
Solutions TD 4

1. Estimation paramétrique

1) Oui, parce que fθ(x) ≥ 0 et
´
fθ(x)dx = 1.

2) FX(x) = x2/θ2, x ∈ [0, θ],
Fmax(x) = IP(max(X1, X2) ≤ x) = IP(X1 ≤ x,X2 ≤ x) = (IP(X1 ≤ x))2 = x4/θ4, x ∈ [0, θ],
gθ(x) = 4x3/θ4, x ∈ [0, θ].
3) IE(X1) = 2θ/3, IE(max(X1, X2)) = 4θ/5, donc IE(θ̂1) = IE(θ̂2) = θ.
4) IE(X2

1 ) = θ2/2, IE(max(X1, X2)
2) = 2θ2/3, donc Var (X1) = θ2/18 et Var (max(X1, X2)) =

(2/3− 16/25)θ2.
RQM(θ̂1) = θ2/16 et RQM(θ̂2) = θ2/24.
5) θ̂2 est meilleur.

2. Loi normale

1) b = (an− 1)σ2.
2) RQM(Qa) = (2na2 + (an− 1)2)σ4.
3) Le RQM est minimum implique a = 1/(n + 2). L’estimateur est sans biais implique

a = 1/n.

3. Machine outil

1) m̂ = 1
n

∑
Xi = X̄, σ̂2 = 1

n

∑
(Xi − X̄)2.

2) Rappelons que si Xn
p−→X et Yn

p−→ Y alors aXn + bYn
p−→ aX + bY et XnYn

p−→ XY . Par la

LGN, on a m̂
p−→ m et 1

n

∑
X2
i

p−→ IE(X2). On a ainsi X̄2 = m̂2 p−→ m2 et σ̂2 = 1
n

∑
X2
i − X̄2 p−→

IE(X2)−m2 = σ2.

3) S2 = 1
n−1

∑
(Xi − X̄)2, Var (S2) = 2

n−1σ
4, RQM(S2) = 2

n−1σ
4, Var (σ̂2) = 2(n−1)

n2 σ4,

RQM(σ̂2) = 2n−1
n2 σ4. On a RQM(S2) > RQM(σ̂2) car 2

n−1 >
2n−1
n2 ⇐⇒ 3n− 1 > 0.

4) m̂ = 399, 54, σ̂2 = 0, 56, S2 = 0, 64.

4. Variables de Poisson

1) θ̂MV = X̄.

2) b = 0, θ̂MV
p−→ θ d’après la loi des grands nombres.

5. Châıne de Markov

1) µ = ((1− q)/(2− p− q), (1− p)/(2− p− q))T .
2) L(p, q) = IP(X1 = x1, . . . , Xn = xn)
= Πn−1

i=1 IP(Xi+1 = xi+1|Xi = xi)

1



= p
∑

1I{xi=e1,xi+1=e1}(1− p)
∑

1I{xi=e1,xi+1=e2}(1− q)
∑

1I{xi=e2,xi+1=e1}q
∑

1I{xi=e2,xi+1=e2} .
3) p̂ =

∑
1I{xi=e1,xi+1=e1}/(

∑
1I{xi=e1,xi+1=e1} +

∑
1I{xi=e1,xi+1=e2}),

q̂ =
∑

1I{xi=e2,xi+1=e2}/(
∑

1I{xi=e2,xi+1=e1} +
∑

1I{xi=e2,xi+1=e2}).

6. Variables exponentielles

1) λ̂MV = X̄.
2) Iα = [X − λq(1+α)/2/

√
n,X + λq(1+α)/2/

√
n].

3) I90% = [1000− 164, 1000 + 164]

7. Tirage avec remise

1) IP(X1 = 1) = k/100, IP(X1 = 0) = 1− k/100,
IP(X1 = 0, X2 = 0) = (1− k/100)2, IP(X1 = 0, X2 = 1) = (1− k/100)k/100,
IP(X1 = 1, X2 = 0) = (1− k/100)k/100, IP(X1 = 1, X2 = 1) = (k/100)2.
2) L(k) = (1− k/100)n−

∑
xi(k/100)

∑
xi .

3) k̂MV = 100X̄.

4) IE(k̂MV ) = k, k̂MV
p−→ k d’après la LGN.

5) k̂MV ∼ Bin(100, k/100). k̂MV suit approximativement la loi N (k, k(1 − k/100)), avec la
majoration de la variance on a k̂MV ∼ N (k, 25), I90% = [k̂MV − 5× 1.64, k̂MV + 5× 1.64].
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