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ABSTRACT

A Multi-Level Programming Problem (MLPP) is a hierarchical optimization problem where the constraint region of the
first level is implicitly determined by the other optimization problems. In this paper, an integer multi-level programming
problem is considered. At each level, there are multiple objective functions which are linear fractional and the feasible
region is assumed to be a convex polyhedron. Here, the variables are bounded. An algorithm is developed for ranking and
scanning the set of feasible solutions. These ranked solutions are used to find the efficient solution of Multi- Level Linear
Fractional Programming Problem (MLLFPP). An example is illustrated and solved using LINGO 17.
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RESUMEN

A multi-level integer linear fractional programming problem with bounded variables is considered. The multiple objective
functions at each level are linear fractional. To find the set of efficient solutions for this multi-level programming
problem, a mathematical model is evolved. This model scans the feasible region to find the efficient integral points. A
solution procedure has been developed describing the above model. A numerical example is illustrated which is also
solved by the software LINGO 17.

PALABRAS CLAVE: Problema de programacion Lineal fraccional, programacion entera , programacion multi-nivel,
eficiente solucion, variables acotadas, programacion multi-objectivo.

1. INTRODUCTION

A Multi-Level Programming Problem (MLPP) deals with decentralized planning problems with multiple
decision makers in a multi-level or hierarchical organization where decisions have interacted with each other.
Herein, at each level, attempts are made by each decision maker to optimize their objective functions. In this
process, it is also affected by the actions of the other decision makers. Distinct solution methodologies for
multi-level programming problem and its applications have been analyzed by various authors. Candler et al.
[11] in 1981, discussed the role of multilevel programming in agricultural economics. Bard and Falk [4] in
1982, proposed an explicit solution to the multi-level programming problem. In 1988, Anandalingam [3]
proposed a model of decentralized multi-level systems. In 1992 [7], Blair discussed the computational
complexity of multi-level linear programs. Pramanik and Roy [28] in 2007, solved multilevel problems by
fuzzy goal programming approach. In 2015, Liu and Yao [21] applied genetic algorithm to solve uncertain
multilevel programming problem. In 2016, Kassa [18] gave a branch and bound multi-parametric
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programming approach for multi-level optimization. The detailed literature review on bilevel, multi-level
programming problems with their solution techniques can be found in [20].

There are many scenarios which require planning/ execution. These situations can be properly represented by a
multi-objective programming model. Mathematically, a Multi-Objective Programming Problem (MOPP) is
fleﬁned as,

(MOPP): Max {f;(X) = Z;}
Max {fz(X) = Zz}

Max {fK(X) = ZK}

subjectto X € S,
where S is a feasible set and f;(X); {j =1, 2, ..., K}, be linear/non-linear.
In 1971, Benayoun et al. [6] described a solution technique for linear programming problems with multiple
objective functions. Evans [13] in 1984 discussed the techniques for solving multi-objective mathematical
programs. Models with fractional objectives are more expedient as they are relevant in production planning,
financial and corporate planning, health care and so forth. Evaluation of economic activities require indices in
the form of ratios, like profit/cost, inventory/sales, output/employees', etc. Kornbluth and Steuer [19] have
been pioneers in this field. Nykowski et al. [24] proposed a compromise solution for the multiple objective
linear fractional programming problem. In 1995, Gupta and Malhotra [17] proposed a cutting plane
algorithmic approach for multi-criteria integer linear fractional programming problem. In order to solve fuzzy
multiobjective linear fractional programming problem, a goal programming method was developed by Pal et
al. [26] in 2003. Abo Sinna [1] in 2007 proposed a method for solving multi-level multi-objective problem
with linear or non-linear constraints. Emam [12] in 2013 developed an interactive approach for solving bi-
level integer multi-objective fractional programming problem. Mishra and Singh [23] in 2013 developed a
linear fractional model for agricultural production system. Mehdi et.al [22] in 2014 proposed a method to
generate the efficient set of a multi-objective integer linear fractional program by branch and cut concept.
Osman [25] in 2016 gave a solution procedure for multi-level multi-objective fractional programming with
fuzziness in the constraints.
Extensive work has been done on integer programming problems. Many cutting plane algorithms like Dantzig
cut, Gomory cut, edge truncating cut etc. are used to solve such problems. The first cutting plane algorithm
was developed by Gomory in 1958 [16] for the pure integer programming problem. In 1969, Geoffrian [15]
proposed an implicit enumeration approach for integer programming. Fisher in 1981 [14], solved the integer
programming problems by the lagrangian relaxation method. Alves and Climaco [2] in 2007 reviewed the
methods for multi-objective integer and mixed integer programming problems. Integer Programming
problems are of paramount importance in business and industry since they have many practical implications
in the actuality. Paquay et.al [27] in 2016 in his paper dealt with real world applications in the three
dimensional case. In 2017, Gustavo Braier [8] in 2017 developed an integer programming approach for
recyclable waste collection.

