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1. Introduction

From a mapping f : X x R — Y, where X and Y are complete
metric spaces, or Banach spaces when the differentiability is studied,
we consider a superposition operator in the following form

[t = u(@)] — [t — f(u(t),t)]

where v : R — X is an almost periodic function, or an asymptotically
almost periodic function, or an almost automorphic function.

Such operators are useful for the functional-analytic methods in the
study of oscillations in various kinds of differential equations. First
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studies of this kind of operators are presumably due to Nemytskii (see
the preface of [40]); that is why such operators are sometime called
Nemytskii operators.

Our aim is to obtain the continuity and the differentiability of such
operators under assumptions which are weaker than these ones generally
used.

Out of the Almost Periodicity, superposition operators are currently
used in numerous fields of Mathematical Analysis; for instance the book
[5] is totally devoted to these operators and contains a lot of examples.

Now we describe the contents of the paper.
In Section 2 we fix our notations about the notions used in the sequel.

In Section 3 we study the continuity of the superposition operators
between spaces of almost periodic functions in the sense of Harald
Bohr. We improve results of Yoshizawa [41] by deleting an assumption
of separability. The first main result is Theorem 1 where we do not
consider the usual Lipschitz condition as in [23] for instance. We give
three different proofs of this theorem since each of these proofs contains
arguments which are interesting for themselves. The first proof is the
english translation of the one given by Cieutat in his Thesis Dissertation
[20] (in French) and which is unpublished in a scientific journal. The
second proof is based on a generalization to the almost periodicity of a
method that we have only encountered in the well-known book "Cours
d’Analyse" by Laurent Schwartz. This method essentially uses a varia-
tion of the classical theorem of Heine on uniform continuity. In another
setting (this one of the spaces of bounded sequences), this method has
been used by Blot and Crettez in [12]. The third proof is based on the
Bohr compactification which permits to transform the almost periodic
functions into continuous functions defined on a compact group. Finally
we establish the converse of Theorem 1. This new result shows that,
among the various notions of almost periodic functions with parameters,
the notion used by Yoshizawa [41] is the appropriate notion to have the
continuity of the superposition operators.

In Section 4, by using the new result of section 3, we improve results
on the semilinear evolution equations which are given in the book of
Hino, Naito, Minh and Shin [29].

In Section 5 we establish results on the differentiability of superpo-
sition operators between spaces of almost periodic functions.



In Section 6, by using results of Section 5, we establish a result on
the perturbation of almost periodic solutions of differential equations
in Banach spaces.

In Section 7 we establish new results on the continuity and the differ-
entiability of the superposition operators in the setting of the n-times
differentiable almost periodic functions. Such functions are specially
studied in works of N’Guérékata and several co-authors [34], [19], [7].
The methods used in this section are adaptations of these ones of Section
3 and of Section 5.

We also adapt the methods of Section 3 and Section 5 to establish
new results on on the continuity and the differentiability of the super-
position operators in the setting of the asymptotically almost periodic
functions in Section 8 (where we also use important results due to
Zaidman) and in the setting of the almost automorphic functions in
Section 9.

Note that we can find some results on the superposition operators
on spaces of Besicovitch-almost periodic functions in [10], [20], [13], and
on spaces of almost periodic sequences in [14]. We do not study these
settings in the present paper.

2. Notation

X and Y are complete metric spaces.

When A is a topological space, C°(A, X) denotes the space of all contin-
uous mappings from A into X. When moreover A is compact, C°(A, X)
is endowed with the supremum distance doo (¢, 1) := sup,c 4 d(¢(a), ¥ (a)).

When X and Y are Banach spaces, £(X,Y) is the Banach space of all
linear continuous mappings from X into Y. And when n € N, := N\
{0}, £,(X™,Y) is the Banach space of all continuous n-linear mappings
from the product X™ in Y.

When X and Y are Banach spaces and when n € N, C"(X,Y) denotes
the space of all n-times continuously Fréchet-differentiable mappings
from X into Y.

BC%(X,Y) denotes the space of the bounded continuous mappings from
X in Y. Endowed with the distance of the supremum, defined by

doo (¢, 0) = sup,ex d(p(x),¥(x)), BCY(X,Y) is a complete metric
space, [38] Corollaire 2 p. 196. When Y is a Banach space, endowed
with the sup norm [|¢||le := sup,cx [l¢(2)|, BCY(X,Y) is a Banach
space, |38] Corollaire 3 p. 196. When X and Y are Banach spaces and
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when n € N, BC"(X,Y) is the space of the mappings which belong
to C*(X,Y) N BC(X,Y) such that all their differentials, until order
n, are bounded on X. Endowed with the norm |¢|cn = |¢|lec +
S i<ken IDF@lso, it is a Banach space.

When X is a Banach space, C§(R4, X) denotes the space of all func-
tions u € CO(R4, X) such that lim; .., u(t) = 0. It is a Banach sub-
space of BCO(R4, X).

AP’ (R, X) stands for the space of all almost periodic functions in the
sense of Harald Bohr [31], [4], [17], [33], [21], [41], [24]. Endowed with
the distance d, it is a complete metric space. When X is a Banach
space and when n € N,, AP"(R, X) denotes the space of the functions
of BC™"(R, X)N APY(R, X) such that all their derivatives, until order
n, belong to APY(R, X) [34], [19], [7].

We denote by P.(X) the set of all compact subsets of X. We define
APU(X x R,Y) as the set of the mappings f : X x R — Y which are
continuous on X x R and which satisfy the following property: for all
K € P.(X), for all € > 0, there exists ¢ = ¢(K, €) > 0 such that, for all
r € R, there exists 7 € [r,r 4 /] satistying || f(x,t +7) — f(z,t)|| < € for
all (z,t) € K xR; see [41] Definition 2.1 p. 5-6. In the finite-dimensional
setting this notion is used in [11], [13] and [6], and under an equivalent
form it is also used in [30] and in [43] Section 3.4 in Chapter 3 p. 175.
Such mappings are called almost periodic in t uniformly in x.

Remark 1. If ¢ € C%X,Y), and if we set f(z,t) := ¢(z) for all
(z,t) € X x R, then we have f € APU(X x R,Y).

When X is a Banach space, AAP(R4, X) denotes the space of all
functions from R in X which are asymptotically almost periodic in
the sense of Fréchet [42]. Recall that w € AAP(R4, X) means that
u = uy+ug withu; € AP°(Ry, X) and ug € C§(Ry, X). AAP(R4, X)
is a Banach subset of BC?(R, X). Following Zaidman, see in [28], a
mapping f : X x Ry — Y, (z,t) — f(z,t), is called asymptotically
almost periodic in t uniformly in x when f is continuous and when f
satisfies the following condition: for all K € P.(X), for all € > 0, there
exist T'= T(K,e) > 0 and ¢ = ¢(K,€) > 0 such that, for all r € Ry,
there exists 7 € [r,r + {] satisfying || f(z,t + 7) — f(x,t)|| < € for all
x € K and for all t > T. We denote by AAPU(X x R4,Y) the set of
all such mappings. We can see a recent use of these notions in evolution
equations e.g. in [28].

We denote by AA(R, X)) the space of all functions from R in X which
are almost automorphic in the sense of Bochner [15], [16], [34]. Recall
that u € AA(R, X) means that u € C°(R, X) and that u satisfies the



following property: for all real sequence (s,),, there exists a subsequence
(Sn)n of (8],)n such that lim,, oo u(t—s,,) exists in X for all t € R, and
limy, o0 (limyy,— o0 w(t — Sy +5p)) = u(t) for all ¢ € R. Now we introduce
a new notion. We say that a mapping f : X x R =Y, (z,t) — f(z,1),
is almost automorphic in t uniformly in x when it satisfies the two
following conditions:

(1) Forall z € X, f(z,.) € AA(R,Y).

(2) For all K € P.(X), for all € > 0, there exists § = 0(K, €) > 0 such
that, for all z, z € K, if d(x, z) < § then we have d(f(z,t), f(z,t)) <
e for all t € R.

We denote by AAU (X x R,Y') the set of such mappings.

Remark 2. The set of the conditions (1) and (2) is equivalent to the
following condition.

(3) @ € CVX, AA(R,Y)) where ®(x) := [t — f(x,1)].

Indeed, let us we assume that (1) and (2) fulfilled. In view of (1), the
mapping ¢ : X — AA(R,Y) is well-defined. Since X and AA(R,Y)
are metric spaces, ® is continuous on X if and only if the restriction
of ® to each compact subset of X is continuous. This last condition
is ensured by (2), and consequently (3) is satisfied. Conversely assume
that (3) fulfilled. Then, since ®(z) € AA(R,Y) for all z € X, (1) is
satisfied. And since ® is continuous on X, & is uniformly continuous on
each K € P.(X), that is exactly (2).

Remark 3. In the above definition, note that the conditions (1) and
(2) imply that f € C°(X x R,Y).

Remark 4. If ¢ € C°(X,Y), and if we set f(x,t) := ¢(x) for all (x,t) €
X x R, then we have f € AAU(X xR,)Y). If f € APU(X x R,Y)
then f € AAU(X x R,Y). This notion is different from the one used
in [34] Theorem 2.18 p. 60, and it is also different from the one used
in [32] where the authors use bounded subsets of X instead of compact
subsets of X.

3. Continuity and Almost Periodicity

In this section we study the continuity of the superposition operators
between spaces of almost periodic functions. X and Y are complete
metric spaces.

