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ABSTRACT
In this paper we apply the Inexact Newton theory on the perturbed KKT-conditions that are derived

from the Karush-Kuhn-Tucker optimality conditions for the standard linear optimization problem.
We discuss different formulations and accuracy requirements for the linear systems and show global

convergence properties of the method.
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RESUMEN
En este trabajo, se aplica el método inexacto de Newton a la solucién del sistema de KK'T perturbado,

que se deriva de las condiciones de optimalidad de KKT del problema de optimizacién lineal standard.
Presentamos distintas formulaciones. Se prueban propiedades relativas a la convergencia global del
método.

PALABRAS CLAVE: convergencia global, direccién de busqueda inexacta, método interior in-

factible, optimizacién lineal, primal-dual.
1. INTRODUCTION

Consider the primal linear programming problem

minimize Tz

subject to:  Ax =b, x>0,

(1.1)

where A is an m-by-n matrix of full rank m, b an m-vector, and ¢ an n-vector and its dual problem

maximize b7y

1.2
subject to: ATy +z=¢, z>0. (12)
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The optimality conditions for the linear program pair (1.1) and (1.2) are the Karush-Kuhn-Tucker
(KKT) conditions:

Ax —b
F(z,y,2)=| ATy+z—¢c | =0, >0, 2>0, (1.3)
XZe

where X = diag(z), Z = diag(z) and e is the vector of all ones in R".

An interior point algorithm solves a linear programming problem by generating a sequence of interior
points from an initial interior point. An interior point is said to be feasible if it satisfies all the equality
constraints, otherwise its infeasible. Further, an interior point algorithm that starts with an infeasible
point is known as an infeasible interior point algorithm.

Bellavia [1] proved global convergence of an inexact interior point method. Mizuno and Jarre [2]
proved global and polynomial-time convergence of an infeasible interior point algorithm using inexact
computation. Portugal et al. [3] presented a truncated primal-infeasible dual-feasible interior point
algorithm for linear programming. Portugal et al. [4] presented a truncated primal-infeasible dual-
feasible interior point algorithm for solving monotone linear complementarity problems. The methods
suggested in [3, 4, 5] have the major drawback of remaining primal-feasible once they become primal-
feasible. Thus if they happen to become primal-feasible before the complementarity gap is significantly
reduced satisfying the termination criteria in the iterative linear system solver is computationally
expensive. Also the termination criteria suggested in these methods can not be used with the hybrid
interior point algorithm where we alternate between a direct linear system solver and an iterative
linear system solver in some manner. Kojima et al. [11] proved global convergence of an infeasible
interior point algorithm and Zhang [7] proved polynomial complexity of a long-step path following
infeasible interior point method.

The inexact Newton framework in the context of interior point algorithms can be extended to convex
quadratic programming [9] and to nonlinear programming [10].

In this paper we discuss the convergence properties of an inexact interior point method which is a
variant of the algorithm by Kojima, Megiddo, and Mizuno [11]. The algorithm in [11] has been studied
by many researchers [13, 14, 15] and is known to be practically efficient among the numerous variations
and extensions of the primal-dual interior point algorithm. In this paper we extend the discussions
and results in [16, 17].

1.1. Overview and Notation

In Section 2. we formulate the linear programming problem in the augmented and normal equations
forms. We state the inexact interior point algorithm. Section 3. discusses the global convergence
results. We state the global convergence theorem and give its proof in this section. Lastly in Section 4.
we give our concluding remarks.