2. CONVENTIONAL DEFINITION

The linear fractional bilevel programming problem with bounded variables is mathematically stated as,
¢, X, +¢,X, +o,
d X, +d;, X, +B,

(BLFPP): l\/g(ax Z,(X,X,) =
where X, solves
c, X, +¢,, X, +a,
d, X, +d, X, +B,
subjectto A X, +A,X, =b
X, e°m, X,e°m
T T T 4T ~on, T 4T T 4T ~on
¢ 11,650, d5 €%, €)5,d)5,€55,d, €%
Aee™ ) A, e ™™, bE® ™and oy, a,,B,,p, E°
Here, (d;,X;+d,X, +f,)>0 and (d,,X, +d,,X, +8,) >0;V (X, X,)ES,

N)[(ax 7,(X,,X,) = , for a given X
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where S={(X,,X,):A X, +A,X, =b;1, =X, =u, |, =X, =u,, (X,,X,) is an integer vector}.
Here, | 1 -urand 1 5, Wy are lower and upper bounds for the upper level problem and lower level problem

respectively. Also, S is non-empty and compact.

In the bilevel linear fractional programming problem defined above, each of the objective functions at both
the levels are linear fractional. Therefore, they are both pseudoconcave and pseudoconvex and thus, its
optimal solution will be at an extreme point of S. The optimality criterion for solving (BLFPP) with bounded
variables is that A; = 0 for upper bounded non-basic variables and A; <0 for lower bounded non-basic

variables, where A; = Z, (ZJ2 -d)-2, (Zj —¢;). Kanti Swarup [29] and Bazarra [5] have explained the

criterion for entering and departing of variables in linear fractional programming problem with bounded
variables. V. Verma et al. [31] developed an algorithm to rank the integer feasible solutions of an integer
linear fractional programming problem. Thirwani and Arora [30] gave an algorithm for solving integer linear
fractional bilevel programming problem. Calvete and Gale [9] in 1998, proved that the optimal solutions of
the bilevel programming problem in which the objective functions are quasi- concave and the constraint
region of both the levels is a convex polyhedron can be found at the extreme point of the polyhedra. In 1999
[10], they proposed an enumerative algorithm that finds a global optimal solution to the bilevel linear/ linear
fractional programming problem.

In the present paper, a mathematical model is developed with a novel technique which disparate it from the
methods proposed by the past authors. In this model, an algorithm is developed to solve a multi-level
programming problem in which the variables are integers and bounded. At each level, multiple objective
functions are considered which are linear fractional. The algorithm scrutinizes the set of feasible solutions to
procure the efficient solution for the multi-level programming model. The method is elucidated with an
example which is solved using computing software LINGO 17.

3. MATHEMATICAL FORMULATION

The Multi-Level Integer Linear Fractional Programming Problem with bounded variables is defined as,
(MLLFPP): M(ax Z,(X) = Max(g,,(X),g,,(X), .., g, (X))

1\/)I(ax Z,(X) = Max(g,,(X), 82 (X),.... 8, (X)) fora given X,

IV)I(aX Zn (X) = Max(gnl (X)5 2% (X)’e gns" (X)) > fora given (X17X27"'9XH'1)

where X = (X1,X,....X,) €S".
Here, S’ = {X | AX =b| L = X = U} is non-empty and bounded.
Define, S; = {X|AX =b|L =X =<U, X is an integer vector}.

Clearly, ST C S. We are interested in finding the solution of the problem in Sf.

(MLLFPP) can be written as

Max Z,(X) = Max(g;, (X)), i=12,.n;u=L2,.s,
X X, +.... X
Here, glu(X) - Cuiy +Cu2 2 + +Cun n +a’ul , u= 1’2"”351
d, X, +d, X, +...+d, X, +a,
X X, +.... X
gzu(X) - eul 1 +eu2 2 + +eun n +|3u1 , - 1,2,...,52
£,X, +1,X, +...+1, X, +B,,
X X, +.... X
gnu (X) _ qul 1 + qu2 2 + + qun n +Yul - 1’ 2’”"sn

PuX) + P Xy + oo+ P X + Voo ’
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Here, d,, X, €°"; u=12,..s,

ul’ ul?

f.X,€°"; u=12,..5s,

ul’ ul?

qul’pul’Xl EO B , U= 1’2""'Sn

Also, (d, X, +d X +. +8‘R n 21)2>0
(f,X, +fé23(f +f o X +B“2f

un? un’

V(XI’XZ’ X,)ES

(Pu1X +pu2X +.. +é)snn . +\(u )>0
rﬂ*‘ﬂ" Y X ﬁ B, 1
A E° Ae”‘“z A e°'“* . bee™
a, o, e°, u=12,..s,

° -
[:;ulﬂﬁu2 E s u—1,2,....,82

YooY, €° u=12,.,s,
L=(L,L,,...,L )", L e, 1=12,.,n

U=(U,U,,..,U), U™ 1=12,.n
The objective functions defined in the above problem at each level are linear fractional programming
problems. The polyhedron S; defined by the constraint region of the problem (MLLFPP) is assumed to be

non-empty and compact.
Constraint region of the problem Z,(X) for given value of (X;,Xo,....,Xy1) is given by

S (X, Xy, X, ) =1X, [A X, sAX, +AX, +...+ A, X
The inducible region of (MLLFPP) is given by

IR = {(X;, X550 X, ) | (X1, X000 X, ) ESLL X, EM(X,, X500, X, )}

where M(X,X,,...., X, ) ={X, | X, Eargmax Z (X,,X,,....,X, )}, is the rational reaction set of the
follower's problem Z,(X), for given value of (X1,Xp,...,Xu1)-

L, =X, =U,,X.is an integer vctor}.

n-1°

3.1 Definitions Used For Developing Algorithm

Definition (1): Feasible Solution for (MLLFPP)

A point (X,,X,,...,X,) is called feasible for (MLLFPP) if (X,X,,...,X )€EIR.