Lemma 1. Let f € APU(X x R,Y) and K € P.(X). Then the
restriction of f to K x R is uniformly continuous.
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Lemma 1 is Theorem 2.1, p. 7, in [41]. Note that, in his book,
Yoshizawa gives statements in finite-dimensional normed spaces, but
he gives proofs in complete metric spaces, assuming that X is separa-
ble. The proof of Lemma 1 given by Yoshizawa actually does not use
separability of X.

Lemma 2. Let ¢ € C°X,Y) and v € AP°(R,X). Then we have
pove AP'(R,Y).

Lemma 2 is Property 4, p. 3, in [31]. In the Banach spaces setting,
a proof of this result is also given in [4], p. 6, and in [34], Proof of
Theorem 1.34 p. 14.

Lemma 3. Let f € C°%(X x R,Y) and K € P.(X). We define the
mapping f5 : R — COUK,Y) by setting fX(t) := [z — f(x,t)] for all
t € R. Then the two following assertions are equivalent.

(i) f € APU(X x R,Y)
(ii) For all K € P(X), fX € AP°(R,C°(K,Y)).

Lemma 3 comes from [20] inside the proof of Théoréme in Section 2
of Chapter 1, p. 7.

Proof of Lemma 3. (i = ii). Continuity of f¥ is a straightforward
consequence of Lemma 1. By using the definition of APU(X x R,Y),
we know that, for all € > 0, there exists £ > 0 such that, for all » € R,
there exists 7 € [r,r + /] satisfying d(f(z,t + 7), f(z,t)) < € for all
x € K and for all ¢t € R. By taking the supremum over the x € K, we
obtain deo (f5(t +7), fX(t)) <eforallt € R

(ii = 1i). Let (xp,tn)n be a sequence of elements of X x R which
converges toward (z.,ts) € X X R. We set K, 1= {z,, : n € N}U{z,} €
P.(X). Note that we have

1S (@, tn) = f(@as t) | < L (2ns tn) = f (2, LI+ 1f (0, te) = f (s, 82) |
< () = PR () loo + 175 (8 (@n) — F5 (8 ()]

Since limy, oo tp = t«, f5* is continuous on R, and f&+(t,) is continu-
ous on K, we deduce from the previous inequalities that

limy, oo f(@n,tn) = f(2«,t.). And so we have proven that f € C%(X x
R,Y). Now we arbitrarily fix K € P.(X) and ¢ > 0. Since f¥X ¢
APY(R,CY(K,Y)) we know that there exists £ > 0 such that for all
r € R, there exists 7 € [r,r + {] satisfying ||f5(t +7) — f5(1)|loo < €
for all t € R, that implies: || fX(t+7)(z) — fE(t)(2)|| < e for all x € K
and for all ¢ € R. Noting that fX(t + 7)(x) = f(z,t + 7) and that
fX(t)(x) = f(z,t), we obtain that f € APU(X xR,Y).m
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Lemma 4. Let f € APU(X x R,Y) and u € AP°(R, X). Then we
have [t — f(u(t),t)] € AP°(R,Y).

Proof of Lemma 4. We set K := u(R), the closure of u(R), which is
compact [31], Property 1, p. 2. We define the mapping ¢ : CO(K,Y) x
K — Y by setting ¢(g, x) := g(x), and the function v : R — C°(K,Y") x
K by setting v(t) := (f¥(¢),u(t)), where f¥ is provided by Lemma 3.
When ¢g,h € CY(K,Y) and z,z € K, we have d(é(g,z), ¢(h, 2)) <
d(g(x),h(x)) + d(h(x),h(z)) < do(g,h) + d(h(x),h(2)). From these
inequalities we can deduce that ¢ is continuous. By using Lemma 3 we
know that f% is almost periodic, and by using the Bochner criterion,
[31] p.4, we see that v € AP°(R,C°(K,Y) x K). Since f(u(t),t) =
¢pow(t) for all £ € R, we conclude using Lemma 2 .

The proof of Lemma 4 above is in [20], Théoréme in Section 2 of
Chapter 1, p. 7. It is an improvement of the one given in [41], Proof of
Theorem 2.7 p.16, since Yoshizawa assumes that X is separable. Lemma
4 yields the definition of the following superposition operator:

(4) N} :APY(R,X) — AP'(R,Y), N}(u) = [t — f(u(t),t)]
where f € APU(X x R,Y).

Following Remark 1, when ¢ € C°(X,Y), we can define the super-
position operator u + ¢ o u from AP°(R, X) in AP°(R,Y). The first
main result of this section is the following theorem.

Theorem 1. Let f € APU(X x R,Y). Then the superposition N},
defined in (4), is continuous from AP°(R, X) in AP'(R,Y).

We will give three proofs of Theorem 1. But before giving the first
one, we need the following lemma.

Lemma 5. If K is a compact subset of AP°(R, X), then
S:=A{u(t) : t € R,u € K} is a relatively compact subset of X.

Proof. We fix ¢ > 0. Since K is compact, it is also precompact, and
so there exists {u1,...,u,} a finite subset of APY(R, X) such that K C
Uicj<p{v € AP(R, X) : doo(v,u;) < §}. Since uj(R) is relatively
compact in X for all j =1,..., p, their union U;<;<, u;(R) also is rela-
tively compact, and consequently there exists {t1,...,%,} a finite subset
of R such that U <<, ui(R) C Ui<j<p Ur<p<olz € X 1 d(w, ui(ty)) <
5} If x € S there exist v € K and ¢ € R such that z = v(t), and then
there exists j € {1, ..., p} such that do (v, u;) < §, and consequently we
have d(z,u;(t)) < §. By using the last previous inclusion, we know that
there exist 7 € {1,...,p} and k € {1, ..., ¢} such that d(u;(t), u;(tx)) < §.
And so we have d(z,u;j(ty)) < d(x,u;(t)) + d(u;(t),ui(ty)) < 25 = e
This reasoning proves the following inclusion: S C U;<;<, Ui<g< {2 €
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X :d(z,u;(ty)) < €} which proves that S is precompact, and since X is
complete, we obtain that S is relatively compact, [22] théoréme 3.17.5,
p. 63.

Lemma 5 and its proof are included in [20], Lemme 3 in Section 3 of
Chapter 2, p.15.

First Proof of Theorem 1. Let K be a compact subset of AP*(R, X),
let w € K and let € > 0. We set S := {u(t) : t € R,u € K}. By
using Lemma 5 we know that the closure S is compact. Since f €
APU(X x R,Y) there exists £ > 0 such that, for all » € R, there exists
—7 € [r,r + {] satisfying the following condition:

(5) d(f(z,s+7), f(zx,s)) < § for all (x,5) € S x R.

Since S x [0, £] is compact as a product of two compacts, f is uniformly
continuous on it, and consequently there exists § = §(S x [0,4],€) > 0
such that, for all s1, s2 € [0,£] and for all 21,22 € S we have:
(d(z1,22) <6, [s1—52| < ) = d(f(z1,1), f(z2,52)) < 5, that implies
the following assertion:

(6) d(z1,72) <0 = d(f(x1,5), f(x2,s)) < § forall s € [0,4].

If v € K satisfies doo(v,u) < §, by using (5) and (6), we obtain, for all
teR,

d(f(u(t), t), f(v(t),1)) < d(f(u(t),t), f(u(t), t — 7))+
d(f(u(t),t = 7), f(0(t),t = 7)) +d(f(v(t), t = 7), f(v(t),1)) < 3%6-

And so, by taking the supremum on the t € R, we obtain d (N} (u), N} (v)) <
€. This proves that the restriction of N } to K is continuous for all
compact subset K of AP°(R, X), and since AP°(R,, X) and AP°(R,Y)

are metric spaces, this proves the continuity of N } on AP°(R, X).m

This first proof of Theorem 1 is due to Cieutat [20], Proposition 1
in Section 3 of Chapter 2, p. 15-17. In order to give a second proof of
Theorem 1 we need the following new result.

Lemma 6. Let f € APU(X x R,Y). Then the following assertion
holds: for all K € P.(X) and for all € > 0 there exists 6 = 0(K,¢€) >
0 such that, for all x € K and for all z € X, if d(x,z) < § then
d(f(z,t), f(2,1)) < € for all t € R.

Remark 5. This statement is not simply the uniform continuity of
f on K x R (Lemma 1). Note that we use z € X and not z € K
in the conclusion. When X is locally compact, for instance when X
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is a finite-dimensional Banach space, we can find a relatively compact
subset 2 of X which contains the compact K, [22] result 3.18.2, p. 65,
and then the uniform continuity of f on Q x R implies the conclusion
of Lemma 6. But when X is not locally compact, for instance when
X is an infinite-dimensional Banach space, such a reasoning becomes
impossible.