Throughout this paper we use the following notation: For any vector x, z* denotes x at the k-th
computation step and :zc;f denotes the j-th component of z*. For any matrix X, X* denotes X at the
k-th computation step, X J’“ denotes the j-th column of X*, and Xikj denotes the element in the i-th
row and j-th column of X*,
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2. AN INEXACT INTERIOR POINT ALGORITHM

The perturbed KKT conditions for (1.3) with a positive p is the nonlinear system

Az —b
Fz,y,2)=| ATy+z—c | =0, >0, 2>0. (2.1)
XZe — ue

The parameter p > 0 is referred to as the p-complementarity parameter and the set of triples (x,y, z)
that satisfy (2.1) for all 1 > 0 is called the (primal-dual) central path. Here we have adopted the
notation (u,v,w) = (u”,v?, wT)T.
Let (2,4, 2%) with (z*, 2¥) > 0 be the iterate at interior point iteration k and consider the perturbed
KKT condition (2.1). Newton’s method defines the equation of directional change (the Newton step

equation)
Fo(a® g 2 [ Ayh | = —Fu(@®,y", 2%). (2.2)

If the linear system of equations is solved approximately, then equation (2.2) has a residual error r*

that satisfies

AzF
F;Il,k(xkaykvzk) Ayk = - ,u’“(xkvykvzk) +Tk' (23)
AzF

The residual 7* will be partioned, r* = (7*,#* #*) into the primal infeasibility 7%, dual infeasibility
##, and deviation in complementarity #*. An inexact Newton step (2.3) is an approximate solution of

the Newton step equation from (1.3)

AgF
F'(a® g 2% | AyF | = —F(a", g, 2%) + o, (24)
AzZF
where
0
r]fp = ,uk 0 |+~
e

This follows immediately since /" = F}, and F), = F' — 1 (0,0, ¢).

A typical choice of the p-complementarity parameter at iteration k is

LL’k Tzk
pe= L (25)

where 81 € [0,1) is the centering parameter. Bellavia [1] observed that

(Jfk)TZk

VA

1F (2", ", 282 =
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so if

¥ ]|z < n*(a*)T 2", (2.6)
then
[ PR TV [ P
Z'k Tzk:
< BT ety
< (B4 0"Vn) |F@a®, g, 202 (2.7)

Hence the sequence {3; + n*y/n} can be regarded as a forcing sequence of inexact Newton methods
[18] applied to the nonlinear system (1.3) ignoring the nonnegativity.
Numerical testing [20] indicates that n* < (1 — B1)//n is overly restrictive and that we can tolerate

a much larger error in (2.3). To see this, consider the || - ||;, then

||F($k7ykvzk)”1 > (xk)TZk'

If
¥l < n* ()" 2",
then
Ikl < pfn+ 7"
< @7 (B + ")
< (BuHn®) 1F " ", 25

This suggests solving the linear system (2.3) with an accuracy
¥l < 0¥ (@*) 72" for 0<nF <1—p (2.8)

will be sufficient to achieve convergence. This forcing sequence is independent of the number of primal
unknowns n.

Similar derivation can be done using || - || that leads to an even more restrictive forcing sequence
than (2.7). To see this consider

(.’I,‘k)Tzk

Ikl < (B1 +n*n) < (B +n*n) |F(2", 5", 2")]|. (2.9)

The number of unknowns of problem (2.3) is m + 2n. However, by noticing the structure of the

Jacobian matrix

A 0 0
i@k yhF)y=10 AT 1 |,
Zk 0 X*

it will be evident that the linear system can be reduced to a system with either m +n or m unknowns.

However, in both cases the error #* in the complementarity equation is zero.

483



Bellavia [1] establishes global convergence results for an inexact interior point method by interpreting
it as an inexact Newton method. The convergence theory and implementation [1, 21] is based on
solving the inexact Newton equation (2.4) with a forcing sequence n* < (1 — 31)/v/n.

In this paper, we prove global convergence results based on the reduced linear systems (the augmented

systems or the normal equations), and we bound the residual r* by
7% < n¥(@F)T 2 for 0 <k < 1. (2.10)
The norm || - || can be any norm that satsfies
max{ |7, 7]} < (7, 7).