Definition (2): Efficient Solution

A feasible solution (X,,X,,...,X,)EIR is an efficient solution for (MLLFPP) if there is no (X, X,,...,.X,)EIR
such that Z,(X,,X,,...X,) = Z/(X;,X,,...X,) for i=1,2,..nand Z,(X,,X,,....X,) < Z;(X,,X,,....X,) for
somej € {1,2,..n}.

Definition (3): Efficient set

The set of all efficient solutions is denoted by (SE) and is called the efficient set.

3.2 Technique to solve the problem (MLLFPP)in S, .

3.2.1 Consider the problem (MLLFPP) in S’
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Fori=1and K = 1, let Bk be the basis matrix corresponding to the basic feasible solution XBK .

Suppose that the non-basis matrix is decomposed into N}( and NzK, where

N ={jla; By and x is at its lower bound},

N ={jla; B and x is at its upper bound},

I, ={t|a, €EB}.

Further, A, = {af EA|JENL], Ag = {af EA|JENL}.

Let XN}( =1{x; | JEN, } be a vector of non-basic variables at their lower bounds and XNZK =1{x; | JEN; ! be

a vector of non-basic variables at their upper bounds respectively.
For K = 1, we have

B, X, +N}<XNIK +N§XN2K =b

This implies X, +(BgNi)Xy + (B Ng)X. =Bb (1)
This implies X, + 2 Vi X[+ Z ye X; =B{b )
& &

3.2.2 The problem (MLLFPP) at the first level in S

It is defined as
(MLLFPP1): l\/iax Z,(X) = (g,(X),8,,(X), .., g5, (X))

subject to X = (X, X,,...,X,)ES .
Here, (MLLFPP1) is a multi-objective programming problem where each objective function is a linear
function.

3.3.3. Solving each of the objective function

g,.(X); u=12,...,s, w.r.t. the basis By.
For K = 1 the value of the objective function corresponding to the basis B is given by

(CBK )ulXBK +(CN1K )ulXNlK +(CN§( )u1XNf( T N(X) (say) 3)
= = say

(DBK )ul XBK + (DNi( )ul XNZK + (DNZK )ul XN% + auZ D(X)

Consider the numerator N(X) in equation (3), using equation (1), it can be
re-written as

N(X) = (Cp, )u[Bb =B N)X |, ~(B{NX, 1+(C )X, +(Cp )X, +a,
= (Cy, )y BB HICy )y = (Cy )y BENOIX G +[(C e )y = (Cp ) BENGIX G + g

£, (X)

=(C Blb- 22 —c).x. — z'—¢c). X, +a 4
( By )ul K j;,( ( j J)K i jE;K ( i J)K Ik ul )
Similarly, D(X) in equation (3) can be rewritten as
D(X) = (D, ), By'b- 2 (z)' —d)x; - 2 (' —d))x; +a, (5)
Nk S

Suppose that we have a current basic feasible solution,
0 _ 0 0 _ : 1 0 _ . 2
Xp, =(x; ), where x; =1, ,j €N, and x; =u,, j, EN.

Therefore, improved objective function value for u = 1 is given by
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(CBK )ulB{(lb— (2" —c)l . (z" —c.)Ku.K +o,,
2 J J J ; J J J

g, (XOBK) _ JENk JENK (6)
(DBK )t B;b - " -d)l P (" —d.)Ku.K +0,,
j;,( j j j je%( j j j
N(X3, )
We have, X y=— My o12,.s,. (7
g ( By ) D(XgK ) 1

3.2.4 To find a new feasible solution for each objective function

Take g;(X); u=1, 2, ...s, of the problem

(MLLFPP1).
We have, AX], =b
K
: 0
Thatis, ByXjp + 2 a; X, + Z a; X, =b

ANy S
Therefore, corresponding to the current basic feasible solution,

0 : 1 0 : 2
x; =1, jx ENg and x; =u, ,jc ENy, we have

Jk
0 —
E bthl + 2 ajKle + Z a; u; =b ®)
€l JENK JEN

Suppose a non-basic variable XrK at its lower bound undergoes a change q):( , where ¢f > 0. We have from

equation (8),
0 K K _
E bthl + 2 ajKle + Z a u; + 0, a, -, a, =b

€T JENK JENE
E : 0 K K K
This implies 2 bxp + 2 a; 1, + z a, u; +¢a, -0 [; ynbt] =b
& Nk ANk &
Thatis, » [x5 =0y, Ib + 2 a 1, +a (I, +¢r)+ 2 a,u, =b ©)
€l JENK {1} JENK|
Equation (9) gives the new solution, )A(K =(X; ), where
)A(tK =X?K —q)fyﬁ, VteI
&, =1, +9, (10)
R =Xy je ENQUNG {1}

The objective function value of the problem g;,(X); u=1, 2, ...., s; corresponding to a new feasible solution
)A(K is given by
N()A(K)ul = (C];K Dl (B;b) - 2 (Z}JI _Cj)Kl i (Z:] -¢, ) (1 ¢ +¢:() - 2 (Z?] _Cj)K U +0y,