Proof of Lemma 6. We proceed by contradiction, we assume that
there exist K € P.(X) and € > 0 such that, for all § > 0, there
exist 2% € K, 22 € X and t° € R satisfying d(z?,2%) < ¢ and
d(f(x0,1%), f(2°,t°) > €. For all m € N,, we set z,, := /™, 2, :=
21/™ and t,, := t1/™, and so the following assertion holds:

(7) For all m € N, there exist x,, € K, 2z, € X and t,, € R such that
A(Xm, 2m) < % and d(f(xm,tm), f(zm,tm)) > €

Since K is compact, by using the Weierstrass-Bolzano theorem, there
exists a subsequence (Zq(m))m Of (Trm)m (Where a1 N — N, is strictly
increasing) and there exists & € K such that lim,, To(m) = &. Note
A< % for all m € N, that implies

a(m
that we also have limg, ..o za(m)( i 2. We set K1 = {z4(m) : m €
N.}uU{z}. By using the Heine-Borel-Lebesgue theorem we can see that
K, is compact. And so K5 := K U K is also compact as a union of
two compact subsets. Then by using Lemma 1, we obtain the following

assertion:

that we have d(Zo(m); Za(m)) <

(8) For all o > 0 there exists §, > 0 such that, for all z,z € Ko,
if d(x, z) < By then d(f(z,t), f(2,t)) <o for all t € R.

By taking o¢ := §, 3 := 35, and choosing mg € N, such that m%@ < 4,
we obtain d(f(Za(m);t), f(Zam),t)) < § for all t € R and for all m >
mg, that implies d(f($a(m)7 ta(m)), f(Za(m),ta(m))) < % when m > mg,
that is a contradiction with (7).m

Second Proof of Theorem 1. We fix u € AP°(R, X) and ¢ > 0.
Since K := u(R) € P.(X), we can consider 6 = §(K,€) > 0 provided
by Lemma 6. Then when v € AP°(R, X) satisfies doo (v, u) < &, we have
d(v(t),u(t)) < ¢ for all t € R, with u(t) € K. Consequently Lemma
6 implies that we have d(f(v(t),t), f(u(t),t)) < e for all t € R, that
means that doo(N}(v), N} (u)) < em

We need some additional lemmas in order to give a third proof of
Theorem 1.

Lemma 7. If ¢ € C%(X,Y) then the following assertion holds: for all
K € P.(X) and for all € > 0 there exists § = 0(K,€) > 0 such that, for
all z € K and for all z € X, if d(z,z) < 0 then f(¢p(x), p(2)) <e.
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Following Remark 1, Lemma 7 is a straightforward consequence of
Lemma 6. Lemma 7 is established in [37] footnote (**) p. 355, in [3§]
Théoréme (T.2, IX, 5; 1) p.109, and in [39] Théoréme 2.7.20 p. 229.
In [12], Lemma A1l.3 in Appendix 1 p. 22, the authors call Lemma
7 as the lemma of Heine-Schwartz since its direct proof (given in the
books of Laurent Schwartz) is almost the same one that the one of the
classical theorem of Heine on the uniform continuity (continuity on a
compact space implies the uniform continuity) and since this lemma is
only present in the above-mentioned books of Laurent Schwartz.

Lemma 8. Let A be a compact metric space and F': X x A —Y be a
mapping. Then the two following assertions are equivalent.

(i) F is continuous on X x A.

(ii) The superposition operator Np : C°(A, X) — C°(A,Y) defined by
Nr(p) :=[a — F(p(a),a)] is well-defined and continuous.

Proof. (i = i) We fix ¢ € C%(A4,X) and ¢ > 0. We set K :=
{(¢(a),a) : a € A} which is compact as the range of the compact A
by the continuous mapping a — (¢(a),a). We consider § > 0 provided
by Lemma 7 where X is replaced by X x A and ¢ is replaced by F'. When
Y € CO(A, X) satisfies doo (1, ¢) < & then we have d((¢(a), a), (1(a),a)) =
d(p(a),¥(a))+d(a,a) < do(1), ) < § with (¢(a),a) € K for all a € A.
Then Lemma 7 implies d(F(¢(a),a), F(¢(a),a)) < € for all a € A, that
means: doo(Np(9), Np(v)) < em

(it = i) When = € X we consider the constant function ¢, (a) := =,
and so ¢, € C°(A, X) and the mapping = +— ¢, is continuous from
X in C%(4, X). We fix (r,a) € X x A, and we consider ((zy,a)), a
sequence of points of X x A which converges towards (z,a). Then, for
all n € N, the following inequalities hold:

d(F(xpn,an), F(x,a)) < d(F(xn,an), F(z,a,)) + d(F(z,a,), F(z,a))

= d(NF(z,)(an), Nr(#z)(an)) + d(Nr(@z)(an), Nr(pz)(a))

< doo(NF (¢, ), NF(92)) + d(NF(p2)(an), N (p2)(a)-

Note that lim,—co doo (Np(¢s,, ), Nr(¢z)) = 0 since Np and = — ¢,
are continuous, and that lim, . d(Np(pz)(an), Nr(pz)(a)) = 0 since
Ng(pz) € C°(A,Y). And so the last inequalities permit us to obtain
limy, oo d(F(zp, an), F(x,a)) = 0. And since we work in metric spaces,
the continuity of F' is proven.m

In the following lemma we use the Bohr compactification Rp of
R, [36] Subsection 1.1 in Section 1 in Chapter 1 p. 5. We denote by
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ip : R — Rp the associated injective homomorphism of topological
groups. Recall that Rp is a compact group, that ig(R) is dense in Rp,
and that u € AP°(R, X) then there exists ugp € C°(Rp, X) such that
up(ip(t)) = u(t) for all t € R.

Lemma 9. Let f € APU(X x R,Y). Then there exists fg € C°(X x
Rp,Y) such that fp(z,ip(t)) = f(x,t) for all (z,t) € X x R.

Proof. We consider the operator Zy : AP’(R,Y) — C°(Rp,Y) de-
fined by Zy (v) := vp. It is easy to check that Zy is a bijective isometry.
We define f*: X — AP°(R,Y) by setting f*(x) := [t — f(x,t)]. By us-
ing Lemma 6 we see that fti is continuous. Denote by 7 and m the two
projections on X x Rpg. We define the mapping E : C°(Rp,Y)xRp —
Y by E(p,&) = ¢(&). We can verify that E is continuous. Since
a composition of continuous mappings is continuous, we obtain that
fB := E o (Iy o ff o my,m) is continuous from X x Rp in Y. And
when (z,t) € X x R, we have fg(x,ip(t)) = E(Zy o fi(x),ip(t)) =
Iy (fH () (i(t) = fH(2)(t) = f(z,t)m

Third Proof of Theorem 1. We consider f5 € C°(X x Rp,Y) pro-
vided by Lemma 9 in view of Lemma 8 it follows that the superposition
operator Ny, : C°(Rp, X) — C°(Rp,Y), defined by Ny, (¢) = [€ —
fB(p(£),&)], is continuous, i.e. the following assertion holds:

(9) For all p € C°(Rp, X) and for all € > 0 there exists n = 1(p, €) > 0
such that, for all 1 € C°(Rp, X), if doo (¢, ) < 7, then we have

doo(Ngp (¥), Nyg () < €.
Fix u € AP°(R,X) and € > 0. Let = n(up,e) > 0 be provided
by (9). If v € AP°(R, X) satisfies d(v,u) < n then we also have
deo(vB,up) < n and consequently, by using (9), we obtain, for all t € R,
the following inequalities:

d(f(v(t), 1), f(u(t),t)) = d(fB(v(t),ip(t)), fB(u(t),in(t)))
= d(fB(vs(is(t)),ip(1)), fB(up(ip(l)),ip(1)))
< doo(Nyp(vB), Ny (up)) <€,

that implies dOO(N} (v), N} (u)) < em

In the finite-dimensional Banach spaces setting, Theorem 1 is stated
in [30], Lemma 1.1 p. 5, with no proof. The authors rather refer to
1955 Amerio’ works (in Italian), 1960 Perov’s results (in Russian), 1962
Zubov’s works (in Russian), and 1961 Corduneanu’s results (in Roma-
nian); see [30] for precise references. When X is finite-dimensional, a
proof of Theorem 1 is also given in [11], Lemma 5 p. 706. In the finite-

dimensional setting, we can also find an approach of this question based
on the use of the Bohr compactification in [35] and [3].
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Now we establish the converse of Theorem 1.

Theorem 2. Let f : X x R — Y be a mapping such that, for all u €
APY(R, X), we have [t — f(u(t),t)] € AP°(R,Y), and such that the
superposition operator N} : APP(R, X) — AP°(R,Y) is continuous.
Then we have f € APU(X x R,Y).

Proof. For all x € X we consider the constant function u, : R — X
defined by u,(t) := z for all t € R. Then we have u, € AP°(R, X),
and by using the first assumption we obtain the following assertion:

(10) For all z € X, f(x,.) = N}(um) € AP°(R)Y) .

It is clear that the mapping U : X — AP%(R, X), defined by U(z) :=
Ug, is continuous and since N} : AP°(R, X) — AP°(R,Y) is continu-
ous, the composition N}oU is continuous on X, and by using the Heine
theorem, we obtain that, for all K € P.(X), the mapping = — f(z,.)
is uniformly continuous on K, i.e. the following assertion holds:

(11) For all K € P.(X) and for all € > 0 there exists § = §(K,¢) >0
such that, for all z,z € K, if d(x, z) < § then we have
d(f(z,t), f(z,t)) <eforall t € R.

This assertion means that, for all K € P.(X), the family (f(.,?))er is
uniformly equi-continuous on K.

Now we fix K € P.(X) and € > 0. Then there exists a finite subset
{#1,...,zn} in K such that K C Ujcicp{r € X s d(w,2;) < 0(K, §)}
where §(K, §) is provided by (11). By using (10) we know that f(z;,.) €
AP°(R,Y) for all i = 1,...,n, and by using the Bochner criterion, we
see that the function t — (f(x1,.),..., f(xn,.)) is almost periodic, from
which we obtain the following assertion:

(12) For all o > 0 there exists £ = £, > 0 such that, for all » € R,
there exists 7 € [r,r + £] satisfying d(f(x;,t + 1), f(zi,t)) < o for
alli=1,...,n and for all ¢t € R.

