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Abstract

We prove an existence and uniqueness theorem for a class of Ito-Skorohod stochastic
equations. As an application, we introduce a Black-Scholes market model where the
price of the risky asset follows a nonadapted equation.
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1 Introduction

The introduction of the anticipating (or Skorohod) integral in [8] and of the anticipating
stochastic calculus in [7] has opened the question of solving anticipating stochastic differen-
tial equations. In general, the existence and uniqueness of the solution for these equations
is not known. The difficulty of solving such equations is due to the fact that the classi-
cal method of Picard’s iterations cannot be applied because the mean square formula for
the Skorohod integral involves the Malliavin derivation in a such way that we cannot find
"closed” formulas. Only in few particular cases some results exist, see for example [1], [2]
or [3]. We have recently proved in [9] that the set of Skorohod integrals coincides with a set
of integrals of It0 type. In the present work, using this correspondence between Skorohod
integrals and Ito-Skorohod integrals, we introduce a class of anticipating equations (called
It6-Skorohod equations) that can be solved using standard techniques. As an application we
introduce a market model where the price of the risky asset follows such an equation with
a random initial condition (the price at the transaction time). We prove that our model is
complete and has no arbitrage opportunities and we derive a Black-Scholes formula when
the initial price of the risky asset is given by a standard normal random variable.

We organized the paper as follows. Section 2 contains some preliminaries on the
anticipating stochastic calculus. In Section 3 we define the class of It6-Skorohod equations
and we prove the existence and uniqueness of the solution. In Section 4 we introduce
a market model with price dynamic following an It6-Skorohod equation and we obtain a
Black-Scholes option valuation formula and the expression of the replicant portfolio.



2 Preliminaries

We start with some elements of the Malliavin calculus. We refer to [6] for a complete
presentation of this topic. Let (W(t));g[o,1] be a standard Wiener process on the canonical
Wiener space (2, F, P) and let (Ft);c[o,1) be the filtration generated by W. A functional of
the Brownian motion of the form

F:f(W(tl)v"'vw(tn)) (1)

with t1,...,t, € [0,1] and f € Cy°(R"™), is called a smooth random variable and this class
is denoted by S§. The Malliavin derivative is defined on S as

if F' has form (1). The operator D is closable and it can be extended to the closure of S
with respect to the seminorm
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where D(® denotes the ith iterated derivative. The adjoint of D is denoted by § and it is
called the Skorohod integral. That is, § is defined on its domain

Dom(d) = {u e L*([0,1] x Q)/ ‘E/Ol usD Fds

< Pl |
and it is given by the duality relationship
1
E(Fé(u)) = E/ usDsFds, u e Dom()),F € S.
0

Recall that the variance of the Skorohod integral is

1 1 1
E(6%*(u)) =E / ulda +E / / Dgug Dyugdadp. (2)
0 0 JO

By L*P we denote the set L?([0,1];D*P), for k > 1 and p > 2 and we note that L*? is a
subset of the domain of §. The following version of the Ocone-Clark formula was given in
[7]:

¢
F =E (F/Fs4e) +/ E (Do F/Fio ge) dW () , for F € DV2, (3)
We will need the integration by parts formula

Foé(u) = 6(Fu) + o DgFugds (4)



if all above terms are defined. Recall also that, if F' is random variable, Malliavin differen-
tiable, and measurable with respect to a o-algebra F4, A € B(R), then

DF =0, on A° x Q. (5)

Let us define, for £ > 1 and p > 2, the sets of processes

t
Mk’p = {X = (Xt)te[(),l],Xt = / usdWs,u € Lk’p},
0

t
NkVp = {Y = (Y;‘/)te[oﬂ’y}/ = / ]E [US/F[87t]C} dWS, S Lk’p}.
0

We will refer to the elements of N*P as to Ité-Skorohod integral processes and to the elements
of MFP as to Skorohod integral processes. It has been proved in [9] that, for sufficiently
regular integrands, the two classes coincide. As a consequence, to study Skorohod integral
processes it suffices to study It6-Skorohod integral processes, which have two interesting
properties. Firstly, note that the integral Y; = fg E [ua /F[aﬂc] dW,, exists even for u €
L%([0,1] x Q) and it has similarities with a classical Itd integral. Observe, by (2), that this
integral is an ”isometry”

E </OtE [ta/Fgc] dWa>

Secondly, if we define for every A < t, Y} = fo)\ E [ua / ]F[a’t]c] dW,, then the process (Yt)‘)
is a F() 4c -martingale and we have

2

:IE/O (E [ta/Fiage])? da.