JENk Mr} JENK

= (Cgk Dut (B;}]b)- [ 2 (Z;” _cj)Kl i -(Zfl -c, )il I } -¢f(zf' —-C )k — Z (Z?l _Cj)Kqu +0y;

BNk BNk

JENg M} JENg

(Cgk )ul(B]_(lb)_ E (Z;ll _Cj)Kle - Z (Z}Jl _Cj)Kqu +au1}-¢f(zfl -c¢ )k

= NX) = ¢ (2" ~¢, ) -
Therefore, N(X, ) = N(X%) - 05 (2" —¢,),

R (11)
Similarly, D(X, ) = D(X%) - ¥ (20" =d, ),

318



N _ N =0 @' —¢)
DX,y DX~ @ —d)
The new solution will be a feasible extreme point solution, provided

K_ K K

(¥, (¥
The change in the value of the objective function g;,(X) is given by
. 0y N N,
g, (Xy) -8, (Xg) = D(XK)UI D(XOK ).,
L NEX, 0@ —e ) NCK),
CDXP), 9N (' -d), DXY),
_OrINXG) (" -d) - DX ) (" —¢, )]
D(X;)u[DXi )y =95 (2" =d, )]
. o (A, )y
g, (X)) - g, (X 1 =1,2,....,8, (13)
B )= ) = R XD, o @ )] i
where (A, ), = N(Xp),, (2" =d) =D(X}),, (2" =c, ) (14)

Therefore, g, (XK) = =12, ..,58 (12)

o =MinJ(u, -1,

(Yt k <0, tEI,

(Yt )k >0, tEIK]’ [u

u=12,..,5s,

Similarly, if variable X, =u, undergoes a change, then the new solution )A(K = (X, ) is defined as
X, = xo + yf((i)f, Vtel
X, =u, - oF (15)
N Vi EN UNG \ir)

The objective function value corresponding to a new feasible solution XK is given by
N(Xg Ju 0 (2" =)

X)) = (16)
gIU( K) D(Xlo()ul +¢:((Z:l _dr)K
The new solution will be a feasible extreme point solution, provided
K K K
¢§=Min (u, =1 (Y1 )k <0, tEL |, (yl )k >0, tEI
( D ( Dk
The change in the value of the objective function (MLLFPP1) is given by
A _q)i( (ATK )LI
2., (X))~ g (Xg) = : (17

D(X;)u[DXi) +05 (27" =d,)]
Thus, we conclude that the non-basic variable X, enters the basis which gives maximum improvement in the

value of the objective function.

3.2.5. To find the integral solution for the objective function g;,(X)

Takeu=1,2,...., s;

Define, AJ-K = N(X )(zjK - de )-D(X, )(Z
JF ={jl JEN such that A, =0}
J; ={jIJENg such that A, =0}
TS = {j| jEN} such that A, =0}
TS = {j| JEN; such that A, =0}

)

JK
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In (MLLFPP1) problem, each of the objective function is linear fractional. For the problem g;,(Xx), (u=1,
2, ..., s1) any basic feasible solution for which (A; )<0 V jEN, and (A )=0V JEN is a locally optimal
solution.

Since each of the objective function g;(X), (u=1, 2, ....,s;) in (MLLFPP1) problem is quasi-monotone and is
maximised over a compact polyhedron, every locally optimal solution will also be a globally optimal solution.
An optimal integer solution can be obtained by repeated application of mixed integer cut in the simplex table.
This helps in finding the optimal feasible solution of each objective function gi,(X), (u=1, 2, ....,s)).

4. THEOREMS

Theorem 4.1: Let (Xy). (K= 1); w € {1, 2, ....s;} be an integer feasible solution for the problem g;.(X),
where g1.(X) is one of the objective function of the problem (MLLFPP1). Then, all integer feasible solutions
in ST for g,.(X) yielding value lesser than g1.(Xx) (K = 1), ® € {1, 2, ..., s} lies in the closed half space

Z (xj—lj)w—Z (u;-x)), =1 (18)
j EL

)ETI
Proof: Let (Xx). (K = 1) be an integer feasible solution for the problem
g.X)w € {1,2, ..., s;}. We need to show that all integer feasible solutions which give value less than (Xk).
for g,.(X) lies in the closed half space, given by equation (18).
Let B, be the basis matrix corresponding to (XBK(U ).

We have AXBK =b
Thatis, B, X, + ax, + ax =b (19)
Ko* ™ Bg,, jEENK i je;}( i

Suppose that corresponding to the current feasible solution, we have

X, =1, .Jx €N, and X, =U; g EN;_ . Therefore, from (19), we have

B, X, + 2 a1, + 2 a,u, =b (20)
JENK JENK
Forsome r€T, a, = yib,, where I, ={t|a, EB,,}. Choose ascalar ¢\ >0, equation (20)
tel,
becomes

K K K
beB‘ + 2 ajKljK + 2 a u; + ¢, a, -, a, =b
€k, JENk JENK

That is,
[x5 —0ry b, + E a1, +a (I, +¢0)+ 2 a,u, =b 1)
telk, JENg \r} JENK
Equation (21) gives a new basic feasible solution for the objective function g;.(X). It is given by
XlB‘ =Xg‘ _q)i(Y:f’ VtEIKm