We use (12) with 0 = £. Let r € R and 7 € [r,r + {]. Then we have
d(f(zit +7), f(z5,t)) < § for all i = 1,...,n and for all ¢ € R. When
r € K there exists i € {1,...,n} such that d(z,z;) < (K, §), and then,
by using (11), the following inequalities hold: d(f(z,t), f(zi,t)) < §
and d(f(z,t+7), f(z;,t + 7)) < § for all £ € R. Therefore we obtain

d(f(z,t+7), f(2,1)) < d(f(@,t4+7), f (@i t4+7))+d(f (zi, t+7), f(2i, 1))

+d(f (i), f(r,1) <35 =€,
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for all ¢ € R. And so we have proven that for all K € P.(X) and for all
€ > 0 there exists £ = ¢(K,€) > 0 such that, for all » € R there exists
T € [r,r + ] satistying d(f(z,t + 7), f(x,t)) < e for all x € K and for
all t € R. This is the second condition to have f € APU(X x R,Y).
After that, it suffices to prove that f is continuous on X x R.

Let C' be a compact subset of X x R. We set pr; and pro the two
projections on X x R, and Cy := pri(C), Cy := pro(C). Note that C
and Cy are compact and that we have C' C C7 x Cy. We fix € > 0. By
using (11) with K = C1, we know that the following assertion holds:

(13) There exists 0 = 0(C1,5) > 0 such that, for all z,z € Cy, if
d(z,z) < 0 then we have d(f(x,t), f(2,t)) < § for all t € R.

Since C € P.(X), there exists a finite subset {z1,..., 2} in C7 such
that C1 C Ujcjemiz € X @ d(2,2) < 0} Since f(2;,.) € AP°(R,Y),
f(2,.) is uniformly continuous on C3, and consequently we have: for
all i =1,...,m and for all ¢ > 0 there exists 1;(¢) > 0 such that, for all
s, t € R, if |[s — t] < mi(o) then we have d(f(zi,s), f(zi,t)) < 0. We set
n(o) = minj<j<m, ni(c) > 0, and we obtain the following assertion:

(14) For all 0 > 0 there exists (o) > 0 such that, for all s,t € R,
if |s — t| < n(o) then we have d(f(z;,s), f(zi,t)) < o for all i =
1,...,m.

Now we fix x € C7 and t € Cy. We chose z; such that d(z, z;) < § where
J is the one of (13). We consider z € C; such that d(z,z;) < ¢ and
s € O such that |s —t| < n(§ where 7 is provided by (14). Then by
using (13) and (14), we obtain the following inequalities:

d(f(x,1), f(z,8) <
d(f(li’t)v f(zivt)) + d(f(zivt)a f(zi’ S)) + d(f<zia 5), f(2'7 8)) < 3% = €.

That proves the continuity of the restriction of f to Cy x Cs. Conse-
quently the restriction of f to C' is also continuous, for all compact
subset C' of X x R. Since X x R is a metric space, this proves the
continuity of f on X X R.g

Corollary 1. Let ¢ : X — Y be a mapping. Then the two following
assertions are equivalent.

(i) ¢ is continuous from X in'Y.

(ii) The superposition operator u — ¢ou is continuous from AP°(R, X)
in AP'(R,Y).
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Following Remark 1, Corollary 1 is a straightforward consequence of
Theorem 1 and Theorem 2.

Remark 6. All the results of this section remain valid if we replace R
by R4 = [0,00) or by a locally compact Abelian group.

Remark 7. When € is a nonempty open subset of X, we define

AP (R, Q) := {u € AP°(R, X) : u(R) C Q}. Since u(R) is compact
when u € AP°(R, X) and since X \ Q is closed, when v € APY(R, )
we can find p > 0 such that v € AP°(R,Q) when v € AP°(R, X)
and [[v —ul|oo < p. And so AP°(R, Q) is an open subset of AP°(R, X).
When f € C%(X xR, Y) satisfies the condition which defines APU (X x
R,Y) where we replace K € P.(X) by K € P.(Q), we say that f €
APU(Q x R,Y). And then all the results of this section remain valid
when we replace AP°(R, X) by AP°(R,Q) and APU(X x R,Y) by
APU(Q x R,Y).

4. An Application to Evolution Equations

We consider a Banach space X, a (possibly) unbounded linear operator
A:D(A) C X — X, a nonlinear mapping f : X x Ry — X, and the

following semilinear evolution equation:
(15) u/(t) = Au(t) + f(u(t),?).

We consider the following list of assumptions on the equation (15).

(16) A is the infinitesimal generator of a C%-semigroup of linear op-
erators (S()):>0 on X such that there exists w > 0 satisfying
|S(t)z — S(t)y|| < e*t||z — y]| for all t > 0 and for all z,y € X.

(17) f € APU(X x Ry, X).

(18) There exists v > 0 such that, for all A > 0, for all z,y € X and for
all t > 0 we have (1 —Ay)[lz —y|| < [l —y + A(f(z, 1) — f(y, 1))l

All the notions used in these three assumptions are defined in [29];
(18) is called a condition of accretivity of —f + I, where I is the
identity operator on X. Recall that a so-called mild solution of (15) is
a continuous solution u of the following integral equation:

u(t) = S(t — s)z + /: S(t— ) f(ulr),r)dr, t>s.
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Theorem 3. We assume (16, 17, 18) fulfilled and we assume that w —
v < 0. Then there exists a unique almost periodic mild solution of (15).

This result is proven by Corollary 2.27 in [29] p. 146 by using an
(apparently) additional assumption. Now we explain what is new here.
In [29], the authors formulate a so-called condition (H5), Definition 2.18
p. 144, which says (by using our vocabulary and our notations) that
the superposition N} : APY(Ry, X) — AP°(R., X) is well-defined
and continuous. By using our results of Section 3, this condition (H5)
is translatable into a condition on f which is exactly (17). Moreover,
inside their so-called condition (H4), Definition 2.17 p.144, they assume
that f is continuous on X x R which is redundant since this continuity
is contained in (17) after our Theorem 2. Finally, in their statement of
their Corollary 2.17, the authors of [29] assume (by translating in our
notations) that —N } + N} is an accretive operator in the sense given
in their Definition 1.5 p. 17. It is easy to verify that (18) implies their
accretivity condition on the operators.

5. Differentiability and Almost Periodicity

In this section, X and Y are Banach spaces.

Theorem 4. Let f € APU(X x R,Y) such that the partial Fréchet-
differential with respect to the first vector variable D, f(x,t) exists for
all (z,t) € X xR. We also assume that D, f € APU(X xR, L(X,Y)).
Then the superposition operator Nj}, defined in (4), is continuously dif-

ferentiable from APY(R, X) into AP°(R,Y), and for allu,v € AP°(R, X)
we have DN}(U).U = [t — Dy f(u(t),t).v(t)].

Proof. Since D, f € APU(X x R,£L(X,Y)), by using Theorem 1, we
have:

(19) Np, ¢ is continuous from AP(R, X) in AP°(R, L(X,Y)).
We fix u € AP°(R, X) and set
(20) L(t) :== D, f(u(t),t) for all t € R.

L € AP°(R,L(X,Y)) in view of (19). We define now the mapping
F:XxR—=Y by

(21) F(z,t) := L(t).z for all (2,t) € X x R.

We consider the bilinear continuous operator B : L(X,Y) x X — Y
defined by B(T, z) := T.z. Denoting by pri and pra the two projections
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on X x R, we see that F' = B o (L o prg,pr1) and consequently F is
continuous as a composition of continuous mappings. We fix K € P.(X)
and £ > 0. Let p > 0 such that ||z|| < p for all x € K. Since L is almost
periodic there exists £ = E(%) > 0 such that, for all » € R, there exists
7 € [r,r+{] satisfying || L(¢t+7) = L(t)[| < £ for all t € R. Consequently,
for all (z,t) € K x R, we have ||F(z,t +7) — F(z,t)|| < ||L(t+T) —

L)z < £ >-p = €. And so we have proven that F' € APU(X xR,Y).
Then, by usmg Lemma 4, we obtain the following.

(22) Forallv € AP°(R, X), Aw := [t — D, f(u(t),t).v(t)] € AP°(R,Y).

By using the mean value theorem, Corollaire 1 in [2|, Corollaire 1 p.
144, or result 8.6.2 in [22], p. 164, we have, for all v € AP°(R, X) and
for all ¢t € R, the following inequality:

(23) [ f(u(®) +v(t),t) — f(u(?),t) - ( (), t).v(t)]l
< SUPce Jut)ut)+o )] 1D f (€ t) 2 f(u(t), )| lo@)]-

By using Lemma 6, and setting K := u(R) € P.(X), we obtain:

(24) For all € > 0 there exists 6 = §(K,€) > 0 such that, for all z € K
and for all z € X, if ||z — z|| < § then we have | D, f(z,t) —
D, f(z,t)|| <eforallt € R.

