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The first aim of the paper is to obtain some existence results of solutions x = (x;); for difference equations:

A(t, X, Xex1s -+ o Xeen) = 0,

where A is fully nonlinear, which extend the diagonal dominant condition of the linear setting. We look for standart
solutions x = (x;); defined on Z, but also for periodic and almost periodic solutions. Closed techniques are used in a
continuous setting in [12], and give there different results.

We are interested in giving a slighly more general result. We consider a continuous bijective operator © on an abstract
space whose generic element will be denoted x (even if we have mainly in mind spaces of sequences). © will be first
assumed to be an isometry. We will prove an existence result for an equation:

Al X, 8(x),...,0"(x)) =0,

which permits to take into account various situations. Assumptions on A are more or less boundedness of partial
differentials w.r.t. the last variables and the fact that one variable is growing more than all the other ones together
(precise assumptions will be given in the text).

The idea is to adapt basic technics used in linear elliptic partial differential equations. We will write our problem in a
kind of variational form. Usually, the Hilbert space used (a Sobolev one) is identified to its dual space, and here we
won’t do this. Since we are in a nonlinear setting, we will use Newton's method to approximate the solution of the
equation. In fact we obtain local solvability, but with a "uniformity" on the local aspect, so it is possible to go to global.

We have in mind in this paper:
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e to give an extension of a kind of diagonal dominant condition in a nonlinear setting, even with strong assumptions;
e to give it in a more general setting than the one of difference equations. The proof are completely the same;

e to show a new technic to solve this. In order that this could be improved by some readers, | decided to keep
the proof as closed as basics ideas. For instance, the considered operator is Fréchet-differentiable, but in fact
we don't need this for the proof and from the theorem of composition we just receive Gateaux-differentiability.
Fréchet differentiability comes from assumption (H4), a reader who could relax this could follow our proof, even
with an operator which could only have a Gateaux differential.

Now we describe the context. We consider a measured space (G, G, ug) and an Hilbert space (H,{.,.)x) (norm ||.||x)
equipped with its Lebesque measure (the Borel completed one). Since we have mainly the idea to work with sequences,
the spaces [P(G, H) will be denoted by £°(G) (norm .;». We assume that #2(G, H) C €%°(G, H) with continuous injection,
i.e. there exists ¢ > 0 s.t.:

Vx € (G, H),  Ixlle= < cllx]le2,

which is equivalent to:
VG eg, (uc(A) > 0) = (uc(A) > 1/c?).

For sets G, we are interested in particular cases as G = Z (discrete case), G = Z/®Z (discrete @—periodic case, with
® € N) or G = bZ (Here, bZ is the Bohr compactification of Z and this permits us to consider the discrete a.p.(=almost
periodic) case). For such examples, where G is a topological group, we will assume that p is its Haar measure. In all
these cases, we have the former continuous injection. This is for instance not the case when G = R, but our techniques
are been presented in a continuous setting (but in a very less general context) in [12].

Let us give more details concerning the above exemples, for instance, when H = R:

e if G = Z we obtain standart ¢2(Z) space, and:

/Zxduz = th,

teZ

e if G = bZ we obtain the discrete case of Besicovitch a.p. sequences (see [5]), and:

.
o1
/xdubz = M{x} = lim — > x
7 —00 Pt

o if G =7Z/®Z we simply obtain the @—periodic sequences, and:

1 ot
xdiizioz = = ) X
/Z/mz 0] ;

Some other kind of oscillating solutions could also be introduced. But some are not necessary to do. For instance, we
know that in the discrete case, Stepanov a.p. is equivalent to Bohr's one (made in [1] for the sup norm, but follows for
Besicovitch's one), and even in the continuous case in standart situations every Stepanov solution is in fact Bohr a.p.
(see [2)).
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1. Linear autonomous case
Let us recall some basic facts, when H = R for sake of simplicity. Here, we look for solutions x = (x;); for linear
equations:

apXtyn +...+ aoXt = yt:

where (y,) is assumed to be in a suitable space of sequences E and (ay, ..., a,) € R™'. Some basic calculations show
that under an Hadamard's like condition:

She {0} ay>Y ol
J#io

given y = (yy)., there exists a unique solution x € E, for instance in the following cases £ = ¢?(Z,R), E = ¢(bZ,R)
(almost periodic case), E = R?(®2) (@—periodic case). This condition (or matrix equivalent one when H = RVN) is usual
in discrete systems, and is applied for instance in Economics problems by Blot and Crettez (see [3], [4]).

One way to see that is to introduce the characteristic polynomial, P = Y |_, a, X* and the shift operator S : (x,); —
(Xr41):- Under Hadamard’s condition, the polynomial has not root of modulus one, and so, for each of its root a, S — ald
is invertible, so is P(S).
In the periodic case, the problem can also be seen as a linear algebra problem. First of all, we reduce modulo ® the
problem, by introducing:

hk={j€f{0,....n=1},j=k[a]} =(k+aZ)n{0,...,n—1},

and: P =Y 97, (Z/e]k a,) XK. It is easy to see that if P satisfies an Hadamard condition, this is also the case for P.