The idea behind inexact interior point algorithms is to derive a stopping criterion to the iterative linear
system solvers that minimizes the computational effort involved in computing the search directions
that guarantee global convergence. It is evident that termination criteria (2.8) may be more demanding
to satisfy than termination criteria (2.10) especially for larger (close to 1) centering parameter (.
Considering the inaccuracy in the reduced systems that are actually solved in interior point methods
seems to be a realistic approach. In our approach, we show global convergence of the complementarity
gap, the norms of the primal residual and the dual residual to zero. The global convergence of these
three imply the global convergence of the inexact Newton method (2.4). As shown in [1], the global
convergence of the inexact Newton method further implies the global convergence of the inexact
interior point method. Thus our approach deals directly with the inexact interior point algorithm
other than the inexact Newton method as in [1]. In [12] an inexact interior point method is derived
using error tolerances
I7*]] < €f and [|7*]| < e,

where ¥, sfj — 0. These tolerances depend on an estimate on the smallest singular value of A.

Let 71, 72€(0, 1] and 73€[0, 1). For error tolerances

I < (1= m)ll Az — b,
1] < (1= )| ATY* + 2* <],
(a’,‘k)TZk
N

n

=
B
IN

b

[19, Theorem 4.3] shows that the method terminates after a finite number of steps and thus has global
convergence. For (¥, y*, 2¥) primal and dual feasible all further iterates will remain feasible.

To simplify the notation, we follow [5] and introduce the residuals

gk = b— Az®

Ck: C_ATyk_Zk

Let G* be defined by G* = (Zk)lek. Solving for Az* in (2.2) leads to a (n+m) x (n+m) indefinite

augmented system
A k k
A & (2.11)
Az 2P+ ¢k — (XF) T ke
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and
AR = (XFY(uFe — ZFALh) — 2F. (2.12)

An inexact solution of (2.11) satisfies

A k gk T‘k
( A ) ) ( 2 F - (X9 ke ) * ( s ) | (2.13)

After computing (Ay*, Az*), Az* can be found from (2.12). The approximate step (Ay*, Az* Az¥)
is thus an inexact Newton step of (2.3) with r* = (#,#* 0). This is the form used in [5, 6].

Solving for Ax* in (2.11) gives the normal equations with m unknowns

0 A
AT (@9

<

AGFAT Ayt = AGF (2% — (X*) ' pibe + CF) + €F. (2.14)
An inexact solution for (2.14) satisfies
AGFATAY = AGHGF — (X*) ke + ¢F) + €F + 7. (2.15)

After computing Ay* then Az* and AzF are computed from

Az* —GF(c— AT(y" + AyR) — pF(X%) Te) (2.16)
AZF = (XF)Y N (uFe — ZFALY) — 2F. (2.17)

The linear system (2.13) is equivalent to (2.15) and (2.16) when #* = 0 and the approximate step
(AyF, Azk AzF) is an inexact Newton step of (2.3) with ¥ = (7%, 0,0).

Consider the dual and complementarity equations (2.3) and for simplicity eliminate the iteration index

k.
A
O AT v ¢
Ay | = +
Z 0 X —XZe + pe

Az

(2.18)

S
SN—

Let Az = Az — 7. The linear shift —7 in Az will give

A 0 O Ax £ 7
0 AT I Ay | = ¢ + 0
Z 0 X Az —XZe + pe P — XF

Moving the residual from the dual equation to the complementarity equation is used to simplify the
analysis in [8]. If A= [B N] where B is a m x m nonsigular matrix then a linear shift —(B~17,0) in

Ax will give a zero residual in the primal equation also

— 0
A 0 O Ax & 0
o AT I Ay | = ¢ + B-1-
= T
Z 0 X Az —XZe + pe fXFZ( . )
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The algorithm we discuss in this paper is a variant of the infeasible primal-dual interior point algorithm
by Kojima et al. [11]. For any given accuracy € > 0 required for the total complementarity, any

tolerance ¢, > 0 for the primal feasibility, any tolerance ¢4 > 0 for the dual feasibility define

N ={(z,y,2) € Q:
T2 >yxlz/nfor j =1,2,...,n, (2.19)
2Tz > ,||Az —b]| or ||Az — ]| < ¢, (2.20)
2T > all ATy + 2 — el o ATy + 5 — c]| < ea, (2.21)

where Q = {(z,y,z) € R*"™™*+" : £ > 0,z > 0}. The constants 0 < v < 1, 7, > 0, 74 > 0 will in a
weak sense depend on the starting point, but will be chosen so that the neighborhood N is as large
as possible.