)-

Fix now € > 0 and consider v € AP°(R, X) such that [|v]|oc < & where §
is provided by (24). Then, for all t € R and for all { € Ju(t), u(t)+v(t)],
we have [|¢ —u(®)|| < [|(u(t) +o(t)) —u(@)| = [lv@)]| < [[v]o < 8, which
implies, (in view of(24)), the following assertion:

(25) For all t € R and for all ¢ € Ju(t), u(t) + v(t)],
Dz f(¢,t) — D f(u(t), )] <e

From (23) and (25) we deduce that
1 (u(t) +v(t), 1) = f(u(t),t) = Do f(u(t), t).0@)] < efv(@)]]

for all £ € R, and by taking the supremum on the ¢ € R, we obtain
HN}(u—l-v) — N}(u) — Ao < ||v]|oo When [|v]|oo < d; this proves that
N } is Fréchet-differentiable at v and that

(26) DN} (u).v = [t — Dy f(u(t),t).v(t)].

Now it suffices to proves the continuity of DN } By using (19) and
Theorem 1, we know that the following assertion holds.

(27) For all u € AP°(R, X) and for all € > 0 there exists n = n(u, €) >
0 such that, for all u; € APY(R,X), if ||u — u1]c < 71 then
IND, () = Np, g (u1)]| < e
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We fix u € APY(R,X) and € > 0. Let u; € APY(R, X) such that
|u—u1|s0 < n, where 7 is provided by (27). Then, for all v € AP°(R, X)
such that [|v]|s < 1, by using (27) we have

1Dz f (u(t), t)0() =Dz f (ur(t), £) 0 ()| < || Daf (u(t), t) =D f (ur(t), )| [lo(®)]]
< IND, () = Np, ) olloe < e1 =

that implies, by taking the supremum on all ¢ € R, that

HDN}(u).v - DN} (u1).v]]eo < €, and by taking the supremum on the

v € AP°(R, X) such that ||v]|s < 1, we obtain HDN}(U)—DN}(ul)HOO <

€ in norm of linear operators. And so the continuity of DN } follows.m

Theorem 4 was established in [20], Proposition 3 in Section 3 of
Chapter 2, p. 17, by using a different proof. When X is finite-dimensional,
a proof of Theorem 4 is given in [11], Lemma 7 p. 710. By induction
from Theorem 4 we obtain the following result.

Theorem 5. Let f € APU(X xR,Y) and n € N,.
We assume that the partial Fréchet-differential with respect the first
vector variable of order n, DI f(x,t), exists for all (z,t) € X x R,
and that D¥f € APU(X x R, Lx(X*,Y)) for all k =1,....n.
Then the superposition operator N}, defined in (4), is n-times continu-
ously differentiable from AP°(R, X) in AP°(R,Y), and moreover,
for all u,vy,...,v, € AP°(R, X) we have
D”N}(u).(vl, ey Up) = [t — D2 f(u(t), t).(vi(t), ..., va(t)].

By using Remark 1, a straightforward of this result is the following
one.

Corollary 2. Let n € N, and ¢ € C"(X,Y). Then the superposition
operator Ndl, cu v ¢ou, from APY(R, X) in APY(R,Y), is n-times
continuously differentiable on APY(R, X), and, for all u,vy,...,v, €
APY(R, X), we have
D”Nqﬁ(u).(vl, ey Up) = [t — D"¢(u(t)).(vi(t), ..., vn(t))].

When n = 1, in the finite-dimensional setting, Corollary 2 is proven
in 9], Proposition 1, p. 19.

6. An Application to Differential Equations
In this section, X is a Banach space. Let fy, f1 : X x R — X be two

mappings and € € R. We consider the following ordinary differential
equation:

(28) /'(t) = fo(u(t),t) + e fi(u(t), ).
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When € = 0 this equation becomes:

(29) /() = fo(u(t),t).

We will assume that there exists a solution u, € APY(R, X) of (29),
that the partial Fréchet-differential of fy with respect to z exists and
we consider the following condition on the linearization of (29) around
Us.

(30) For all b € AP°(R, X) there exists a unique v € AP!(R, X) such
that v/(t) = Dy fo(u«(t),t).v(t) + b(t) for all t € R.

We can find conditions on D, fo(us(t),t) which ensure the validity of
(30). For instance in [20], Théoréme 3, Section 3, Chapter III, p. 43,
the following assertion is proven: if X is a Hilbert space and if [t —
D, fo(u«(t),t)] € AP°(R, £L(X, X)) and if there exists a > 0 satisfying
(Dyfo(us(t),t).x | ) > a.l|z||? for all (x,t) € X x R, then (30) is
fulfilled. In the finite-dimensional setting, such a question is considered
in [27], Lemma 13-1 p. 122.

Theorem 6. We assume that fy, f1 € APU(X xR, X), that the partial
Fréchet-differentials Dy fo(x,t) and Dy fi(x,t) exist for all (z,t) € X X
R, and that D, fo, Do f1 € APU(X x R, L(X, X)).

We assume that there exists u, € APY(R, X) which is a solution of (29)
for which the condition (30) is fulfilled.

Then there exist €9 > 0 and a continuously differentiable function € —
ue, from (—eg, €9) in APY(R, X), such that, for all € € (—eg, o), uc is
an almost periodic solution of the differential equation (28) and such
that ug = Us.

Proof. We introduce the operator T : AP'(R, X) x R — AP°(R, X)
defined by T'(u, €) := [t — u/(t) — fo(u(t),t) —e. f1(u(t),t)]. We consider
the operator % : APY(R,X) — AP°(R, X) which is linear continuous.
We also consider the canonical injection in : APY(R, X) — AP°(R, X),
in(u) := w, which is linear continuous. Then we see that T'(u,e) =
%U—N}O oin(u) —e.N}1 oin(u) for all (u,e) € AP(R, X)x R. By using
Theorem 5, we know that N}O and N}l are of class C! on AP°(R, X).
Then we obtain that T is of class C' on AP}(R, X) x R. We also verify
that the following equation holds:

(31) T'(us,0) =0.

We calculate the partial Fréchet-differential of T with respect to its first
(functional) variable D, T (uy,0).v = Lv — DN}0 (uy).v — O.DN}(U*).U.
And we see that D,T(us,0).v = b is equivalent to the differential equa-

tion v'(t) = Dy fo(us(t),t).v(t) + b(t) for all ¢ € R. And consequently,
(30) ensures that the following assertion holds:
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(32) D,T(ux,0) € Isom(APY(R, X) x R, AP'(R, X)).

After (31) and (32) we can use the implicit function theorem, [1] The-
orem 2.5.7. p. 107 , and conclude that there exist ¢g > 0 and a con-
tinuously differentiable function € +— u., from (—¢g, €g) in APY(R, X),
such that T'(uc,€) = 0 for all € € (—€g,¢€p), that means that u.(t) =
folue(t),t) + €. fr(ue(t),t) for all t € R, and moreover uy = u..m

Remark 8. Such a method based on the implicit function theorem
is used for instance in [11] for the bounded solutions of second-order
ordinary differential equations and in [8] for the periodic solutions of
Hamiltonian systems.

7. Differentiable Almost Periodic Functions

In this section, X and Y are Banach spaces.

Lemma 10. Let f € APU(X x R, Y)NCHX x R,Y) such that its
Fréchet-differential Df € APU(X x R,L(X x R,Y)). We consider
the new mapping g : X x X x R — Y defined by g(x1,22,t) =
Df(x1,t).(x2,1). Then the following assertions hold.

(i) g € APU((X x X) x R,Y).

(ii) Let n € N, n > 2. If we assume moreover that f € C™(X X
R,Y) and that D'f € APU(X x R, L;((X x R)\,Y)) for all i =
1,...,n, theng € C" Y X x X xR,Y) and D’g € APU((X x X) x
R,L;((X x X xR),Y)) forall j=1,...,n— 1.

Proof. (i) We consider the three projection mappings pry, pre and prs
on the product space X x X x R, and the bilinear continuous mapping
B:L(X xR,Y)x (X xR) — Y defined by B(p, (z,t)) := ¢(x,t). We
see that the following equality holds.

(33) g = Bo (Df o (pri,prs), (pra,c))

where ¢ : X x X xR — R is the constant mapping ¢(z1, z2,t) := 1. Since
all the mappings present in the right member of (32) are continuous, g
is continuous on X x X X R as a composition of continuous mappings.

Now we fix C' € Po(X x X) and ¢ > 0. We set Cy := pri(C) and
Cy := pro(C') which are compact subsets of X. We chose p > 0 such that
|z2|| +1 < p for all zo € Cy. Since we have Df € APU(X x R, L(X x
R,Y)), we know that there exists £ = {(C3, ) > 0 such that, for all
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r € R, there exists T € [r, r+/] satisfying || D f (x1,t+7)—D f(x1,t)| <
for all (x1,t) € Cy x R. Therefore we have

[Df(z1,t +7).(22,1) = Df(21,1). (22, 1)]]

€
p

< |Df(er,t+7) = Df(@r )] (lazll + 1) < Sp=e

€
P
for all (x1,x9,t) € C1 x Cy x R. Since we have C C Cy x Co, we have
proven that g € APU((X x X) xR,Y).m

(ii) We define the mappings ® : X x X x R — £(X x R,Y) and

U: Xx X xR — X xR by setting ® := D fo(pry, prs) and ¥ := (pre, ¢),
and so by using (32), we obtain the following equality.

(34) g = Bo (D,v).