Cx =L oL, for re T,
X, =] . 22)
XjK =le’ VJENKw\{r}
1 : 2
X =U;, ViENL,

Here, x; =1, , ViEN, \{r} and x| =u, ,V jENg, are integers. Therefore, for X, to be an integer

solution, it is required that ¢ should be a positive integer, so that x,, =1, +¢;, for rET™ is also an

T
integer. It is required that ¢Xy", VtEI,  is an integer, so that x|, =x; —¢ y",VtEIL,  is an integer.
Besides this, x; and x'rK should lie between the specified bounds, that is,

Iy = xgt su, VtEl,,
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1 Ka
and I, =x, su_ VreT™

Tk
This implies I, =<1, +¢; =u,_,thatis, ¢y su, -1 for r€T™ (23)
Again, we have 1, =x; =u, VtEI,, thatis,

Iy =x5 -0y, suy  VtEI

Ko

Three different cases arise depending on the value of yﬁ .
Case (1) : If y; =0, then ¢y y; =0.

This implies 1, <xz =u, V€I,
The condition is satisfied.

Case (2) : If y;' <0, then (=¢\y;)>0.
This implies (xg] —¢ryr) is a positive integer which cannot exceed its upper bound that is,

Xg‘ _(l)l(Y:f = uB[ V tEIKo)

K
Up, B

-X
——  Vtel, (24)

K

_yt,
Case (3): If y{ >0, then —(¢;y,)<0

or 9F

A

Thus, we have (x; —¢Syl) which cannot be less than its lower bound, that is,

lB‘ ngt _q);(Y:( Vtel,
X
or o s———  VtEIL, (25)

Thus, from (23), (24) and (25), we get ¢* can assume any possible value given by

; wE{L2,..,s,}

K

X, —1
O =Min{(urK -1, [y— ye >0, t€l,,
t,

K
U —Xp

R < :yF<O,tEIKm
—Yy, '

The change in the value of the objective function g;.(X) is given by
or (4, ),
810Xy ) 81, (Xy ) = —
O T DX, DX, =0 (2 =d,)y, ]
Where (ArK )(u = N(XK)UJ(Z;J) _dr )Ku) - D(XK)UJ(Z:) - Cr)Ku)
Since (A, ), <0 for rETF, therefore, g, (X;)<g,,(Xy)-

Thus, all other integer feasible solutions which can be derived from (X, ), by moving in the direction of

rET will give value lower than g (X, ) and lie in the closed half space

2 (x, -1,)=1 (26)

€T

Similarly, it can be shown that all integer feasible solutions which can be derived from (X, ) by moving in

the direction of rET)* will give value lesser than g,.,(X) and lie in the closed half space

Z (u].K —ij) =1 (27)
reT, -
From (26) and (27), we have (x; =1.)+ (u, -x;,)=1.

r;] Jx 3 r;Z J J
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Note: The result in Theorem (1) is proved for g;.(X), one of the objective function of the problem
(MLLFPP1). It holds for each objective function at the first level g,(X), u=1, 2, ..., s. The result can be

proved for each of the objective function of the problem (MLLFPP), g (X); i=1,2,....n; u=12,....,s,.

1

Definition 4.1: Edge - An edge EX for some {r} €N incident at an integer feasible solution (X, ) is

defined as
X, = XtK _(')1]'( (Y[m )7 tEIK
x. =1, +¢5, r}EN!
E:( . Ik tx ¢r {} 1 K (28)
X =l JEN \{r}
le(:ujk’ JENIZ(
where
(u -1) ﬂ~(y)>0t€1 ul‘;;xgtxy)wta
0=¢f sMind ™™ %7 (v ) [T T v T (29)

Definition 4.2: An edge EX for some {r} &Ny, incident at an integer feasible solution (X ) is defined as

X, =X, + <|)£<(yth ), tel;
X =u_ - 5, 'eN:
PREETEL EN: 0
X.jK =1jK’ JENL
X.jK = qu > JENZK \{r}
where
XK _ K uK _XK
B, B, B, B,
u -1_) |——: <o, tel, [,| ——: >0,tel
0 9% < Min (u, -1,) 0k (v, )x K ( 0o (v, )k K 31

Theorem 4.2: Edge Truncating Cut [ETC]: An integer feasible solution of the objective function g;.(X), ®
€ {1, 2, ..., s;} for the problem (MLLFPP1), not lying at an edge E~, rET" of the truncated region, through

an integer point, say (Xy ), lies in the closed half space
E (x, -1,)+ 2 (u, -x;)=1 (32)
N Nk

Proof: Let (X} ), = (x;K ), be an integer feasible solution of the objective function g;.(X) such that (XjK Do
does not lie in the closed half space. Then, (XjK ), must lie in the open half space, given by
(x.K —l.K)+ (u.K—x.K)<l
jagm : : jeEN,z : :

