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1 Introduction

The purpose of this work is to study the Euler Scheme in order to approximate solutions
for a class of anticipating stochastic differential equation (in short ASDE).

The anticipating, or Skorohod, integral introduced in [7] represents an extension of the
standard Ito integral for non-adapted integrands and coincides with this one if the integrand
is adapted. The need of studying ASDE was followed in a natural way.

The existence and uniqueness of the solution of stochastic differential equation with
the stochastic integral taken in the anticipating sense are not known in the general case. The
difficulty with these equations is notorious: the Picard iterations method involves Malliavin
derivative of successive orders and the procedure cannot be closed. Nevertheless, in particular
linear cases, existence and unique are given. We refer to [1], [2] and [3] for anticipating
equations in the Skorohod sense and to [6] for Stratonovich anticipating equations.

On the other hand, it was proved in [8] that the class of Skorohod integral processes
X = (X())epo), X(t) = fg usdW (s), coincides, for smooth enough integrands, with the class
of processes Y of the form Y; = fotE [us/F[&t]C] dW (s). The last integral is an anticipating
integral, it is not a martingale, but it enjoys similar properties with the classical It6 integrals.
This fact leads to the introduction of the class of stochastic equations (6) as an intermediary
step between the theory of It6 stochastic equations and ASDE. Moreover, in the particular



case of linear coefficients, the solution of the equation can be explicitly obtained and a Black-
Scholes market model with price dynamic following a such equation can be introduced (see
[9]). Standard arguments give the existence and uniqueness of the solution of the equation
(6) and the basic properties of the solution (see [8]).

Our aim is to give an Euler scheme to approximate the solution of (6). We combine
standard It6 methods and techniques of the Malliavin calculus. Using this scheme, simulations
for a special type of anticipating integral can be done.

Our paper is organized as follows: Section 2 contains some preliminaries on the Malli-
avin calculus and in Section 3 we give the Euler scheme to approximate the non-adapted
solution of the equation (6). The speed of convergence of the Euler scheme is estimated in
the cases of linear and non-linear coefficients.

2 Preliminaries

We start with some elements of the Malliavin calculus. We refer to [4] for a complete presen-
tation of this topic. Let (W (t))¢cpo,r] be a standard Wiener process on the canonical Wiener
space (2, F, P) and let (IFt),c(o,7) the filtration generated by W. A functional of the Brownian
motion of the form

F:f(W(tl)v"'vw(tn)) (1)

with t1,...,t, € [0,T] and f € C;°(R"), is called a smooth random variable and this class is
denoted by §. The Malliavin derivative is defined on § as

DF = Z gj (W (t1),...,W(tn)) Ljg(t), t € [0,T]
i=1 v

if F' has the form (1). The operator D is closable and it can be extended to the closure of S
with respect to the seminorm

k
|FIE, = E|FP + 3 E[DYF|L,
j=1

where D denotes the 4 th iterated derivative. The adjoint of D is denoted by ¢ and it is
called the Skorohod integral. That is, § is defined on its domain

Dom(68) = {u € L*([0,T] x )/ ‘E/OT usD,Fds

< anuLz(m}

and it is given by the duality relationship
T
E(Fo(u)) = IE/ usDsFds, u € Dom(d),F € S.
0

Recall that the variance of the Skorohod integral is
T T T
E(6%(u)) = E/ UaUadar + E/ / DgugDougdadf3 (2)
0 0o Jo

2



By L¥P we denote the set L2([0,T];D*P), for k > 1 and p > 2 and we note that L*P is a
subset of the domain of §. The following generalized version of the Ocone-Clark formula was
given in [5].

t
F =E (F/Flo ) + / E (DoF/Fly ) dW () , for F € D2, (3)

We will need the commutativity relationship between the derivative operator and the Skoro-
hod integral
Did(u) = ug + 6(Dyu) (4)

if all above terms are defined. Recall also that, if Fis random variable Malliavin differentiable,
measurable with respect to a o-algebra Fy, A € B([0,T1]), then