Then by using the chain rule for the high-order differentials, for instance
this one given in Box 2.4A in [1], p. 91, for all p = 2,...,n, for all
(71,22,t) € X x X xR, and for all 2* = (2¢,2%,¢') € X x X x R when
i =1,...,n, we have the following formula:

DPg(xy,x9,t).(2%,...2P) = Z Z pil

B(D'® (1, 22,1).(2°W, ...27®)), DP7IW (21, 29, 1). (270D 20P)y)

where S denotes the set of the bijections o from {1, ..., p} in itself such
that o(1) < ... <o(i) and (i + 1) < ... < o(p). We note that

Di®((z1,22,1).(z°W, . 27@) DI (21 4). (70, 7D, . (27 47@)y),

and since U is affine, we have DP~'W(zy, x9,t) = 0 when i < p — 2 and
we have D'W(zy,x9,t).(6x1,072,0t) = (6x2,0). And so the previous
formula for DPg becomes the following one.

(35) DPg(wy,x0,t).(2,...2P) = DPHLf(2q,t).((xd, 1), ..., (2, P), (22, 1))
+ XP: DP f(xq,t).((x1,th), ..., (xil_l,tifl), (22,0), (x'i“,t”l), oy (2 8P)).
i=1

Now we fix C' € P.(X x X) and € > 0, and we consider C; and Cy
defined like in the proof of (i). We chose p > 0 such that ||z2|| < p for all
x2 € Cy. Since DPT1 f € APU(X xR, Lp11((X xR)PTLY)) and DPf €
APU(X x R, L,((X x R)?,Y)), we have (DPTL1f DPf) € APU(X x
R, L,1((X x R)PTLY) x £,((X x R)P,Y)), and consequently there
exists ¢ = ¢(C1, We(pﬂ)) > 0 such that, for all r € R, there exists 7 €
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[r, 7 + €] satisfying | DPTLf(xq,t +7) — DPFLf (a4, 15)”517+1 < m
and ||DPf(z1,t +7) — DPf(x1,1)|c, < e for all 21 € C1 and
for all t € R. Consequently, by using (35), for all z!,...,22 € X x X xR
such that ||2%|| < 1 when i = 1, ..., p, for all (z1,79,t) € C; x O3 x R,
the following inequalities hold:

|DPg(21, z0,t + 7).(2,...2P) — DPg(x1, 29,1).(2, ...2P) ||
< H(Derlf(xlvt + T) - Derlf(xlvt))'((x%)tl)) ) (lejvtp)’ (va 1)”

p
+ 2DV f(ar,t +7) = DPf (21, 1))
=1
((x%7t1)7 R (m’i_l’tiil)7 (x27 0)7 (le+17tl+1)7 t (x]f?tp))H
p
< [(DPF f @y t+7) = DPF f e, )] Tl |+ 18)- (2l + 1)

=1

p . .
+Y D f(ayt+7) = DPf(a )l [T (2l + 7)) [l

i=1 1<j<p,j#i

< GrET Y S e =

And so we have proven that DPg € APU((X X X) xR, L,((X x X x
R)7,Y)))m

Theorem 7. Let n € N, and let f € APU(X xR, Y)NC™"(X xR,Y)
such that D¥f € APU(X x R, Lx((X x R)*.Y)) for all k = 1,...,n
Then the superposition operator NJ% : AP"(R,X) — AP™"(R,Y), de-
fined by N?(u) := [t — f(u(t),t)], is well-defined and continuous on
AP"(R, X).

Proof. We proceed by induction on n.

First Step: n = 1. We denote by in; : APY(R, X) — AP°(R, X) the
canonical injection. By using Theorem 1 we know that N } (ini(u)) €
AP(R,Y) when u € AP°(R, X). The function ¢ — f(u(t),t) is differ-
entiable as a composition of differentiable functions, and we have

%f(U(t),t) = Df(u(t),t).(u'(t), 1) = g(u(t),u'(t),?)

where g is defined in Lemma 10. Since (inq(u),u’) € AP°(R, X x X),
by using Lemma 4, we know that [t — f(u(t),t)] = Nj(ini(u),u’) €
AP°(R,Y), and so N]% is well-defined on AP*(R, X).

We note that, for all u, u; € AP'(R, X), the following equality holds:
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(36) INF(u) = Nf(u1)llor = [N o iny(u) — Nj o ina(u1)]lo
+H[Ng o (in1, ) (u) = Ny o (in1, ) (u1)|oo-

It is easy to see that in; : AP*(R, X) — AP°(R, X) and % : APY(R,X) —
AP°(R, X) are linear continuous. By using Theorem 1, Ng: AP'(R, X) —
AP°(R,Y) is continuous. By using Lemma 10, we know that Ng1 :
AP°(R, X x X) — AP°(R,Y) is continuous. Consequently N} oing :
AP'(R,X) — AP’(R,Y) and Njo(iny, 4) : AP'(R,X) — AP°(R,Y)
are continuous as compositions of continuous operators. And so, by us-

ing (36), we deduce that NJ% is continuous from AP'(R, X)in AP*(R,Y).m

Second Step: the induction assumption. We assume that the result
is valid for an integer n € N,.

Third Step: we prove the result for n 4+ 1. We consider the canonical
injection in, 1 : AP""(R,X) — AP"(R,X). After Second Step we
know that the operator N}%’n : AP"(R,X) — AP"(R,Y), defined by
N]%’"(w) = [t — f(w(t),t)] is well-defined and continuous. For all
u € AP" (R, X), we have in,y1(u) € AP"(R, X) and consequently
we obtain Nﬁ’"(innﬂ (u)) € AP™(R,Y). By using Lemma 10, ii, we
know that ¢ € APU((X x X) x R,)Y)NC™"(X x X x R,Y), and
Dige APU(((XxX)xR,L;((XxXxR)?,Y)) forall j =1,...,n. Con-
sequently by using Second Step, we know that N, 92 cAP"(R, X X X) —
AP"(R,Y), defined by NZ(u1,up) := [t — g(ur(t),us(t),t)], is well-
defined and continuous. And so, for all u € AP""(R, X) we deduce
that [t — 4= g(u(t),u/(t),t)] € AP°(R,Y), and we note that

&g 0.0 = (L gy, 0) = LD ), ),

that implies the following equality:

m n+1
(37) fomg(ult), u' (1), £) = e f(u(t), 1).
>From this equality we obtain that [t +— f(u(t),t)] € AP"T(R,Y)
when u € AP (R, X), that permits to say that the operator N?’nﬂ :
AP (R, X) — AP"*Y(R,Y), defined by N7" ™ (u) == [t — f(u(t),t)],
is well-defined.

Now we treat the continuity of N]%’nﬂ. For all u,u; € AP""(R, X)
we note that the following majorizations hold:

2,n+1 2,n+1
INF ™ () = N ()| oo

= HN?’n(mnH(U)) - N?’n(mnﬂ(m))ﬂm
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m+1 dnT1
+SupHdt"+1 ( (t)vt) dt”""lf( () )H

O o(u(t), v (1),6) — gl (1), 4 (1), 1)

+ Sup I I

< ||Nf’n 0 iMpy1(u) — N]%’n 0 inpt1(ur)lon

d

- d
HINZ (i1 (1), 50)) = N2 (g (1), ) on

And since N?’"7 N, 92’”, inyp41 and % are continuous operators, the com-
positions N?’noinnﬂ and NQ’”o(inn+1, %) are also continuous. Then by
using the last previous inequalities, we deduce that N 2ntl. gprtl (R, X) —
AP (R,Y) is continuous.m

Before to treat the differentiability of the nonlinear operator N]% we
need an additional lemma of differential calculus.

Lemma 11. Let ¥ € C""Y(X x R,Y), with n € Ny, and let p,q €
C"(R,X).
Then, for all (e,t) € R x R, the following equality holds:

L (o) + ea(t).) = 0 Lwp(e) + cat). ).

Proof. We proceed by induction on n € N,.
First Step: n = 1. By doing a straightforward calculation, we verify that

d52dt U(p(t) + e.q(t),t) and 44 e\IJ( (t) + €.q(t),t) are both equal to

U (p(t)+e.q(t),t).-((a(t),0), (p'(t)+e.q'(t), 1))+ DV (p(t)+e.q(t),1).((¢'(£),0)).
Second Step: induction assumption on n — 1.
Third Step: the case n. We use the induction assumption on the map-
ping U1 € C"((XxX)xR,Y) defined by ¥1((p1,p2),t) := D¥(p1,t).(p2,1).
And so we have the equality:

d dnfl ’ !
Ze gt V(@) (1)) + e(a(t),¢' (1)), 1)

"t d

= W&qjl((p(t%p/(t)) + 6'(Q<t)7 q/(t))7t)'

Note that
1((p(t), p'(1)+e.(a(t). ¢' (1)), t) = DU (p(t)+e.qt),).(p'(t) +e.q'(t), 1)
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- %\Il(p(t) +e.q(t),t),

and so we obtain the following equality:

d d'd vl d d

————U(p(t qt),t) = ————V(p(t .q(t),1t).
dﬁdtn_l dt (p()+€q( )7 ) dtn_l dedt (p()+6Q( )7 )
Then by using the symmetry of the second differential of (t,e) —
U(p(t) + e.q(t),t), we deduce from the previous equality the following
ones:

d d* dl d d
——U(p(t q(t),t) = ————"(p(t .q(),t
d" d
= w&‘l’(l?(t) +eq(t)t)m

Remark 9. This last lemma is in the spirit of a classical result on
second-order partial derivatives like it is exposed in [25], Theorem 3.3
p- 92. Note that we cannot simplify the proof of Lemma 11 by saying
that the function (e, t) — ¥(p(t)+e.q(t),t) is (n+1)-times differentiable
and by using the symmetry of the total differential of order n + 1.
Theorem 8. Let f ¢ APU(X x R,Y)nC" (X x R,Y) such that
DFf e APUX xR, Li,((X x R)E,Y)) forall k =1,...,n+ 1.

