hra) = Zg X+ax-X)}) HrE) =2g| 3 | + Hr(e) =29 XD %) )

(i =2 2_{3}& (R =2 X g =7, exp X -x9)
HRr(7) g X 1 UR(8) g fox" + (- a)(X" —X)} 1 LR(9) g (Y*+>_(*) '

Plrao) = Zg eXF{l— _oc—)_(_) =7 EXP(—T(—_)_(_j
(X + (o —D)X) (X+ (. —D)X)

etc. can be proposed for estimating the population mean Y in the presence of known value of the

cX +d
Oreo) = , (1.8)

population mean X of the auxiliary variable x, where X* =cX+d,X* =cX +d, and (a,c,d,n)
being suitably chosen constants.

Keeping the form of the estimators reported in section 1 in mind, we think that defining different
estimators and study their properties separately, it would be more appropriate to consider a unified
approach of defining a class of estimators and discuss its properties. Such a class of estimators for

estimating the population mean Y using known value of X in the absence of scrambling variable has
been studied by Srivastava (1971). Motivated by this arguments and the procedure adopted by

Srivastava (1971) we have proposed a class of estimators for population mean Y of the sensitive

variable Y in the presence of scrambling variable S utilizing the knowledge on population mean X of
the auxiliary variable X and its properties are studied in sections 2 and 2.1. Further motivated by
Srivastava and Jhajj (1981) we extend the class of estimators (2.1) to one which depend also upon the
ratio of sample variance to the population variance of the auxiliary variable X and show that the

asymptomatic mean square error can be lower than that attained by an estimator of the class ﬁth in
(2.2).
We assume that a simple random sample of size n is drawn from a finite population of size N. For

simplicity we assume that the population size N is large as compared to the sample size n so that finite
population correction terms are ignored. We write

L < 1 N - — _
Si :(n_l) l_z::[(xi _X)Z’“pqt :_Z(Zgj _Zg)p(xj _X)q(yj _Y)t , ((p,g) being
i=

(N) j=
2 82
non — negative integers), C2 :__yz :@—022, 2 =_—X2 = @220 A= _“1202 = E12(23 )
y Y Y * X X Z,5°  YS
= Hoso PBr(X) = yl B, (X) = “040 and py, = 3 g is the correlation coefficient between y
x X=y

and x.
LetWzig/zg,u:iliandv:sils)z( . Then we have



e (1) (S? +0°S?)
E(w)=E(u) =E(v) =LE{(w-1) }:(ﬁjczg =ynT

eu-27=[ 1ok Etw-20-23=( puc,c,

1
= (ijng ng Cx

and up to terms of order n?,

B2 209 - DB -0 -1 2
E(u-0-23= [ 2o,

2. A CLASS OF ESTIMATORS FOR Y BASED ON THE KNOWN POPULATION MEAN X
OF THE AUXILIARY VARIABLE X

Following the same procedure as adopted by Srivastava (1971) we define a class of estimators for the
population mean Y as
i, =Zgh(u) 1)

whereu =X/X , h () is a parametric function such that h (1) = 1 and which satisfies certain
regularity conditions.
Up to terms of order n*%, the bias and mean square error (ignoring finite population correction terms) of

the proposed class of estimators ﬁh are respectively given by

B(fin) = (%j[przgczgcxhla) + Cihn(l)]

Y
=(%][Zpyxcycxhla)+c§h11<1)] @2

and

(Y2
MSE (i, ) = (TJ[CEQ +Cxhi () +2pngczgcxhl(1)]

72
:{ﬂ[cyug%mcihf(l)+2pyxcycxh1(1)] @9

where hi(u) and hi1(u) are respectively the first and second order partial derivatives of the function h

(),

Ci :C§(1+g2r2)’ r:(ss /Sy),png _ SXZg _ Syx _ pyx ’
’ SiySx  S,S,\(L+g%r?)  \(t+g%r?)
S 1 N _ _ 1 N B
= ca Sy = 22y~ Zg)(X; = X)) == (26~ Zy)” =Sy (L4 g7r),
Pyx sty Xg (N—l)igi(Zgl g|)(x| ) 24 (N—l)igi(zgl gl) y( +0°r%)

Sy =t 3V - YV)(X ~X),82 = $(x,~X)?, and C2 =52/ V2
yX (N—l) 3 ! ! "X (N—l) a ! ! y y
The biases and MSEs of the estimators [l and (i) (i =11010) can be easily obtained from the

expressions (2.2) and (2.3) just by putting the suitable values of the partial derivatives hi(1) and hi1(1) .
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The MSE([1;,) at (2.3) is minimized for

hi@Q=-p b =-p (&j (2.4)
v Pmele ) e |
Thus the resulting minimum MSE([1,,) is given by
g2

min. MSE(fi,,) = FV(H 9%r? —ply) (2.5)
which equals to the mean square error of the linear regression estimator

ylrg = zg + Bg ()_( —X) (2.6)

szg S y . : . .