DF =0, on A° x Q. (5)
Consider now the stochastic differential equation
t t
X(t) = X(0) +/0 o (s, B (X(s)/Flsq¢)) AW (s) +/0 b(s,E(X(s)/Fisqe))ds.  (6)

Using the method of Picard’s iterations and taking account that, by (2) and (5) it holds that

|7 B X /F ) aw s

the existence and uniqueness of the solution of (6) can be obtained if we assume the functions
o and b satisfy the regularity conditions (A1), (A3)-(A5) below.

E

_E/ |0 (s, E (X (5)/Fpee))|” ds, (7)

Remark 1 1. Suppose that the initial condition X(0) =z € R (or Xy is adapted). In this
case it is easy to see that the standard Picard iterations X;* are adapted to the filtration
Fi. Then the equation (6) is nothing else that the classical Ité equation.

2. If the initial value X (0) is anticipating in this case the solution of (6) is also anticipating.

3. In (6) we can replace the deterministic integral by fg b(s, X (s)) and we will have again
the existence and the uniqueness of the solution under usual conditions on b.

4. Using the identity fo (v(s)/Fse) dW (s) = fo r(s))dW (s), where r(s) =
6 (B (Dsv(-)/F. s¢) Lo, (- ), assuming th,at the coeﬁ‘iczent o s linear, we can write
(6) as
X(t) = X(O)+/0 U(S)X(s)dW(s)—/O 6 (0()E (DX (-)/Fp.5)) Lo, (1)) AW (s)
+ / b (s.E (X(s)/Fpse)) ds
0

and it can be seen that the above stochastic integrals are anticipating.



3 The Euler Scheme

Let 0 =ty < t1... < t, = T be a discretization of [0,7] and § the time step such that
T

§ = 8, = —. The process Y? = {Y‘S(t),() < t < T} defined below will be considered to
n

approximate the solution X. First we define Y at t;, recursively as follows: Y°(0) = Y (0) €
mathbbR,

Yo (thi1) = V()00 B (Y2 (00))/Fly g1 ) 00 B (Y20 /Bl e ) (W (b)) =W (1))

for k = 0,...,n — 1. Next, Y9(t) can be defined for each t € [ty, ty11[,k = 0,1,...,n — 1 as
the following linear interpolation

t

YO(t) = YO(ty) + / t b(tk,E(Y‘S(tk)/IE‘[%t]c) ds + / a(tk,E<Y5(tk)/F[tk,t]c> dW(s). (8)

ty tg
We will make use of the following standing assumptions throughout the paper.
EIX(0)? <
E|X(0) - Y0 < K;-§

) —o(t,y)? +[b(t,x) = b(t,y) < K- |o —y/?
o (t, @) + 1b(t, 2)* < K3+ (1+]af)

lo(s,z) — o(t,z)]? + |b(s, ) — b(t,2)|> < Ky~ (1 +|2]?)- | s —t | for all 2,y €
R, s,t € [0,T] where the constants K7, ..., K4 do not depend on §.

)
)
(A3)  o(t,z
)
)

Theorem 1 Assume (A1)-(A5) hold. Then there exists two positive constants A and B not
depending on § such that

E ( sup | X (t) — Y5(t)|2> < AP

0<t<T

Proofs: The proof of Theorem 1 is based upon the following lemmas 1-7.

Lemma 1 Let X(t) be the process satisfying equation (6). Then under (A1)-(A5) there
exists two positive constants C1 and Cy such that

E( sup |X(t)|2> < C1(1+ |X(0)]?)e T,
0<t<T



Proof: Since X (t) satisfies the equation (6) we have

t 2
EIX(@] < 3(E|X<o>|2+E( / o(s,E(X<s>/F[s,t]c>)dW<s>)

L E < / b (5, E (X(5)/Fpo ) d3>2> .