Then the superposition operator N]% : AP"(R,X) — AP™"(R,Y), de-
fined by N?(u) = [t — f(u(t),t)], is continuously differentiable on
AP™"(R,X), and for all u,v € AP"(R,X) we have: DN%(U).U =[t—
Dy f(u(t), t).o(t)].

Proof. By using the high-order chain rule, [1] p. 92, we know that,
when v € AP"(R,X) and 1 < k < n, by setting U(t) := (u(t),1),
%f(u(t), t) = D*(foU)(t).(1,...,1) is equal to a linear combination of
terms if the following form:

Dif(U(t).(D7U(t).(1,...,1),..., DI U(t).(1,...,1))

_ Dif(U(t)).(C;f;l U(t), ..., %U(t))

) dit di
= D' f(u(t), 8)-((G5u(t), 051), .., (S 7ul(t), 05))

where 6;, . is equal to zero or to 1.

The operator u — %7:1 w is continuously differentiable from AP™(R, X)
in APY(R, X) since it is linear continuous. The operator u +— 6, is

continuously differentiable from AP™"(R, X) in AP°(R, X) since it is
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constant. When j < k < n, we have D’ f continuously differentiable
and by using Theorem 4 we know that N, s 1s continuously differ-

entiable from AP°(R,X) in AP°(R, X). The canonical injection in,,
from AP"(R, X) in AP°(R, X) is continuously differentiable since it is
linear continuous. And then the operator u — [t — D7 f(u(t),t)] which
is equal to N })j P in, is continuously differentiable as a composition
of continuously differentiable operators. The operator M; : L£;((X x
R),Y)x(XxR)! — Y, defined by M;(T, (2!,...,2)) := T.(z}, ..;, 2%), is
continuously differentiable since it is n-linear continuous. Consequently
the operator

(1), 03), ey (1), 05,)]

is continuously differentiable from AP™(R, X) in AP°(R,Y) as a com-
position of continuously differentiable operators. And since a combi-
nation of continuously differentiable operators is continuously differen-
tiable, we can assert that the following assertion holds.

Wi [t DEf(u(t), £).((

(38) The operator Sk AP"(R,X) — AP°(R,Y), defined by
Sk(u) :== [t — tk " f (u(t),t)], is continuously differentiable.

Now we fix u € AP"(R,X). From (38) we know that the following
assertion holds:

(89) Forallk=1,..,n and foralle >0 there exists 7* > 0 such that
, for all v € AP"( , if HvHCn < nF then we have

SupteRHdif( (t)+ (), £)— 55 £ (u(t), ) =(DSy(w) ) ()] < e-[[o]en.

By using Theorem 4 and the Fréchet-differentiability of N } o iny note
that the assertion (39) remains valid for k& = 0. Since Sy is Fréchet-
differentiable at u, we know that DSk(u).v = %FOS’;@(U + €.v) which
means that

dk
lﬁ%ngp 1= (dtk’f( u(t) +ev(t),t) = —p fu(t), 1)) = (DSp(u).v) ()] = 0
and so we have, for all t € R,

k
(1(dtkf( ( ) + E.U(t),t) — %f(u(t),t)) _ DSk(u)v)(t)) -0

€—>O €

that gives us the following equality

(40) (DSk(u).v)(t) = c(lie|€ e f( (t) + ev(t),t) for all t € R.
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And then, by using Lemma 11, and by noting that we have %‘ :Of(u(t)—i—
ev(t),t) = Dy f(u(t),t).v(t), we obtain
(41) (DSk(w).0)(t) = L (D, f(u(t), t).v(t)) for all t € R.

And so by using (39), (41) and Theorem 4, by setting 1 := ming<x<p nf/nH >
0, we obtain that for all ¢ > 0 there exists ne > 0 such that for all
ve AP"(R, X), if ||v||cn < ne then we have

IN?(u+ v) — N3 (u) — A(u).vllon =

S sup |1 () +o6), )= Flult), 5) = (Da fut), 0] <
kzongp g/ W(t)+0(E), )= f (u(t), g (Daf (u(t), )0 <e

that proves the Fréchet-differentiability of N]% at u and that we have
DN]%(U).’U = [t — Dgf(u(t),t).v(t)]. To establish the continuity of N]%
we begin to note that, when u,u;,v € AP"(R, X) with ||[v||cn < 1, the
following inequalities hold:

IDN7(u).v — DNF(u1).v|cn

d* d"

> Sup || 7z (Ded (u(t), 8).v()) = 5 (DagCua (8), 8) ()]
k=0 t€

= " sup ||(DSy(u).v)(t) — (DSk(u1).v)(¢)]]
i—otER

= Z |DSk(u).v — DSk(u1).v]|so
k=0

<Y IDSk(u) — DSk(ur) || capn®,x), 4P ®,X))-
k=0

And by taking the supremum on the v € AP™(R, X)) such that ||v[cn <
1, we obtain the following inequality:

IDN7(u).v — DNF(u1) 0|l ccapn(r,x),APm (R, X))

< |IDSk(w) = DSy (u1)ll £(apn (R, x), AP0 (R, X))-
pn

And since the DS} are continuous we deduce from the last inequality
that DNJ% is continuous.m
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8. Asymptotically Almost Periodic Functions

In this section, X and Y are Banach spaces.

Lemma 12. Let f € AAPU(X x R4,Y) and K € P.(X). Then the

restriction of f to K x Ry is uniformly continuous.

Proof. We fix ¢ > 0 and we consider 7" = T(K,5) > 0 and £ =
((K,§) > 0 provided by the definition of f € AAPU(X x Ry,Y); see
Section 2. Since [0,T + £+ 2] is compact, the product K x [0,T + £+ 2]
is also compact, and by using the classical Heine theorem, we know
that the restriction of f at this product is uniformly continuous, that
permits to obtain the following assertion.

(42) There exists n € (0,1) such that, for all z;,z2 € K and for all
t1,t2 € [0,T + €+ 2], if ||x1 — x2|| < n and if |t; — t2| < 7 then we
have || f(z1,t1) — f(@2, t2)[| < 3.

Now we fix 1,29 € K such that ||z; — x3]| < 7 and t1,t2 € Ry such

that |t1 — tz‘ <.

First case: t1,t2 € [0,T]. Then by using (42) we have || f(z1,t1)— f(x2, t2)]| <
£ <e.
3 —

Second case: t; € [0,T] and to > T. Note that we have to — t; = |t —
to] <m < 1, that implies to <1 +1 < T+ 1< T+ ¢+ 2, and then by
using (42) we obtain || f(z1,t1) — f(z2,t2)|| < § < e

Third case: t; > T and to > T. We set r := —t1 +T + 1, and then there
exists 7 € [r,r + ] such that |[f(z,t +7) — f(2,t)[| < § forall z € K
and for all ¢t > T.

We note that —t1 +7T +1 <7< —t1 +T + 1+ £ that implies T+ 1 <
th+7 <TH+1+¢ < T+ /{¢+ 2, and we also note that to + 7 <
ti+n+7<ti+1+4+7<T+¢+2. Then by using (42) we obtain the
following inequality.

(43) [|f(z1,t1 +7) — f(z2,t2 +7)[| < 5.

By taking into account the role of T, since t; > T and t5 > T we obtain
the following inequalities.

(44) [[f(z1,t1+7) = f(z1,t)|| < 5 and || f(z2,t2+7) — f(z2,t2)| < 5.
By using (43) and (44) we have:

1f (1, t) = f (o, t) || < [ f (21, t0) = f (@, 47|+ f (21, t14-7) = f (202, t24-7) |

€
‘I—Hf(SUQ,tQ +T) - f($2,t2)H < 35 = €.m
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The previous proof is very similar to the proof of proposition 10,
p.42, in [42].

Lemma 13. Let f € AAPU(X xR4,Y). Then for all K € P.(X) and
for all € > 0 there exists § = 0(K,€) > 0 such that, for all x € K and
forall z € X, if ||x — z|| < 3§ then we have || f(z,t) — f(2,t)| < € for all
t E R+.

The proof of Lemma 13 is similar to this one of Lemma 6, by
replacing the use of Lemma 1 by the use of Lemma 12.

Lemma 14. Let f € AAPU(X xR4,Y) andu € AAP(R4,X). Then
we have [t — f(u(t),t)] € AAP(R4,Y).

This result is due to Zaidman [28]; it permits us to define the follow-
ing superposition operator

(45) N7 : AAP(R{, X) — AAP(Ry,Y), Ni(u) := [t — f(u(t),1)].

Theorem 9. Let f : X xRy — Y be a mapping. Then the two following
assertions are equivalent.

(i) f € AAPU(X x Ry, Y).

(ii) The superposition operator N;’, defined in (45), is continuous from

AAP(R,, X) in AAP(R,,Y).