where Bg :S_2 = 82 =B= Pyx = S, is the population regression coefficient of Zy (orY)
on X. ’

Assuming linear relationship between Y and X; Tarray and Singh (2014) proposed the following
regression estimator for the population mean Y of the sensitive variable Y as
Yir = zg +Bg(x_i)
whose approximate MSE is equal to the regression estimator defined in (2.6), where
SXZ

By :S—Zg’,sng 0 _1)Z(Zg|_zgi)(xi -x)and s’ =ﬁ§(x -X)2.

It is to be mentioned here that for g=1, the estimator due to Tarray and Singh (2014) reduces to the
regression estimator

Yia =24 +B><Za (X=X)
where sza is the sample regression coefficient between Z, (Y+X) and X.

We note that the linear regression estimatorf/,rg in (2.6) is not a member of the class defined by (2.1).
It can be proved that even for the wider class of estimators

iy =H(Z,,u) (2.7)

of the population mean Y of the sensitive variable Y, where H(.,.) is a function satisfying suitable
conditions, the lower bound of the asymptotic mean square error is equal to the asymptotic mean

square error of the linear regression estimator )_/”g and is not reduced. It should be mentioned here that
Y irg is @ member of the class of estimators [1, given by (2.7). The estimator [l and [ig (i=1to10)

are members of both the classes of estimators ﬁh in (2.1) and ﬁLH in (2.7).

2.1 Efficiency comparison

To the first degree of approximation, the MSE of the ratio estimator ﬁtR(l) (ignoring
fpc term) proposed by Singh and Tarray (2014) is given by

. Y?
MSE({ig ) = (Tj[ci(“ngz) +C2 —2pyxcycx] (2.8)

For g =1, MSE(QR(D) reduces to the MSE of the ratio estimator [ due to Sousa et al. (2010) as

. Y?
MSE({ig) = (Tj[ci(u r?)+C2 —2pyxcycx] . 2.9)



We below give the efficiency comparison of the proposed class of estimators ﬁh with that of the
conventional estimator Y, Tarray and Singh (2014) ratio estimator ﬁLR(l) and Sousa et al. (2010) ratio

estimator {1 when the optimum value —py, (C, /Cy) of

h1(1) does not coincide with its true value.
From (1.2) and (2.5) we have

YZ

MSE({i,) - MSE(Y) :[chihla)[hla)+2pyx(cy/cx)]

which is less than zero if
h, @], @) +2p,,(C, /C,)|<0
ie.if either 0<h, (1) <—2p,(C, /C,)
or—2p,,(C, /C,) <hy(1) <0 }
From (2.5) and (2.8) we have

MSE (1, ) - MSE(fig ) =[

which fewer than zero if
(h, @) -1)|h, @) +{1+2p,,(C, /C,)}/<0
i.e.if either 1<h, (1) <L+ 2p,,(C, / CX)}

(2.10)

Y2

TJci (hy @ -Dlh, @ +2p,,,(C, /C,) +1]

2.11
or —{1+2p,,(C, /C,) <h; () <1 @1

Further from (2.5) and (2.9) we have

V2
MSE({1,) - MSE(i) = fYT}[ci(gz -+ CE 020 -+ 20,(C, 1) -}

(2.12)
which is negative if

[C2(g% 1) + C2 (@) ~1){h, (1) + 2p, (C, /C,) + 1< 0
ie.if (@° -1 and C{(hi(@®)-D{h, (@) +2p,,(C,/C,)+T<0
ie.if either 1< h, (1) < —{l+2p,(C, /C,)} gl 1}

2.13
or— {L+2p,,(C, ICO}<h @<L |g1 (213)

Thus the proposed class of estimators ﬁth is better than the conventional estimator? , Tarray and
Singh (2014) ratio estimator ﬁtR(l) and Sousa et al. (2010) ratio estimatorﬁtR respectively if the
conditions (2.10), (2.11) and (2.13) hold good.