A<t
lim Y =Y; almost surely and in L. (6)

A—t, A<t
We will define now the stochastic integral with respect to Ito-Skorohod integral processes.

Definition 1 Let u,v € L*([0,1] x Q) be adapted processes and consider more Y; = Yy +
ng [ua/F[aﬂc] dWe + f(fE [UQ/F[M]C] da. We put by definition, for any adapted square
integrable process X,

t t
/ X.dY, = / X,d, Y (7)
0 0

where
A

A
}/t)\ = Y[) +/ E [UOC/F[CM,t]C] dWa +/ E [UQ/F[a,t]c] do
0 0

and the integral in the right side of (7) is understood in the semimartingale sense.



3 Ito-Skorohod stochastic equations

In this section we state and prove an existence and uniqueness theorem for a class of
anticipating stochastic differential equations using the method of Picard’s iterations. It is
known that, in the anticipating stochastic calculus this method cannot be applied because
the formula of the mean square of the Skorohod integral involves the Malliavin derivative
and one cannot find ’closed’ formulas. We define here a new class of anticipating equations,
located 'between’ It6 and Skorohod equations, that can be solved by classical techniques.
Consider the following stochastic differential equation

t ¢
X =7 +/ o(s, B (Xs/Fsg¢) )dWs + / b(s, Xs)ds. (8)
0 0

Note that the stochastic integral from above is a Skorohod integral since the inte-
grand is not adapted and the initial condition is anticipating. The solution will be also
anticipating. In what follows the coefficients o(t,z),b(¢,x) : [0,1] x R — R are given and
satisfy the following standard conditions:

H1 (Measurability): o and b are jointly measurable in (¢,z) € [0,1] x R.

H2 (Lipschitz condition): There exists a D > 0 such that for all t € [0,1] and 2 € R
|o(t,2) — o(t,y)| +[b(t, x) = b(t, y)| < Dlx —y. (9)
H3 (Linear growth condition): There exists a C' > 0 such that for all ¢ € [0,1] and z € R
o (t,2)? + [b(t, 2)|* < C*(1 + [2]). (10)
We also make a hypothesis concerning the initial value Z.

H4 : Z is a random variable with E|Z|? < co.

A square integrable process that satisfies almost surely (8) is called a solution of
equation (8). For given coefficients o and b, any solution X will depend on the initial value
Z. We will say that the solution is unique if, for every t € [0,1], P (X} = X?) =1 for any
two solutions X' and X? with the same initial condition.

We start by proving the existence and the uniqueness of the solution of equation

(8).

Theorem 1 Under assumptions H1 — H4, stochastic equation (8) has a unique solution
X on [0,1] with

sup E|X¢|? < oo. (11)
0<t<1



Proof: Throughout this proof, K will denote a generic constant depending only on D and
E|Z|*. Let us consider the usual Picard iterations Xt(o) = Z and

t t
XD = 7 4 / o(s,E (XS(")/IE‘[SJ}C))dWS + / b(s, X(™))ds. (12)
0 0
We first prove the existence of the solution. We have, from (2), H3, and Holder’s inequalities
that
L 0 9 t 2 t 2
E ‘Xt( ) x! )‘ < 9E ‘/ o (8, E (Z/Fisc))dWs| +2E / b(s, Z)ds
0 0
t ) t
< QIE/ |0 (s, E (Z/Fs.0:))| ds + 2751@/ b(s, Z)|* ds
0 0
<