Further, let w* be any large number and let €* = min{e, y,€p, vis€a}. Then the neighborhood [11]
N*={(2,y,2) eN : € <aT2F <w*}, (2.22)

is a compact set. We will show that either (z*,y*, 2¥) € N* or satisfies the termination criteria

(xk)Tzk <e ||AzF —b|| < ¢, and |ATYR 4 2F — ¢|| < eq, (2.23)
or
()T 2F > W, (2.24)
after a finite number of steps.
The inequalities J;;‘z;“ > y(zF) T2k /n for j = 1,2,...,n, in (2.19) prevent the generated sequence

{(z*, y*, 2¥)} from reaching the boundary of Q before the total complementarity (z*)72* becomes 0.
On the other hand, the inequalities (2.20) and (2.21) prevent the possibility of the generated sequence
{(z*, 9", 2*)} converging to an infeasible complementary solution [11].

We choose any initial point (z!,y!, 2') € Q and parameters 7, v,,v4 and w* so that (z',y',z') € N
and (z1)T2! < w*. Let 0 < 81 < B2 < B3 < 1. We state the algorithm below:

Algorithm 2.1. Inezact Infeasible Primal-Dual Algorithm

Step 1. Set k = 1. Assume (2',yt, 2') € N such that (1’1)T21 < w*.
Step 2. If (2.23) or (2.24) is satisfied then terminate.

Step 3. Let u* = 3 (xk)Tzk/n.

Step 4. Compute the inexact solution (Az*, Ay*, AzF) of (2.2).
Step 5. Let 0 < a* < 1 such that

(2%, %, 2%) + a(Azk, Ay*, AZF) e N, (2.25)
(2" + AT (2% + aAZb) < (1 - a(l — B))(a*) 2*, (2.26)

hold for every o € (0,a"].
Step 6. Choose a primal step length a’; € [a*,1], a dual step length ok € [@*,1] and a new iterate

(2FFL Pt Ry — (2P 4+ a’; Azt ok + ozs Ayk ¢+ a’j AZF), (2.27)
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such that

(@) e N (2.28)
@D < (1= ak - By)) ()T 2R (2.29)

Step 7. Increase k by 1. Go to Step 2.

In this algorithm we take relatively short steps when the search directions are computed to a relatively
low accuracy. In Section 4. we will show the existance of an &* > 0 for all k as long as (2.23) is not

satisfied for feasible problems.

3. CONVERGENCE

For (xF,y*, z*) € A the following inequalities will be used in the discussion of the algorithm.

(%) 2% > | Ax® — b]| or [|Az* — b < ¢y, (3.1)
(%) 2% > | ATy + 2 — ] or ATy + 2 — ¢ < e, (3.2)
(@) A 1+ (ALF) 2 = —(1— B (R)T 2k, (3.3)
fozf + Axfzf = Bl(zk)Tzk/n — xfzf, (3.4)

Inequalities (3.1) and (3.2) follow from (z*,4*, 2*) € A and (2.19) and (2.20). Equation (3.3) and
(3.4) follow from simple manipulations of (2.12) with u* = 3 (a:k)Tzk/n.
Let

. b1 }
0 < Npax < Min¢ ———— 1 5. 3.5
1 {max{rYpa P}/d} ( )

The neighborhood N is made large by making 7, and 74 small and nyax < 1.
The inexact Newton direction (Ax*, Ay*, Az¥) computed in (2.13) and (2.12) satisfies

A 0 0 Ak b— Axk 7
0 AT T Ayk | = e ATy —2F [+ 7% |, (3.6)
Zk 0 Xk AzF ke — Xk Zke 0
where the residual satsifies
I, 7)) < ()" 2, (3.7)
for
0 < 7" < Mmaxs (3.8)

Note that nk(xk)Tzk = ";—1";/“.