Since (XjK ),, is an integer feasible solution of g1.(X), € {1, 2, ..., s}, which is lying in the open half space,

therefore,
X;K = XB|K _q))]'<yt,_K s VtEIKm
X0 xik =HK +¢f, rEN]K
K/w = * .
X, =15 VIiEN \{r}
XjK =qu’ V‘]ENIZ(
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Wehave, x; =1, VJEN\{r}; x; =u, V jEN; andeither x; =1, or x, >1, .
Case (1): Suppose that x, =1 .
We have, X;k =1, VjEN, and XjK =u, VY JEN:.
(N \r)U{rfUN; =N} UN;.
This means that index set of non-basic variables corresponding to (X ), is same as (Xk),,- This implies that
(X%), = (Xy),- But this is not possible, since (Xk). lies on edge EX, whereas (X ), does not. Hence
X:K =] W
Case (2): Suppose thatx, >1 .
We have, x:k =1

+¢" where ¢* > 0 is a scalar. This means that (X, ), lies in the direction of vector
K

1
K
t ¢, and

T

a,rEN} . Since (X'k). is a positive integer satisfying x;‘K =1

(u, -1,

X —lg‘ . ug‘ —xg‘ .
¢]]-( < Min - - (yt_l)K >0’tEIKw of T T (ytj)K <0’tEIKu)

(YcJ % _(Ytj %

Thus, (X ), lies on an edge EX in the direction of vector a_,r &N} . But this is a contradiction to our

assumption that (X ), does not lie on edge Ej . Therefore, we have either x; >1, for at least one
JEN \{r} or x; <u, for some jENg.
If ij >1, foratleast one JEN, \{r} this implies that (ij -1, )>0o0r (x:K -1, )=1for at least one

JENG \{r}. If x; <u, forsome jEN, then (x; —u; )<0 or (x; -u; )=1 forsome JENg, thatis,
(qu
closed half space

2 (x; =L+ 2 (v -x; ) =1

R Ny
Proposition 4.1: For K = 1, all integer feasible solutions alternate to (X, ),
o € {1,2, ..., s} depends on whether ¢\ <1 or ¢ =1.
Proof: Let (X, ), be an integer feasible solution for g;.(X), one of the objective functions of the problem at
the first level (MLLFPP1).
Let (Xy),(K'=1) be its K" best integer feasible solution. Let A denote the set of integer feasible

-x; ) =1 forsome jENg. Thus, integer feasible solution (X ), not lying on edge E[, lies in the

solutions alternate to (X,.), on an edge EX'. The alternate solution to X, if it exists is obtained by moving
along the edge EX for somer&€JF UJX . Suppose that for somer€JX UJS, K' =1, X <1. Then, there is
no eligible directions incident at the integer feasible solution (X,.) . Hence, there is no integer feasible
solution on the edge Ef . This edge Ef is truncated by applying ETC.

Let ¢y =1 forsome rE€J UJY . Since ¢} and ¢;y, are integers for all tE1,, , therefore, by moving
along the edge Ef , a solution alternate to (X,.),, is obtained. After obtaining all integer feasible solutions on
the edge Ef , this edge is truncated using ETC. Thus, an optimal feasible solution for g;.(X) is obtained over
the truncated region. It is either an integer feasible solution alternate to (X,.), or the next best integer

solution (X,.,,),, or a non-integer point. Therefore, by repeated application of ETC and the mixed-integer

cuts, whole feasible region for the integer solution at each level is scanned.
If after applying ETC's the solution at any level is infeasible, the objective function g;.(X) is infeasible. Thus,
the process terminates.
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For the problem g,.(X), w € {1, 2, ...,s,}, the procedure for finding the integer solution moves from one
extreme point to another which are finite in number, therefore, the procedure for finding the optimal solution
for g1.(X) terminates in a finite number of steps.

Note: The above results have been proved for each g,.(X); o € {1, 2, ....,s;}, one of the objective function of
the problem (MLLFPP1). These results also hold for each of the objective functions (g1(X);i=1,...,n,u=1,
2, ..., 8;) at K-levels of the problem (MLLFPP).

5. ALGORITHM FOR SOLVING MULTI-LEVEL INTEGER PROGRAMMING PROBLEM
WITH MULTIPLE OBJECTIVES AT EACH LEVEL

Step 1
Step 2
Step 3

Step 4

Step 5

Step 6

Step 7

Step 8

Step 9

Step 10

Step 11

Seti=1,K=1.
Setu=1,2,..,s;.
Consider Zi(Xx). Let (X, ).ru be an optimal solution of g;(X), (u=1, 2, ..., s;).

If (X, );, is an integer solution for g;,(X), go to step 4.
Otherwise, apply the mixed integer cut to find the integer solution of g;,(X).

Consider Zi;1(Xk). Solve g1 u(X), u=1, 2, ..., Si+1.

r
i+lu?

Let its optimal integer solution be (%0() u=L2,..,s

i+l "
If (Xy)i, = o )i 11,00 &0 to step 6 or to step 9.

Otherwise, set (J*), . =(J});, U(J5, ), Go to step 5.
If (J%) « =¢, introduce the cut given by equation (18) into the optimal table of (X, ); .

i

Go to step 8.

If (J%), , = ¢ choose j € J* for which (([)jf)i , =1 and determine all the integer solutions
along the edge (E"), ,. Formulate the set (A["); , that is the set of integer feasible solutions
alternate to (X, );, on the edge (E? );..- Go to step 7.

If (([)f)i‘u <1, for jE(JK)iﬂu, choose any {j} and go to step 7.