t t
2021[-3/ (1+ [E(Z/Fjs ) I7) ds + 2tCQE/ (1+1]2))ds < Kt.
0 0

Using the same arguments and condition H4, we obtain

9 2

E|x" — x [ 2F

VAN

/0 t (0(3, E (X§"> /]F[S,ﬂc)) —o(s,E (X§“*1> /F[s,t]c>)> AW,

t 2
9 / (b(s,Xs(”))—b(s,Xs(”‘l))> ds
0

2

OF /0 t (a(s, E (X§"> /F[Sﬂc)) —o(s,E (XSWU /F[s,t]c>)> ds

IN

t 2
+2UE / (b(s,XS(”))—b(s,Xs("’l)D ds
0
t 2
< 2D2(1+t)/ E‘Xs(")—Xg"*l)‘ ds.
0

By induction one can show that there exists K > 0 such that for all £ € [0,1] and n > 1,

2 (Kt

< r D (13)

E ‘Xt(nJrl) . Xt(n)

Relation (13) and standard arguments imply the convergence in L?(f2) of the successive
approximations Xt(n) to a limit X; defined by Xy =Z +> 7, (Xt(nﬂ) - Xt(n))
To prove that X is a solution, we take the L?(Q)- limit in (12) as n — oco. Obviously,

o /Ot (0(8, E (Xé”)/F[Sﬂc)) —o(s,E (XS/FMC))) AW, :

t 2
gK/ E‘XS(")—XS‘ ds —no0 0,
0



and

t 2 t 9
|} (s bt ) arf <k [T [ s =0
0 0

The uniqueness of the solution is given by Gronwall’s lemma since for any two solutions
X,Y with the same initial condition and for every t € [0, 1] we have

t
E|X: - V]* < K/ E|X, — Y,|*ds.
0
Concerning bound (11), we will only note that standard techniques apply (see e.g. [4]). W

Remark 1 Let us define the following stochastic differential equation:

Xt:E(Z/Ftc)+/O a(s,E(XS/F[s,t]c))dWer/o b(s, E (Xs/Fs4))ds. (14)

Following the lines of the proof of Theorem 1, one can show that equation (14) admits an
unique solution X with supy<;<; E|X:|? < 0o.

In the particular case of linear coefficients, one can explicitly obtain the solution of
equation (14).

Corollary 1 Let o,b € R and Xy € L?(2). Consider the equation

t t
X; = E(Xo/Fye) + / OB (Xs/Fjs ) AWy + / bE (X /s 41¢) ds. (15)
0 0

Then the unique solution of (15) is given by

aWH—(b—é)t'

X; = E(Xo/Fe)e (16)

oWi+(b-5)

Proof: Denote by M, =e ‘. Then M; satisfies the equation

t t
M =1 +/ oMydWy +/ bMds
0 0

and using (4) and (5), we obtain
Xt == E(XO/Ftc)Mt
t ¢
— E(Xo/Fs)+ / o (Xo/Fye) MydW, + / BE (Xo/Fuc) Myds
0 0

t t
= E (X()/F[S,t]c) + / oE (E (Xo/Fsc) MS/F[s,t]C) dWS + / bE (E (X()/Fsc) Ms/]F[s,t}C) ds
0 0

t t
= E (Xo/IFtc) + / oE (XS/F[s,t}C) dWS + / bE (Xs/]F[s,t}C) ds.l
0 0



4  Black-Scholes model driven by Ito-Skorohod stochastic
differential equations

We introduce in this section a market model with price dynamic following an It6-Skorohod
stochastic equation. As usual, we will consider two assets on the probability space (Q, F, P, (Ft)te[o,l])¢

the safe investment A = (At)co,) satisfying Ay = 1 + rfot Agds and the risky asset
S = (St)te[0,1] with price dynamic following the SDE

t t
St =E (SO/FtC) + / oE (SS/F[s,t]c) dWs + / bE (SS/]F[s,t]C) ds. (17)
0 0
Clearly A; = e™ and Corollary 1 implies that

S, = E (S /Fy) Wik (0= )¢, (18)

The value of the portfolio at the instant ¢ is defined by
Vi =h Ay + Hi S (19)
where the components h, H € L?([0,1] x Q) are adapted to the Brownian filtration and

represent the quantities of the safe asset and of the risky asset at the instant ¢.
We say that the portfolio (h¢, Hi)icpo,1) is self-financing if

t t
0 0

where the differential dS is understood in the sense of Definition 1.