The coefficient matrix on the left hand side of (3.6) is F}, which is nonsingular and continuous for
(7,y,2) € N* defined in (2.22). Since ||(7*,7%)| in (3.7) is bounded for (z*,y*, 2*) € N* the inexact
Newton direction (Az*, Ay*, Az*) determined in (3.6) of equations is well defined (in the sense that
for a residual that satisfies (3.7) and (3.15) is unique) and is bounded over the compact set A™*. Hence
there exists a positive constant 7 such that the inexact Newton direction (Az*, Ay* Az*) from (3.6)

computed at Step 4 of every interior point iteration satisfies the inequalities

\Aa:fAzf - ’y(Amk)TAzk/m < 7 and |(A:1:k)TAzk| < (3.9)
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From equation (3.5) we see that the choice of 1 depends on the values of 7, and 74. Thus we can relax
the termination criteria (3.7) for the iterative method if we carefully choose v, and ~4. Further, to
avoid primal or dual infeasibility -, and 4 should have approximately the same values. This prevents
the norm of the primal or dual residual from converging to zero faster than the other which might
lead to an infeasible solution. Since by the definition of the neighborhood A the complementarity
gap, the norms of the primal and dual residuals are supposed to converge to zero at approximately
the same rate then termination criteria (3.7) avoids unnecessarily many iterations as would have been

the case if we had used
1, #9) | < n* max {||Az" — b, [|ATy" + 2" — ||},

or |75 < u* [|Az* |||, see [5].

We will now show that for an inexact Newton direction from Step 4 we can find 0 < @* < 1 so that
the conditions (2.25) and (2.26) in Step 5 are satisfied. It will be shown that for a given A'* there
exists a* > 0 such that o* < a*. Let () and ((a) be defined by

) = b—A(* +aAzk) =F — aAAZR, (3.10)
(@) = c— AT@W" +aAyF) — 28 = % —a(ATAY" + AZF). (3.11)

For Ay* and Az* given by (2.13), and Az* by (2.12) it follows from (3.6) that the expressions for
&(a) and () simplify to

@) = (1-a)"—a®, (3.12)
(o) = (1-a)k—ar (3.13)
Define the real-valued functions f;,i =1,2,...,n, gp, 94, and h as follows:
file) = (zF +araf)(2F 4+ anzF) —y(2F + arz®)T (2F + aAzZF)/n,
gp(@) = (@ +ada)T (" +anz") — yE(e)],
ga@) = (2" +aAd®)T (2" + alz?) — 4] ¢(a)], and
ha) = (1—a(l—B)) (") 2% — (zF + aAz®)T (2% + aAzb).

Consider Step 5 in the Inexact Infeasible Primal-Dual Algorithm. From the definition of the neigh-
borhood N condition (2.25) is equivalent to

fila) >0(i=1,2,...,n),
gp(@) 20 or [|E(a)]| < €,
ga(a) 20 or [[¢(a)] < eq,

for 0 < a < a*. Similarly, (2.26) is equivalent to
h(a) > 0,

for 0 < a < aF.
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Consider the function g, and the simplified expression for £ in (3.12). Then

gp(@) = (" +ald)T (2" + ad2b) — (1 = )l — ypallr|
> ()T + al(Ah)T + (M)A + a2(Art)T A
~(1 = a)(@®)Te* — ypal®|
> afy(#F)T 27 + o (AR T AR — a7 (3.14)
using (2.20), and (3.3). By (3.7)
I < IR < o® (@) TR, (3.15)
the condition on the norms || - ||, and n* < .y lead to
0p(@) > & (B1 — Tma 7p) (29)T 2" + a2(Az*)TAE.
For (2, y*, 2¥) € N* and (3.9) (z%)T2* > €* and (Az*)TAzF > —7 we have
9p(a) = a[(B1 — Nmax Vp) € — 1] (3.16)

Hence for o > w we see that g,(a) > 0.