From hypothesis (A1) and growth bound (A4) the following inequality holds.

(
t 2 t 2
EX@HP < 3(ny0; +IE (S,E(X(S)/F[Sﬂc))dW(S)> +IE< / b(s,E(X(s)/IF‘[s,t]c))ds>>
0 0

IN

3<IE|X0| +/ E (o (S,E(X@)/F[S,ﬂc)))?ds+t/0tE(b(s,E(X@)/ms,t]c)))?ds)

2 ¢ 2
3<|X(O)| +K3t(1+t)+K3(1+t)/O E|X(s)] ds>.

IN

By applying Gronwall’s inequality we conclude that

E ( sup |X(t)!2> < Ci(1+[X(0)]*)eT,
0<t<T
where C1 = max {3,3K3T (1 +T)} and Cy =3K3 (1 +T). [

The following lemma is proved in the same way, which proof is left to the reader.

Lemma 2 Under (A1)-(A5), there exists two positive constants Cs and Cy such that

E( sup ‘Y‘S(t)r) < C5(1 + [Y2(0)[?)eCHT.
0<t<T

The next step is to prove a bound for the increment of the solution X (¢) — X (s). We
will treat two cases; first we will consider the case when the coefficients of (6) are linear
and is this situation the estimation follows easier assuming the boundnesss of the Malliavin
derivative of the initial value. Then, under supplementary conditions, we will treat the case
of nonlinear coefficients.

Lemma 3 Suppose that the coefficients of (6) are linear functions and assume that
(A6) There exists K¢ > 0 such that E|DaX (0)* < Kg, for every a € [0,T).

Under (A1)-(A6), there exists a positive constant Cs such that the solution X (t) of (6)
satisfies
E[X(t) = X(s)* < Os(t - 9).



Proof: Since X satisfies the equation (6) we have

s 2
E[X(t) - X(s)]° < 4(E ( /O b(u,E(Xw)/F[u,t]c))—b(u,E(Xw)/F[u,s]c))du)

2

|E (/tb(u E (X (u )/IE‘[W]C))du)
+E ( (W)/Fpuge)) — o (u,E (X () /Fpy ) dW(u))2
( (w)/Fpu,5¢)) dW(u)>2) .

+E

From hypothesis (A1), the Lipschitz condition (A3) and growth bound (A4) the following
inequality holds

E|X(t) - X(s)]> < 4 (K2(1 +s) /O "B (E (X (w)/Fruge) — E (X (0)/Fruge))’ du
+ (l—i—t—s)Kg/t <1+E]X(u)]2> du). 9)
By applying Lemma 1 we get that

E|X(t)—X(s)? < 4 (Kg(l +5) /OSE (E (X (u)/Fpuqe) —E (X (u)/Fle))? du
+ (t—s)(1+t—s)Ks(1+C (1+E[X(0)]?)e?T)). (10)

Let now for simplicity o(z) = oz and b(z) = bz where o and b are real numbers. In this case
it is easy to see that

E (X(T)/IF[T’t]c)
= E (X(O)/F[Tvt]c) + ol (/0 E (X(a)/F[a,r}C) dW(a)/F[r,t]c) +bE </0 E (X(a)/F[a,r]c) da/F[r,t]c>

T

= E(X(O)/F[r,t]c)+U/OTE(X(O¢)/IFMC)dW(a)+b/ E (X () /Fjq,4e) da

0

E (X (u)/Flu,q¢) — E (X (w)/Fruge) (11)

u

=E (X(0)/Fpyqc) —E (X(0)/Frupe) +0 [ (B (X()/Flaq:) — E (X (@)/Fage)) dW ()

0

4 [ (B (X(0)/Fioge) = B (X @) Flop)) do (12)