Remark 2 Note that Definition 1 can be used although the initial value depends ont because
by the Ocone-Clark formula (3) we can write

t
E (So/Fe) = So — / E (DSSO/F[Sﬂc) dWs.
0
In other words, the self-financing condition (20) can be written as
t t
‘/t = E (‘/O/Ftc) + / hsre’rsds - / HSE (DSSO/F[sJ}C) dWs
0 0

t t
+/ H,oE (SS/F[S,t]c) dWs + / bH,E (SS/F[&t]c) ds.
0 0

In the following we will denote by S; = ¢S, the discounted risky asset price. A
necessary and sufficient condition for the portfolio to be self-financing is given in the next
result.



Proposition 1 Assume that h,H € L2([0,1] x Q) and let the process V be given by (19).
Denote by Vi = e~ "'V;. Then the portfolio is self-financing if and only if

t
Vi = E (Vo/Fye) —l—/ H,dSs for every t € [0, 1]. (21)
0

Proof: Suppose that V satisfies (20). Define, for every A € [0,?],

)

A A
Vae = E(Vo/Fe)+ / hyresds — / HLE (D, So/F(s.q.) AW,
0 0

A A
+/ H,oE (Ss/IF[SVt}C) dWs + / bHE (SS/F[&t]c) ds.
0 0

It is not difficult to check that V), =E (VA/F[A,t]C) .
We can write It0’s formula for e_r)‘V)Vt since, for fixed ¢, the process (VM)AG[O 1 is
a F[ e- semimartingale. It holds, taking the limit (a.s. or in L?) as A — ¢, that

t t
Vi = E(VO/FtC)‘*‘/ ershsre”ds—/ e " HE (DsSo/Fis g¢) AW
0 0

t

t t
+/ e "oHE (SS/IF[S,,&]C) dWs + / e "bHE (SS/IE‘[M}C) ds + / Vs i(—re "%)ds
0 0 0

t
= E (V‘E)/Ftc) - / eirsHs]Er (DSSO/]F[s,t]C) dWS
0
t t
+/ e*TSO'HsE (SS/F[s,t]C) dWS —|— / efrs(b — T)HSE (SS/F[s,t]c) dS- (22)
0 0

On the other hand, writing It6’s formula for e ™S ; with Sy ; = E (So/Ftc)+f0)‘ oE (SS/F[SJ}C) dWs+
fO/\ bE (SS/F[S7t]C) ds=E (S)\/]F[)\JF) we get

t t
Sy =E (S()/]Ftc) + / e "ok (SS/F[s,t}C) dWs + / 677«5(() - T)E (SS/F[s,t}C) ds.
0 0

Identity (21) follows from (22) and the above equation using Definition 1. The proof of the
necessity part it is not more difficult. |

Let T be the exercise time. In the classical Black-Scholes settings to prove the
non-existence of arbitrage it~sufﬁces to exhibit a probability measure equivalent to P under
which the discounted price S is a martingale. In our case, we have the following

Proposition 2 The unique probability measure P equivalent to P under which the process
W is a martingale is given by the Radon-Nikodym derivative

dP T — U
— =ex
ap ~ P

1 - 2
WT_*(T 1)

5 5 T P-a.s..
o




Under the probability P, the process Wy = Wy + bTTTt is a standard Brownian motion and
the discounted price S satisfies the equation

S, =E (SO /Ftc> + /0 oE (Ss /]F[S’ﬂc) AW, (23)

_rteO'Wt-i-(b—%)t

Proof: Denote by Z; = % =e . It is well-known that there exist

the unique probability P and W as above and it holds that Zy =1+ fg O'stWs. Taking
into account that the natural filtrations of W and W coincide, we get

S, =E (5*0 /]Ftc> Z = E (SO /Ftc) + /0 "R (S‘O /]Ftc> ZodW,
= B (So/me) + [ 0B (Su/Fg.) avm
Remark 3 Note that, by Corollary 1, we have S; = E (S’O/Ftc> e”W‘_ét. Also, an im-

mediate consequence of Prop. 1 and 2 is the fact that the market is complete and has no
arbitrage opportunities.