Similarly, for the function g4 and

171 < R, P < i ()T 2E,

then
ga(a) > (2" +aldz®)T (2" + ad2") —7a(1 = a)[|¢F]| — avall#¥|
> af(z)T2F + 2 (AP T AZY — ayy||i¥|
e (ﬂl — Timax ’Yd) («Tk)TZk + « (Al‘ )TAz
2 « [(51 — Thmax "Yd) € — CYT] 2 0. (317)

Hence for a > w, we see that gg(a) > 0.
Next consider
fila) = (zF +araf)(2F + anzF) — y(@F + ara®)T (2F + anZF)/n
= (@bl = (@) /)1 - )+ a1 - )@*) 2 n
(AzFAZF — v(Axk)TAzk/n)oz2
> il —7)(e"/n)a —1a® = a[fi (1 —7)(¢"/n) — Ta]. (3.18)

V

Inequality (3.18) follows from application of (3.3), (3.4) and (3.9) on the expression for f;(a) above.

Next consider

ha) = (1—a(l—B))@") 2% — (@" + aAzh)T (2% + an k)
= b — 61)(xk)Tzk + aQ(Amk)TAzk
> af(B2 — Br)e" — arT]. (3.19)
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The inequality (3.19) follows from application of (3.3) and (3.9).
Let Nmax be given by (3.5), 7 = max{y,,vq4} and define

of — min {17 (B1 — Tmax ’7)6*7 pu(l — ’Y)e*7 (B2 — B1)e" } ' (3.20)
T nr T
For a* defined in (3.20) we observe that for every a € [0, o]
fila) >0(i=1,2,...,n),
90(0) 20 1 gy(0) = (a%)" 2 — [l ¥ — b > 0 or
|A(zF + aAz®) —b| < e, if g,(0) <0, (3.21)
ga(0) 20 if ga(0) = (%) 2F — 7| ATy" +2* — | >0 or
AT (4% + aAy®) 4+ (2F + aA2F) — ¢ < eq if  ga(0) <O, (3.22)
h(a) > 0.
Consider (3.21). The condition g,(0) < 0 is equivalent to ~,||Az* —b|| > (z*)T 2*. Further
A" +ada®) = b < (1 - a)|Az” —b] + an® (")
< (1-a)As* — b + arF | Ack — |
< (1-a(l-p5))lAz" o]
< || AzF — b (3.23)

from the choice of ¥ in (3.5). From the definition of A" and Step 5 of Algorithm 2.1 we know the iterate
(zF,y*, 2F) generated satisfies (v, y*, 2¥) € N for all k. Thus g,(0) < 0 implies that ||Az* — b|| < e,.
From (3.23) it follows that ||A(z* + aAz*) — b|| < ¢, if g,(0) < 0. This verifies observation (3.21).
Next we note also that ¥ v; < 8 for n* < fmax and Nmax defined by (3.5). By a similar argument as
for (3.21), observation (3.22) follows.

Thus, we have shown that there exists an o* > 0 such that a* > o* in Algorithm 2.1 for all k. By
the construction of the real-valued functions f;(i = 1,...,n), gp, ga, and h, this is equivalent to saying
that (2.25) and (2.26) hold for every « € [0, a*].

The following theorem was stated in [17] without proof. For the completeness we include the proof in

this paper.

Theorem 3.1. Choose Nax that satisfies (3.5), and let a* be given by (3.20).
Let Yk = max{HEkH, [ledlR (xk)Tzk} If the norm of (7%, #) in (2.13) is bounded as in (3.7) then

PFHL < (1 — o (1 — max{Bs, Nmax }))0* < ¥F.

Proof: From (3.12) we have

@) < (1= ab)lIe®] + k|17
< (1= aB) ¥ + aBnmpmax (2 2
< (1 - O‘];(l - nrnax))wka (324)
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since max {||§k||, (xk)Tzk} < 4. Similarly from (3.13) we get
I¢(a@)] < (1= (L — Nmax) )" (3.25)
We also observe from (2.29) that
(@) < (1 ak (1 - Ba))t. (3.26)

Using (3.24), (3.25) and (3.26) with **! we get

PP < max {1 — af (1= Mmax), 1 — (1 = max), 1 — a"(1 — Bs) } o*
< max {1 — &"(1 — fmax), 1 — a¥(1 - B3) } 0"
< max {1 —ak (1 — max {Nmax, 53})} PP
< max {1l —a* (1 — max {Nmax, B3})} ¥*. W

Theorem 3.1 implies that ||€¥]| — 0, [|¢¥]| — 0 and (zFT1)T 251 — 0 as k — oo. Thus as k — oo there
exists a k after which the algorithm generates a point (z*+1, y*+1 2#%1) which is either an approximate
optimal solution (zFT1 yF+1 2k+1) satisfying (2.23) or satisfies (2.24). Therefore Algorithm 2.1 is
globally convergent.