Now we compare the proposed class of estimators ﬁth with that of the conventional estimator? ,
Tarray and Singh (2014) ratio estimator FALR(J.) and Sousa et al. (2010) ratio estimator [igin the

situation where the optimum value —py,(C, /Cy)of hi(1) exactly coincide with its true value,

which is possible from the past data or the experience gathered in due course of time for instance, see
Srivastava (1967), Reddy (1973) , Srivenkataramana and Tracy (1980) and Singh and Ruiz Esepjo

(2003) .
From (1.2), (2.5), (2.8) and (2.9) we have
~ s2
MSE(Y) —min .MSE(fi; ) = {%inx >0 (2.14)
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A M "~ vz
MSE({ig(y)) —min .MSE(f,,) = [7J(Cx B pyxcy)2 (2.15)
> 0 provided C, #p,,C, (ieR =p)
. . ~ _ 72 22 2 2
MSE(jig) — min .MSE(;1;,) = (TJ[V Cy 1-99)+(Cx —pyCy)7] (2.16)

>0 provided |g <1 and R # 3,
where R =Y /X and B is the population regression coefficient of Y on X.

It follows from (2.14) to (2.16) that the proposed class of estimators ﬁth is more efficient than:

(1) the conventional estimator Y
(ii) Tarray and Singh’s (2014) estimator ﬁtR(l) unlessR = . In the case of R =f3, both

the estimators [1,, and l:lR(l) are equal efficient.

(iii) Sousa et al.’s (2010) estimator [1, when |g|<land R #f .

3. THE CLASS OF ESTIMATORS BASED ON KNOWN POPULATION MEAN X AND
VARIANCE S)2< OF THE AUXILIARY VARIABLE X

Suppose that the population mean X and variance S>2( of the auxiliary variable X are known. In such
situations, we propose a class of estimators of Y as

iy =Zgt(u,v) (3.1)
where t(U, V) is a parametric function of u and v such that t(1,1) =1. Whatever sample is chosen, let
(u,v) assume values in a bounded closed convex subset, R, of the two — dimensional real space

containing the point (1,1). The function t(u,Vv) is continuous and bounded having continuous and

bounded first and second order partial derivatives in R.
Since there are only a finite number of samples therefore under the above conditions, the expectation

and the mean square error of the estimators of the class pfttexist. Expanding t(u, V) about the point

(1,1) in a second — order Taylor’s series, we have that, E({1,) = Y + O(n‘l) , and so the bias is of

the order of nL. Thus mean square error of pftt up to terms of order nis
MSE(fi,) = [772][059 +CLtr LD + (B, (x) ~Dt3 (1) +2p,, C, C, 1, (LD)
+ 2, (L1) +2C, v, (L), (LD)]
= (?J{(l/?z)(si +9759)+ Coty (L) + (B, (x) ~Dt5 (LY

+2p,,C Cyty (LD+ 24t (L1) + 2C v, (LD, (LD)]

where t;(u,v)and t,(u,v)denote the first partial derivatives of the function t(U,v) . The mean

(3.2)

square error of ﬁt at (3.2) is minimized for



(Ay1 —pyxCy (B2 (x) 1))
(B2 (x) =B.(x) —1Cy
(PynyY1 —1)

(B2(X) =B1(x)-1)

Thus the resulting minimum mean square error of the estimator ]:tt up to terms of order n? is given by
2
(png ng Y1~ 7\‘)
(B2(x)-B.(x)-1)

t, 1) =
(3.3)

t,(11) =

1
n

min .MSE(j1,) :[ J\?Z cﬁg (1-p§zg)

Z(EJVZ C2 (L-p2 )- (Preg Cy11 =)
n 97 Tt (B () - By (x)-1)

_ 1 2 2,2 2 _Vz(pynyY1_7\')2
‘(Hj Sy O Py ™ (B, 00 B9 =D

< 2
Y_2 (pynyY1 - 7")

n (Bo()—By(x) -1
which is, of course, fewer than the minimum mean squared error of any estimator of the class (2.1),
with equality iff pyXny1 = A .This shows that the proposed class of estimators ﬁtwould be worth
using when the relationship between Z; (or Y) and X is markedly non - linear and
(B, (x) =By (x) 1) is small.

It is to be noted that for g =0, the class of estimators (1, reduces to the class of estimators

= MSE(Y) - ¢4

ﬁtt = Yt(u, v) envisaged by Srivastava and Jhajj (1981) in the absence of scrambling variable S. If

we set g =0 in (3.4), we get the minimum MSE of the class of estimator ﬁtf up to terms of order n! as

. NI 1 20 2 _vz(pyxcyY1_7\')2
i e =) 0050 S

Comparing (3.4) and (3.5) we observe that there is increase in the MSE(ﬂt) (i.e. in the MSE of the

(3.5)

proposed class of estimators ﬂt) due to the presence of scrambling variable S which is expected too.

Thus whatever be the value of S, a respondent chooses, the effect of scrambling will be small if he/she
selects the value of g in the neighborhood of ‘zero’.