But, by (3) we have
E (X(O)/F[u,s}c) —E (X(O)/F[%t]c) =E (X(O)/F[%S]c) —E (E (X(O)/F[ms]c) /F[uﬂc)
:/ E(DaE( ( )/F[us )/F[at] )dW(O[) :/ E(E( ( )/F[us )/F[at] )dW(Oé)

and that implies, by (A6),

E[E (X (0)/Fyu) — E (X(0)/Fp:) | < / E[DoX(0)da < Kot —s).  (13)

Denote by Ags(u) = |E (X (u)/Fpu.qe) — B (X (w)/Fpge)|” - By (12) and (13) we have

Agi(u) < 3E|E (X(0)/Fpyqe) —E (X(0)/Frge) |’

(1+w) /Ou Agi(a)da

<3Ks(t—s)+3(1+1T) /u A i(a)do
and we conclude by Gronwall that for every u,s,t O
Ag(u) < 3Kee® T (1 — 5). (14)
By combining (10) and (14) we obtain
E|X(t) — X(s)]* < 4(t — )1+ T) (K23K663T(1+T) + K (14 Cy (1+E|X(0)P) eC2T))

(15)
]

Our next goal is to prove the above lemma for nonlinear coefficients. But in this we
need case we need to make to supplementary hypothesis. That is, there exist two positive
constants K7 and Kg such that for every ¢, z,y

(A7) |020(t.2) = Dao(t,y)|* +[02b(t, x) — Bab(t,y)[* < Kl —y,
(A8)  |020(t,x)| + |D2b(t, x)| < K.
Note that (A8) implies obviously (A2).

We need first two Lemmas who study the Malliavin differentiability of the solution.
Lemma 4 Assume that (A1)-(A8) hold and define, for everyt < T, the processes

X"(t):X(O)Jr/O a(s,E(X"1(3)/F[s,t]c))dW(s)+/0 b(s,E (X" (s)/Fsqe)) ds (16)

with X°(t) = X(0). Then for every t € [0,T] and n > 1 the process X" is Malliavin
differentiable and there exists a constant Cg = Cg(n) > 0 such that

H~3|DﬁX”(1§)|2 < Cg for every B,t € [0,T] , 5 <t, Vn>1. (17)



Proof: We will use the induction on n. We have, by (4), that for g <,
DsX'(t) = DsX(0)+ 0 (5,E (X(0)/Fye ))
/Dﬁa (5,E (X (0)/Flye)) /Dﬁb (s, E (X(0)/Fs ) ds
= DgX(0)+0 (B,E(X(0)/F5:))

/ Do (5.E (X (0)/Fls g0)) E (DX (0)/F\y ) dW (s)

/ 82() S E )/F[S tle ))E (DﬁX(O)/F[&t]c) ds

and thus
E|DsX'(t)|* < 4(E]DﬁX(0)]2+‘U(B,E(X(O)/F[g,t]c))f
2

+E ‘/ﬁ 020 (5, (X(0)/Fls 1)) B (DX (0)/Fis ) dW (s)
)

E|DsX'(1)]* <4 (Kﬁ + K3(1+E|Xo|*) + KsKs(t — 8)(1 4+t — ﬁ)) .

+E‘/ﬂ Db (s, (X (0)/Fls4¢)) E (DX (0)/Fs 4¢) ds

Using the properties (2), (5) and hypothesis (A6) , (A8) we get

The induction step is similar with the case n = 1. [ |

Lemma 5 Let X™ be the processes given by (16). Then, for everyt € [0,T], the sequence of
random variables X™(t) converges to X (t) in the Sobolev space D12,

Proof: Throughout this proof C' will denotes a generic constant, its value can be different
from a line to another. Note first that

(B,E(X(0)/Fig,4¢)) 1j0,4(8)

t

; 920 (s, (X (0)/Fs.9¢)) E (DX (0)/Fis 1¢) dW(s)> 1.4 ()