Theorem 3.1 is based on the termination criteria |(7*,7%)| < n* (o:k)Tzk
measure that includes the sizes of the dual and primal infeasibility is ||(7%, #%)| < n* (||€¥]| + ||¢¥]| +

(2¥)T2%) and the next result shows that for this termination 7, must be uniformly bounded away

A criteria based on a

from a constant less than % if the step size is close to 1.

_ (1 1
Let/\—(%—k,yfd%—l) and

B1 1

maX{’va Y} A §O7k(1 - 63)} . (327

0 < 7* < fhmax < min{
Let the norm of (7%, #*) in (2.13) be bounded such that
G, 7)< ™ (18I + ISP+ (@) F=")
where 1" is given by (3.27). It follows that
1, 7)< P A(a®)T 2", (3.28)

Next we consider (3.14) and (3.28) to get

gp(@) > aBi(z)T2F + o (Ax®)TAZY — ypan® AaF)T 2
> a(Bi — pa AnF)(@®)T 2P + o (AxF)T AF
> a((B1 — YA Nmax)e” — aT) > 0. (3.29)

Similarly, from (3.17) we can show that

ga(@) > a((B1 — 72 A Nmax)e™ — at) > 0. (3.30)
From (3.18), (3.19),(3.29) and (3.30) there exists a positive o* that satisfies
_ * 1 _ * _ *
o = min {17 (51 max{7p7’7d} Anmax)€ ’ 61( ’Y)E ’ (ﬁ? 61)6 } ) (331)
T nr T
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Theorem 3.2. Let ¥ = ||¢¥|| + ||¢¥|| + (z%)T 2%, and the norm of (7*,7%) in (2.13) be bounded such
that

I, )< ook,
where n* is given by (5.27). Then
PP < (1= @ (1 = B3) + 2nmax) V"

Proof: Considering (3.12) and (3.13) leads to

A

”f(ap)” < (1- O‘p)Hng + Otp Nmax ¢k (3.32)
IClea)ll < (1= aa)ll¢"ll + ca nmax ¥*. (3.33)

Hence from (2.29), (3.32) and (3.33) we get

PFL < (1= ab (1 - Bs)YF + (ap + 0a) max ¥
< (1 —a"(1 = B3) 4+ 2max)V*. W

When we compute an exact search direction (Ax*, Ay*, Az¥) at every Step 4 of Algorithm 2.1, Algo-
rithm 2.1 reduces to the globally convergent infeasible interior point algorithm in [11]. In other words
the algorithm in this paper is an inexact variant of the algorithm in [11]. Tt follows that a mixed
interior point algorithm, where we alternate between a direct method and an iterative method at dis-
tinct interior point iterations, in some manner, to solve the linear system (2.13) is globally convergent
if the norm of (7*,#*) is bounded as in (3.7). Hence the class of preconditioners in [20, 22, 23, 24]
can be applied in the implementation of mixed interior point algorithm, and still maintain global

convergence.

4. CONCLUDING REMARKS

In this paper we have reviewed different termination criteria for inexact infeasible interior-point
method for linear optimization. Termination criteria for the iterative method that guarantees global
convergence of the interior point algorithm have been suggested. For the algorithm discussed in this
paper, we have established a relationship between the accuracy of the solution of the linear system and
the step length parameter. In particular, for low accuracy we need to carry out short step length in
order to have global convergence. We have shown that we can make a hybrid method that alternates

between inexact search directions and exact search directions and still have global convergence.

RECEIVED: JULY, 2017.
REVISED: JANUARY, 2018.
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