Formulate the set (Aj.<)r

i+lu’
If (AY), N(AY);,,, = ¢ ie. forsomej, (X{),, =(X]),,,,; &0 tostep 9. Otherwise, go to
step 7.
If (AY), N(AY);,,, =¢- Gotostep 9.

Truncate the edge (E), , by applying the cut

E (Xjk _le )u + 2 (ujk _XjK )u =1 {J}ET,](

JENR\fr} BN

. 2

or 2 (x, -1, ), + Z (u, -x;, ), 21 {JET;
ENK JENi Mr}

If the problem so obtained is infeasible, go to step 11. Otherwise, set
r=r+ 1. Go to step 3.

Find the efficient feasible solution for the problem Z;(Xy).
Seti=1i+ 1. Go to step 2.

Formulate the set of efficient feasible solutions at every level of the problem (MLLFPP).
From the set of efficient feasible solutions so formed at each level of the problem, formulate
the set of efficient solutions (SE) for the problem (MLLFPP).

(MLLFPP) is infeasible.
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6. ILLUSTRATIVE EXAMPLE

Consider the Multi-Level Integer Linear Fractional Programming Problem with Bounded Variables

(MLLFPP): N{(ax Z,(X,,X,,X;5,X,) =Max(g,,(X), g,,(X))
2X, +3x, +2 X, +X,+5
gn(X) = 1 2 5 gl2(X) = .
X, +3x,+4 X, +X,+3

where (X», X3, X4) solves
Max Zz (X1 3 X5, X3, X4) = Max(g21 (X)’ gn (X))

X3,X3, X

X, +2X, +X,+5
2,(X)= L2 4 - 2,(X)=
X, +2X; +3 X, +X, +5

X, +2X, +X; +2

subject to
2X; + X5 + 3x3 <13
2x,+ X3+ x4 =10
Xy + 5X;3 <11 (33)
X +4x, + X3+ x4 15
X1+ Xo +x4=12
where 0 =x;=4,0=x,=<2,1=x3=3,0=sx4=5 Xy, Xp, X3, X4 are integers.
Solution: Consider the problem at first level w.r.t. the constraints (33), defined as (MLLFPP1).
(MLLFPP1): Max Z,(x,, X,, X5, X,) = Max (g,,(X), g,(X))

subject to
2X1 +X2+3X3 + X5 =13
2X2+ X3 T X4 + Xg =10
X, + 5X3 + X7 =11 34)
—X1+4X2+X3+X4 + Xg =15
X1+ Xy + X4 + X9 =12
where 0=x, =4, 0=x,=2, I=x,=3, 0=x, =5, 0=X,,X,,X;,Xg,Xy <.

Solving Max g, (X) JEX A, 42
X, +3x, +4

subject to the constraints (34).
At lower bound, we have x; =0, x,=0,x3=1,x4=0,x5=10,X6=9, x; = 6,

Xg = 14, X9 = 12.
e et

¢—> |2 |3 Jo]Jo oo o ]o]oO

d—[1 o o |3 Jofo o] o]oO

Csg | Dg | Vg | X X, | X | xs | x4 | x5 | X¢ | X7 | X5 | Xo
0 [0 [xs |10 [2 |1 3]0 |1 ]0O]O] OO
0 [0 |x |9 0 [2 [1 |1 JoJ1]ojo]o
0 [0 |x |6 0 [1 [5]0 Jo]Jo |1 ]o]oO
0 |0 |x |14 |-1]4 |1 ][1 |JoJo]Jo |1 ]oO
0 [0 [x [12 [1 |1 Jo |1 Jo|o ] o]o/|1
NX)=2|z"¢—> | -2|-3/0]0 |0 ]0]O0|O0]O
D(X)=4 | z"-d— |-1]0 |O | -3]0 |0 O ]O O
A— 6 |[12]0 | -6]0]0 |0 ]O0]oO

Table 1: Solution table for the problem g;,(X)
Entering Variable: x,
Departing Variable: Ay= Min(yy, Y2, Uz — £2),

X u, —X
where y, =Min[u:y1 >0] and vy, =Min(u:yt <O]
Yo '
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A, =Min 10,2.6.14 12.2)22
277 4

X, =1, +A,=0+2=2

Corresponding changes in the values of x;'s is given by X, = b- Y,A,.

[xs1 [10] (17 [8 ]
X 9 2 5
X, [=[6|-2|1|=1|4
Xq 14 4 6
X 12 1 10
: D,(X) 4
The optimal table for the problem g;;(X) is given by
4 u l 4
c— | 2 3 0 0 0 0 0 0 0
d— | 1 0 0 0 0 0 0 0 0
Cs | Dg | Vs | Xp X1 X2 | X3 | X4 Xs | X6 | X7 | Xs | Xo
0 0 Xs 8 2 1 3 0 1 0 0 0 0
0 0 X6 5 0 2 1 1 0 1 0 0 0
0 0 X7 4 0 1 5 0 0 0 1 0 0
0 0 Xs 6 -1 | 4 1 1 0 0 0 1 0
0 0 X9 10 1 1 0 1 0 0 0 0 1
NX)=8 [ z'-¢— | -2]-3]0]0o JoJoJoJoT]o
DX)=4 | z"-d—> |-1]0 |O |-3 [0 |0 O OO
A— 0 12 10 2410 0 0 0 0

Table 2: Optimal Table for the problem g;,(X)
Here, A, <0 for lower bounded non-basic variables and A; = 0 for upper bounded non-basic variables.