Proof. (i = ii). We fix u € AAP(R;,X) and ¢ > 0. We set K :=
u(Ry). We know that K € P.(X), [42] Lemma p. 37. Then we consider
d = 0(K,€) > 0 provided by Lemma 13. When v € AAP(R4, X) is such
that [|[v — ul|lec < J, then by using Lemma 13 we obtain || f(v(¢),t) —
fu(t),t)|| <eforall t >0, that means: \|N;’(v) - N?(u)”oo <em

(ii = i). Since N?(AAP(R+,X) C AAP(R.,Y), when z € X we
define u,(t) := x for all t > 0, and since we have u, € AAP(R4, X), we
obtain that t — f(x,t) = f(uy(t),t) = N;’(ux)(t) lies to AAP(R4,Y).
And consequently we obtain the following assertion.

(46) For all z € X, f(x,.) € AAP(R.,Y).

We consider the operator U : x +— u, from X in AAP(R4, X). Since U
is a linear isometry, U is continuous and consequently the composition
N$oU is continuous from X in AAP(R.,Y). Note that (NoU (x))(t) =
flug(t),t) = f(z,t) and so we have:

(47) The mapping = — f(z,.) is continuous from X in AAP(R,Y).

Consequently, when we fix K € P.(X), z — f(z,.) is uniformly con-
tinuous on K that gives us the following assertion.
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(48) For all K € P.(X) and for all € > 0 there exists n = n(K,e) > 0
such that, for all z, z € K, if |[z—z|| < nimplies || f(z,t)—f(z,t)| <
§ forallt e Ry.

We fix K € P.(X) and we consider a finite list of elements x1, z2, ..., x,, €
K such that K C U5 B(w;,n) where n is provided by (48). After
(46) we know that f(x;,.) € AAP(R+,Y) froall i = 1,..,n. It is
easy to see that (0,...,0, f(z,.),0,...,0) € AAP(R,,Y™), and since
a finite sum of asymptotlcally almost periodic functions is asymptoti-
cally almost periodic, we obtain that (f(z1,.), ..., f(i,.), ... f(Tn,.)) =

®1(0,...,0, f(x;,.),0,...,0) € AAP(R4,Y™), and so we have the fol-

lowing assert1on.

(49) For all € > 0 there exist £ > 0 and T' > 0 such that, for all r € R,
there exists 7 € [r,r 4 7] satisfying || f(zi, t +7) — f(zs,t)|| < § for
allt>T and foralli=1,..,n

Let 2 € K. We choose j between 1 and n such that ||z —z;|| < 7. Then
when t > T, by using (48) and (49) we obtain the following inequalities:

1f (@, t47) = f (2, O < | f (@, t47) = f (@, t47)|+ I f (25, t47) = f (25, 1) |

€
HIfGgt) = )] <35 =
that provides the following assertion

(50) For all K € P.(X) and for all € > 0 there exist £ > 0 and T" >
0 such that, for all » € R, there exists 7 € [r,r + 7] satisfying
| f(z,t+7)— f(x,t)]| < § forallt > T and for all z € K.

Note that (50) is the second condition on f to belong to AAPU(X X
R.,Y). Now it suffices to prove that f is continuous on X x R. Let
((zn,tn))n be a sequence of elements of X x Ry which converges toward
(z4,ts). For all n € N, we have

1f (2ns tn) = F(@as )| <N F (@, tn) = f (@ ) |+ [1f (24, tn) = f (2, 2]

< f(@ns ) = F@, oo + 1 (@es tn) = f 2, 1)

By using (47) we have lim,_,o || f(2n,.) — f(Z«,.)|lcc = 0, and by using
(46) we know that f(z., .) is continuous and so we have lim;,, .« || f (2, t)—
f(z4,te)|| = 0. Then by using the last previous inequalities we obtain
lim,, o0 f(Zn,tn) = f(x«, ts) that proves the continuity of f.m

We note that the previous proof of (i = i) is similar to the second
proof of Theorem 1 given in Section 3.
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Theorem 10. Let f € AAPU(X xR,Y") such that the partial Fréchet-
differential D, f (x,t) exists for all (z,t) € X xRy and such that Dy f €
AAPU(X x Ry, L(X,Y)).

Then the superposition operator N?, defined in (45), is continuously
Fréchet-differentiable from AAP(Ry, X) in AAP(R4,Y), and we have
DN]:?(u).v = [t — Dy f(u(t),t).v(t)] for all u,v € AAP(R4, X).

The proof of Theorem 10 is similar to this one of Theorem 4 by re-
placing the use of Theorem 1 by the use of Theorem 9, and by replacing
the use of Lemma 4 by the use of Lemma 14.

9. Almost Automorphic Functions

In this section, X is a complete metric space and Y is a Banach space.

Lemma 15. Let Q be a subset of X. If ¢ € C%(Q,Y) and if v €
AA(R, X) is such that v(R) is contained in Q, then we have ¢ ov €
AAR,Y).

Lemma 15 is Theorem 2.1.5, p. 14 in [33].

Lemma 16. Let f € AAU(X x R)Y), K € P.X), and n € N,.
Then there exist Ny, € Ny, ¢} € C°(K,R) and aj € AA(R,Y) for all
j=1,..., Ny such that the following approximation holds.

Nn
(51) || X2 cF(x)af(t) — f(x,t)| < L for allz € K and for all t € R.
j=1

Proof. By using Remark 2, we have ® € C°(X, AA(R,Y)) where
®(x) := [t — f(x,t)]. Consequently, ®(K) is a compact subset of
AA(R,Y). Then by using the Schauder’s approximation theorem, cf.
Remarque 1, p. 90, in [18] or p. 116-117 in [26], we can assert that there
exists @, : K - Y, ®,(x) := Z;V:’ll cj(z)a}, where cj € CY(K,R) and
aj € AA(R,Y) for all j = 1,..., Ny, such that [|®(z) — @y (2)[[ec < 1
for all z € K, that proves the lemma.g

Remark 10. The converse of Lemma 16 is obviously true, but we will
not use it.

Lemma 17. Let f € AAU(X x R,Y) and u € AA(R, X). Then we
have [t — f(u(t),t)] € AAR,Y).

Proof. We set K := u(R) which is compact [33|, Theorem 2.1.3 (v) p.
12. Let ¢ € C°(K,R) and a € AA(R,Y). We denote by p: R x Y —
Y the bilinear continuous mapping p(t,y) := ty, and we define the
function v : R — R x Y by setting v(t) := (c(u(t)), a(t)). By using
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Lemma 15 we know that cou is almost automorphic, and by using the
definition of the almost automorphy, we see that v € AA(R,R x Y).
Since c(u(t))a(t) = pow(t) for all ¢t € R, we have proven the following
assertion.

(52) [t — c(u(t))a(t)] € AAR,Y) when ¢ € C°(K,R) and a €
AAR,Y).

We consider the mapping fy,(z,t) := Zj.\f:nl cjf(z)a}(t) provided by Lemma

16. Since a finite sum of almost automorphic functions is almost auto-
morphic too ([33] Theorem 2.1.3 p. 12), by using (52) we obtain that
[t — fa(u(t),t)] € AA(R,Y). By using (51) we obtain that || f, (u(t),t)—
f(u(t),t)]| < 1 forallt € R, and consequently [t — f(u(t),t)] is almost
automorphic as a uniform limit of a sequence of almost automorphic
functions, [33] Theorem 2.1.10.m

When f € AAU(X x R,Y) Lemma 17 permits us to define the

following superposition operator.

(53) N} : AA(R, X) — AAR,Y), Ni(u) := [t f(u(t),?)].

Lemma 18. Let f € AAU(X x R,Y). Then for all K € P.(X) and
for all € > 0, there exists 6 = 6(K,€) > 0 such that, for all x € K and
for all z € X, if d(x,z) < § then we have d(f(z,t), f(2,t)) < € for all
teR.

The proof of Lemma 18 is similar to this one of Lemma 6 by obtaining
(8) from (2).

Theorem 11. Let f : X xR — Y be a mapping. Then the two following
assertions are equivalent.

(i) f € AAU(X x R,Y).

(ii) The superposition operator N;}, defined in (53), is continuous from
AAR,X) in AAR,Y).

Proof. (i = ii). The proof of this implication is similar to the second
proof of Theorem 1 by replacing the use of Lemma 6 by this one of
Lemma 18.

(ii = ). For all x € X, we consider the constant function wu, :
R — X defined by u,(t) := x. Then we have u, € AA(R,X), and
since NJ%(AA(R, X)) c AAR,Y), we obtain that f(x,.) = N}l(ux) €
AA(R,Y), and so (1) is satisfied. Since the mapping U : X — AA(R, X),
defined by U(z) := u,, is continuous, and since N}L is continuous, the
composition N]‘} o U is also continuous on X. Then by using the Heine
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theorem, for all K € P.(X), the mapping [z — f(z,.) = Nj o U(z)]
is uniformly continuous on K, that is exactly (2). And so we have
fe AAU(X xR,Y)n

Theorem 12. We assume that X and Y are Banach spaces. Let f €
AAU(X x R,Y) such that the partial Fréchet-differential Dy f(z,t) ex-
ists for all (x,t) € X xR, and such that D, f € AAU(X xR, L(X,Y)).
Then the superposition operator N}l, defined in (53), is continuously
Fréchet-differentiable from AA(R, X) in AA(R,Y), and we have
DNJ%(U).U = [t — Dy f(u(t),t).v(t)] for all u, v € AAR, X).

The proof of Theorem 12 is similar to this one of Theorem 4 by
replacing the use of Theorem 1 by this one of Theorem 11, and the use
of Lemma 4 by this one of contidion (2).
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