Remark 3.1 — The proposed class of estimators pflt of the population mean Y of the sensitive variable
Y are very large. Any parametric function t(U, v) satisfying certain regularity conditions and t(1,1)=1,

can generate an estimator of the class ]:lt. For example, the following estimators:

) C up o ~1
Hyqy = ZgU vP, L) = Zg %,
fue = Zgl+a(u=-1) +B(v—1)] fiym =Z,d-au-1)-Bv-1} ™,

N - —1)+B(v-1
fiys) = Z,e U DHOD

etc. are the members of the suggested class of estimators pftt .

It can be easily seen that the optimum values of the parameters o and B in all the five estimators are
same and are given by the right — hand sides of (3.3).
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It is easily shown that if we consider a wider class of estimators

plT = T(zg U, V) (36)
of the population mean Y of the sensitive variable Y, where the function T(Zg,u,v) satisfies
_ o _ aT(Z4,u,v)
TYL) =Y T (Y1) =1land T (Y1) = —— ,  (denoting the first partial
g (Y.L

derivative of the function T(Zg, U, v) with respect to Z; about the point (Y, 1,1)), the minimum
mean square error of ]:lt is equal to (3.4) and is not reduced. We note that the regression type estimator
t, ={(zy + a(u—1) +B(v—1)}is a member of the class (3.6) but not of the class (3.1).

Remark 3.2 — It should be mentioned that the efficient use of the two suggested class pfth in (2.1) and

pftt in (3.1) presumes that the optimum values of hi(1) and ti(1,1) (i=1,2) are known. But these values

are functions of unknown population parameters. Singh (1982) and Srivastava and Jhajj (1983) have
shown that the estimators of the class with estimated values of optimum parameters obtained by their
consistent estimators, attain the same minimum mean square error of the estimators of the class based
on optimum values, up to the first order of approximation.

Alternatively, to use such estimators in practice, one has to use some guessed values of the parameters

such as C,,Cy,pyx, A,y and B, (X), either through past experience or through a pilot sample

survey. It may be noted that even if the values of the parameters used in the estimator are not exactly
equal to their optimum values as given by (2.4) and (3.3) but are close enough, the resulting estimator

will be better than the usual unbiased estimator Zg, as has been illustrated by Das and Tripathi (1978,

sec. 3). The relevant references in this context are Srivastava and Jhajj (1980), Sampath (1988),
Upadhyaya et al. (2004) and Jhajj et al. (2005).

3.1 The bias of the proposed class of estimators pftt

To obtain the bias of the estimator ]:tt , we will have to strengthen the conditions on t(Uu, v) of section
3 assuming that its third order partial derivative also exists and are continuous and bounded. Then
expanding t(u, v) about the point (1,1) in a third order Taylor’s series, taking expectation of [1; and
retaining terms up to terms of order n*! , we obtain

B(f) =E() -Y
Y
= [%][@yxcxcytl(l,l) + 21, (L) + Cityy (LD

+(B2 () Dtz (LD + 2C,13typ (L))
where t; (U, v) ,t;, (u,v)andt,, (u,Vv) denote the second partial derivatives of t(u, v) .

(3.7)

It is observed from (3.7) that the bias of ﬁtdepends also up on the second order partial derivatives of
the function t(u,v) at the point (1,1) and hence will be different for different estimators of the class.
For the sake of the completeness we below give the biases of the five estimators ﬁtt(i), i=1to5up
to terms of order n%, are given by

B(it) {%j&pyxcycxw2>»B+cia(a—1)+ (B> 00 ~DB(B -1 + 2C, 110} (29

B(i») {%j{zmxcycxm2%B+2(Bz(x)—1)Bz+zcxylas} @9



. Y
B(fiy) = (%j{zpyxcycxa + 208} (3.10)
B(Qi - Y { 22 2 }
(Ht(4)) =\ 25 PyxCyCra+AB+Cla +(B,(X)-DB* +2C, y,0B (3.11)

~ Y
B(i) = (%j{zmxcycxa +20p+Cla’+ (B, (0 -DB? +2C,7iaBf (312

4. CONCLUSION
This article proposed two classes of estimators in the cases (i) when population mean X of the

auxiliary variable X is known; and (ii) when both the population mean X and the population variance
S, are known. Sousa et al. (2010) in their study have shown that second order approximation as
compared to first order approximation does not result in major difference in absolute relative bias
(ARB) and even MSE for moderate sample size. Keeping this in mind we have derived the bias and
MSE expressions of the proposed classes of estimators up to first order of approximation only.
Asymptotic optimum estimator (AOE) is identified in each suggested class along with mean square
error formula. It has been shown that the proposed class of estimators based on both the population

mean X and population variance S,? of the auxiliary variable X is more efficient than Sousa et al’s
(2010) ratio estimator, Gupta et al.’s (2012) regression estimator and the conventional estimators. The
proposed study is very sound in theoretical point of view.
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