.. Optimal solution for g;;(X) is (X1)},1 =(0,2,1,0).

Putting (x, ):1 =0 in g,(X) and solving as explained above, we find that (X, )121 =(0,2,1,5).

KD = (X))

Formulate the set (J')11 = {JEN] : A, =0} ={1,3}, from Table 2.

Take j = 1. We have 0 < ¢} < min(4,4,0,6),,i.c. 0 <¢, <4.

Since ¢, is an integer .". it can assume values 4, 3, 2, 1. Using equation (22), for the values of ¢; =4, 3, 2, 1, the

corresponding solutions of g;(X) are given by
(Xz)},l =(4,2,1,0), (X3 )11 =(3,2,1,0), (X4)},1 =(2,2,1,0), (Xs)},l =(1,2,1,0). Again if we take j = 3,

then0<¢; s§<l.

Therefore, no alternate feasible solution exists corresponding to this edge.

Applying the cut E (X =)+ 2 (u =X, ) =1 in the optimal table of g;,(X), the solution so
ENT Nk

obtained is (Xs):!1 =(1,2,1,0). Thus, by applying the algorithm for the various values of g;;(X), the

corresponding values of g,;(X) and g,,(X) are tabulated as below:
2u(X) 2:(X) 2,(X)
1 0,2,1,0) | (0,2,1,5) | (0,2,1,0)
(X

(X )1 _ (4,2,1,0) | (4,0,1,5) | 4,2,1,0)
2711 —

(X )1 _ (3.2,L0 | 3,0,L,5) | (3,210
311
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(X )1 _ (2,2,1,0) | (2,0,1,5) | (2,2,1,0)
4711 =

(X )1 _ (1,2,1,0) | (1,0,1,5) | (1,2,1,0)
5711

(X )1 _  (1,2,L0) | (1,0,1,5) | (1,2,1,0)
6711 —

(X )2 _ 0,0,1,0) | (0,2,1,5) | (0,2,1,0)
7711 T

2 0,0,1,2) | (0,2,1,5) | (0,2, 1,3)
(X8)1,1_

(X )2 _ 0,2,1,5) | (0,2,1,5) | (0,2,1,0)
9711 —

Table 3: Evaluation of g,;(X) and g,,(X) corresponding to the values of g;;(X)
From above, we obtain the set of efficient feasible solution is given by (SE); = {(4, 2, 1, 0)} corresponding
to which Z(X) =2 and Z,(X) = 2.5.
Again, applying the algorithm to g;,(X), the table so formed is given below:
(g:(g()l 0) (gjl(()xz 5) (gf(g()l 0)
1 U, 1, U, 1, U, 1,
(X

(X )1 (4,0,1,5) | (4,0,1,5 | 4,2,1,0)
271,2

(X )2 _ (3,0,1,0) | 3,0,1,5 | (3,2,1,0)
31,2 ©

(X )3 _ (2,2,1,0) | (2,0,1,5) | (2,2,1,0)
412 =

3 2.2,1,5) | 2,0,1,5) | 2,2,1,0)
(XS)I,Z_

3 (G,0,1,5 | 3,0,1,5) | 3,0,1,0)
(X6)1,2=

(X )3 _ (1,0,2,5) | (1,0,1,5) | (1,2,1,0)
771,2

(X )3 _ (4,0,1,5) | (4,0,1,5 | 4,2,1,0)
8/1,2 —

(X )3 _ (4,2,1,0) | (4,0,1,5) | 4,2,1,0)
971,2

3 4,2,1,5) | 4,0,1,5) | 4,2,1,0)
Xz =

Table 4: Evaluation of g,;(X) and g,,(X) corresponding to the values of g;,(X)
From above, the set of efficient feasible solutions is given by (SE), ={(4, 2, 1, 0)}, corresponding to which Z,(X) =
2 and Zy(X)=2.5
Thus, the set of efficient feasible solutions for the problem (MLLFPP) is given by
(SE) = (SE), U(SE), ={(4,2,1,0);
The above problem is solved using LINGO 17. The set of efficient solution for the problem (MLLFPP) so
obtained is (4, 2, 1, 0).

7. CONCLUSION

The proposed algorithm scans the feasible region of multi-level programming problem with multi-objectives at each
level (MLLFPP). The scanning is done to find the efficient integral solutions of (MLLFPP) problem. The portion of
the feasible region which contains no integer feasible solution is removed by the edge truncating cut. The algorithm
scrutinizes the edges in such a manner that edges once removed cannot reappear. The problem (MLFPP) is also solved
using LINGO17. With the computing software, the following observations are noted:

For the objective function g;,(X), total solver iterations: 21, Elapsed runtime in seconds: 0.19

For the objective function g;»(X), total solver iterations: 26, Elapsed runtime in seconds: 0.22

After putting the value of x,;=0 from the upper level problem in the lower level problem and solving, we get
For the objective function g,,(X), total solver iterations: 20, Elapsed runtime in seconds: 0.11

For the objective function g;,(X), total solver iterations: 20, Elapsed runtime in seconds: 0.12
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Thus, we observe that the computing software LINGO 17 supports the calculations and the convergence time
of the algorithm is apparently reducing.
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