DgX'(t) — DX (0) =

0
t

5 82b (S,E (X(O)/F[Sﬂc)) E (DﬁX(O)/]:F[S,t]C) d5> I[O,t] (ﬁ)

(

+ ( ' ner (s, E (X(0)/Flsge)) E (DX (0)/Fs g1e) dW(S)) 1my(9)
(
(

826 (S, E (X(O)/F[Sﬂc)) E (DﬂX(O)/F[syt]c) d8> 1[t,T] (ﬂ)

0



Therefore )
E DX (t) = DeX(0)]" < C (1+E|X(0)) 109(8) + Ct

where we used the set of conditions (A1)-(A8) and the properties of the Skorohod integral.
We obtain

T
]E/ |DsX'(t) — DX (0)]dB < Ct. (18)
0
The relation (4) gives
DgX"™H(t) = DpX(0)+ 0 (B,E(X"(8)/Fi:)) Lo ()

+ < /ﬁ D20 (s, E (X™(5)/Fis,0¢)) B (DpX"(5)/Fls.g¢) dW(s)) 10,4 (83)

+ </ (920 (S,E (Xn(s)/IF[S,t]c)) E (Dan(S)/F[&t]c) dW(S)) l[t,T] (ﬁ)

' ( / 82b (5, E (X7 (3)/Fio 1)) E (D X" () [Flu ) ds> 1o (5)

+ (/ 821) S E )/Fst] )) E (DﬁXn(S)/F[Sﬂc) d8> 1[t,T}(/3)-

We will have, using Lemma 4 and the conditions imposed on the coefficients, that

E[DpX"(t) = DaX (1) < € (E[X™(8) = X"~ (8)|* 109(8)
! n _ yn—1 S 2 S ! n(g) _ n—1 s 2 s
+ /OIE\X(S) X ()]d—i—/OIE}DﬁX() DsX ()\d.)

We refer to [8] for the following bound

ct)"
E|X"(t) - X”_l(t)|2 < ( n) for every t € [0,T] (19)
and (19) implies
n+1 n 2 (Ct)n+1 ! n n—1 2
E|Dsg X" (t) — DgX™(t)|” < CES] + | E|DgX"(s) — DgX"'(s)|" ds. (20)
+Jo
Combining (18) and (20) it not difficult to prove by induction that
Ct)rt!
E[DsX™(t) — DyX" (1) < & 21
DX = DX < () (21)
Consequently, by (19) and (21), we get
T n+1)
X=X Ol = X0 - X0+ [ (Da(x(0) - X7 (0) do < U
and the sequence X (0) 4+ >_0° ; (X" *1(t) — X™(t)) converges in the Hilbert space D*? to a
limit which cannot be anything else that X (¢). |



Lemma 6 For every (3,t € [0,T] with 5 <t we have that
E|DsX (t)]* < Cy (22)
where Cy is a positive constant not depending on (,t.

Proof: The prior Lemma shows that X (¢) is differentiable in the Malliavin sense for every
t. Let 8 <t. We have

DgX(t) = DgX(0)+ 0 (B,E(X(8)/Fiz4e))
t
+/ﬁ 020 (5, E (X (5)/Fls9¢)) E (DX (s)/Fis e ) dW (s)
t
+/B Db (8, E (X (5)/Fise)) E (DX (5)/Fse) ds.
Therefore, applying (A3) and (A8)
t
E[DpX (1) < 4(E[DpX (0)* + K3(1 + supE [X5/*) + Ks(1+¢ — ) / E DX (s)|* ds.
B 0
An usual application of Gronwall lemma and condition (A6) will give the conclusion. |

Lemma 7 Let X = (X(t)):ejo,) be the solution of equation (6) and assume that hypothesis
(A1)-(A8) are satisfied. Then

E|X(t) — X(s)|] < Cs|t — s| (23)
where Cg denotes a positive constant.