Consider Vr = (St — K)* the payoff function of the European call option with
exercise time 7" and strike price K. Denote by E the expectation with respect to P and by
D the Malliavin derivative with respect to W. By formulas (21) and (23) we have

Vim B (V/E) — [ BB (Dus/Floge) st [ 0B (S0/Fluye) Vs
Taking the conditional expectation with respect to the o-algebra F;, we obtain
B (7/F.) = E(V6) - /0 H.E (D.So/E) W, + /0 oHE (3,/8.) ai.
Therefore, the process (IE (‘th JF t>)t6[0,1] is a martingale and for every ¢t < T it holds that
E (f/t /Ft) . (VT/Ft) or
E(V,/F,) = E (af"(T*t)vT /Iﬁ‘t> . (24)
We have the following option valuation Black-Scholes formula.

Proposition 3 Assume that the terminal value is given by Vp = f(St) with f(x) = (z —
K)* and the initial price of the risky asset is So = W1 + ¢, where c is a positive constant.

Then we have that g
E(V,/F)=G (¢t — "t
(Vi/Fy) <’W1—Wt+c>

9



where

Gt z) = %é_T) [az ( /R T (u c)N(d1)du> _ Ker(Th /R eluzTN(dg)du(]%)

with

%C))wL(rJr%Q) (T —1)

In
dy = di(z,u) = (= dy = do(zu) =dy —oVT =1 (26)

2
and N(d) = 2 dx.

A=

Proof: Using the fact that the increments of the Wiener process are independent on
disjoint intervals, the Markov property and (24) imply

B(Vi/F) = B[ f(sr)/5
- E [e—T(T—t)f <6"Wt+(r‘(’;>t1~l€ (So/FTC)GU(WT_WM(T_(ZQ)(T_”)} ¢ <t

where ,

G(t,z) =e TTVE [f (:UE(SO/FTC) eU(WTWt)+(TU2>(Tt)>] )
Since E (Sp/Fpe) = W1 — Wp + ¢, by the joint normal distribution of (W7 — Wy, Wp — W),
G(t,z / ¢~ 20T T>
(@) = V2r(1— <\/27r —t)

We refer to classical arguments (see [5]) to get

_T(T t) 02 v2
( (u+ c)e av+<r—2)(T—t)> o= T

St

"E (So/Fye)

) i

)

e—T(T-1) -2 v2
( z(u + c) UH(T?)(TU) e 270 dv = x(utc)N(di (2, u)—Ke " T DN (dy(a, u))

\/ 271' —t)
where dy, dy are given by (26) and the conclusion follows. [ |
Since the market is complete, every bounded contingent claim is attainable. There-

fore, it is of importance to find the expression of the replicant portfolio. This is given in
Proposition 4 below.

Proposition 4 Under the hypothesis of Proposition 3 and denoting by g(t,z) = e " G(t,e"x),

the replicant portfolio is given by

Ho=(eo— 2t 1) o%¢_ 5 ) p—c (t, Sf) CeH, -2t
E (So/FtC) oz E (So/Ftc) Wi—-Wi+c E (So/Fte)

(27)

10



Proof: Denote by M; = & SS;F % We utilize the classical procedure to determine the
0/ %

unknown quantities h and H. We have that

- - S S

E (Vt/IE‘t) = e ""E(V;/F;) = e "G (t, ~t) —e "G |t et —t | = e IG(L, €M)
E (So/Fye) E (So/Fyc)

with G a C*° function on [0,7") x R. Writing It6’s formula for g(¢, M), we obtain

t
o -
g(t,My) = g(O,Mo)—I—/ Ua—i(u,Mu)Muqu
0
1 t 829

0

t ag
—(u, M,
+/0 8t(u’ )du +

Note first that the bounded variation part is zero. On the other hand, by (21)

t t
E (V;/Ft) —E(Vp) — / H.E (DSSO/]FS) + / oH,E (SS /IFS> AW, (29)
0 0
By (28) and (29), the natural candidate for H satisfies 0%(3, MM, = cH,E (gs/]Fs) and
since E (gs/Fs) = E(Sp) M, we obtain relation (27). |
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