Proof: The increments of the process X can be written as
X(t) - X(s) = / o (1 E (X()/Fpae)) dW(r) + / b (1 E (X(r)/Fyge)) dr
+ /0 (o (WE (X(0)/Fyge)) — o (rE (X(r)/Fyge))) dW(r)
+ /0 (b (nE (X(r)/Fyge)) — b (rE (X(r)Fyge))) dr
and its square mean can be majorized by
E[X(t) — X (s)[
< C’E/: o (B (X (r)/Fpre))|* ds + C(t — S)E/: 16 (r, E (X(r)/Fppge)) | ds
+C /O E|o (rE (X(r)/Fyye)) — o (rnE (X(r)/Fy.qe)) | dr

O [ E[b (1B (X0)/Fg)) = b (B (X (1) /By)) (24)

10



The first two terms of the right side are bounded by C(t — s) by hypothesis and Jensen
inequality. The last two expressions from above can be treated in a similar way. First, note
that

o (r,E (X (1) /Firgge)) — o (1 E (X (r)/Fprge))|° < K2 |E (X (r)/Frrge) — E (X(r)/Fprge)|?
and by Ocone-Clark formula (3)
E (X(Y’)/IF[nS]c) — ]E (X(T’)/F[T,t]c) = E (X(’r’)/]F[T’S]c) — E (E (X(T)/F[ns]c) /]F[r,t]c)
t t
= / E (DgE (X (r)/Fy.q¢) [Fiage) dW(5) = / E (E (DgX(r)/Fg¢) [Fiz4:) dW(5)

where at the last line we used the property (5) of the Malliavin derivative. Therefore we
obtain by using Lemma 6

t
E|E (X(r)/Fp.qc) — E (X (1) /Fpge)|* < C / E(DsX (r))2dB < C(t — s)

and combining the last relation and (24) we finish the proof. |

Proof of Theorem 1 Let Z(T) = E { sup (]X(t) — Y‘S(t)|2)} and c(s) = [sn] s
0<t<T

[0,7]. By (6) and (8) we can write

Z(T) < 4E <\X(0) —Y2(0)]* + sup (Z(t))+ sup (J(t))+ sup (K(t))+ sup (ﬁ(t)))
0<t<T 0<t<T 0<t<T 0<I<T

where




/O t (7 (c(s). B (Y2 (e()) /Fpae ) ) = o (e(), B (Y2 (el9)) /Flegeyap ) ) ) W (s)

2

+ /O t (b (c(s), E (Yé(c(s)) /F[S,ﬂc)) —b (c(s), E (Y‘S(c(s)) /F[C(S)ﬂg]c))) ds

We have the following estimates

E ( sup (I(t))> <2(T+ 1)K, /OT Z(s)ds , E ( sup (j(t))) < 02(T + 1)TK2Cs,

0<t<T 0<t<T

E (0311% (lC(t))> < 82(T + 1)TKy (1+C1 (1+]X(0))?) e“2T)

and using the techniques used in the proof of Lemma 3, together with Lemmas 6 and 7, we
get E < sup (Z(t)) | < K9d. By combining these estimates and using hypothesis (A2) we
0<t<T

obtain .

Z(T) < Ad + B/ Z(s)ds, (25)

0
where A = 4K + 8 (T + 1) K2CsT + 8(T 4+ 1) K4T (14 C; (1 +E[X(0)[?) e2T) and B =
8(T + 1)Ks. Applying Gronwall inequality to (25) we have Z(T) < §ABT. |
Remark 2 In some particular situation, the approzimations Y can be explicitly computed.
Suppose 0 =1, b= 0 and let the initial value be W (1) — W (t). Then Y?(0) = W (1) and
YO(th) = W(1) + E (W(1)/Fio1e) W (1) = W (1) + (W(1) = W(t:)) W(1).

Using the independence of increments of the Wiener process, it’s clear that at any step the
process YO can be concretely found without any conditional expectation appearing in its ex-
pression. Therefore, numerical solution of the equation can be obtained.
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