Moreover, if M is the matrix of the shift operator, we have M® = [, from which we deduce the eigenvalues of M and
the fact that P(M) = P(M) is invertible.

In what follows, we shall extend this in a fully nonlinear and implicit case, but with strong boundedness assumptions.
Moreover, we will consider not only the shift, but also continuous bijective operators. In order to make the proof simpler
to read, we will first give a theorem for a bijective isometry, but we will after explain some improvements.

2. Afirst theorem

2.1.  Assumptions

We also consider A: G x H™' — H, A: (t,s0,...,5,) — A(t, So, ...,S,) such that the following assumptions hold:
(H1) A(.,s) is measurable from (G, G) to H.
(H2) (A(t,0)); € €2(G);

H3) all partial Fréchet-differentials 22 : G x H"t' — L(H) (written 0;12A),j =0,...,n, exist everywhere;
p j J y

Osj
(H4) all partial Fréchet-differentials d;,,A ,j =0, ..., n, are uniformly continuous, i.e.:
6lE>T(]) sup ||5j+2A(t, S) — 6j+2A(t,, 5/)||L(H) = 0

[t=t'[+]|s=5"ll yn1 <O
(H5) all partial Fréchet-differentials d;,,A ,j =0, ..., n, are uniformly bounded:

Vie{0,....n}, M, :=sup||0;2A(t s)||) < oo.
(t.s)
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(H6) there exists jp such that:
0j,+2A(t, s)v, v
my = inf Opi2All v, Vi S M,
(t.5.v)ERxHMH x (H\{0}) [lv|I% vy

Remark 1.
Assumptions (H1), (H3) and (H4) imply that A is a Caratheodory function.

We will prove the following theorem:

Theorem 1.
Under the assumptions (H1)-(H6), given a bijective isometry O : £2(G) — #%(G), there exists x € #2(G) s.t.:

2.2. OQutline of the proof.

Using an idea close to the variational technics we see in linear P.D.E., we replace our problem by the equivalent one,
to find a zero of the operator:
¢ 1 £2(G) > (2(C))

Sylx) = [z - /G (Al 07(x) — b, ekonguG] |

Using Newton's method, we are able to prove that if for some b’, ¢, has a zero, this is the case for all ¢, with b”
sufficently close to b’. This criterium of sufficently close does not depends on b’, so ¢, has a zero. One clue to may the
Newton's method possible is the Lax-Milgram theorem, which is of standart application in the case of linear P.D.E.

We have in mind to separate all ideas of the proof, in case a reader would like to improve our theorem. For instance,
with the strong assumptions on the partial differentials, our operator admits a Fréchet-derivative. But from the chain
rule, we only first obtain Gateaux derivative, since as it is well known, the Nemytskii operator (with good growth
assumptions) is only Gateaux-differentiable, the Fréchet is obtained only in trivial cases. By the composition, we only
obtain Gateaux, which is sufficent to apply Newton’s method. Here in fact since the operator is Fréchet, a proof could
be more straightforward, but we prefer to give the different tools in order to make it improvable.

2.3. Afirst result concerning Newton’s method

Let us first give a version concerning Newton's convergence method we will use after. Even if for our theorem the function
will be Fréchet differentiable, we will give a Gateaux version for an improvement of our theorem. The proposition and
the proof are adapted form Ciarlet’s, [6], Theorem 7.5-1.

Proposition 1.
Consider a continuous and Gateaux-differentiable function f : Q C X — Y, where X and Y are linear normed spaces,
and r > 0 s.t. B(xo, r) C Q. If we can find M > 0 and a € (0,1) s.t.:

® SUPycB(xy.r) 1Dt (x) e x) < M:
® SUP( )<y [1Dcf (X) = Daf (X)) ex.vy < alM;
o [|[f(xo)lly < r(1 —a)/M

Then f(x) = 0 as a unique solution in B(x, r).
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Proof.  We introduce the sequence defined by Newton's method:
Xk41 = Xk — Dcf(Xk)71 f(Xk)

and prove it has a limit, which is the unique solution in B = B(xo, r) of f(x) = 0.
The first step is to prove by induction that for all k:

o [[xeer — xi|[x < MI[F(x)llv:
o [[Xie1 — xel|x < a¥[[xi — xol|xi
e X1 € B;
o [[flxee)lly < Flxier — xe|x-
For kK = 0, we write for the first one:
[Ixi = xollx = 1D (x0) ™" F(x0)|1x < M| F(x0)[y-
From this and the fact that ||f(xo)||y < r(1 — a)/M, we receive x; € B. The last comes from:

[[F0a)lly = [If(x1) — f(x0) — Dcf (x0)(x1 — xo)||v <

o
sup |[Dcf(§) — Dot (xo)l|cpxwlx — xollx < -
Celxo.x1] M

Assuming the properties are true for k —1, the first and fourth assumptions are proved by the same way. For the second:
[Ixesr — xillx < allxe = xizllx < @[ — xollx,

from which we obtain the third:

K
[kt = xollx <D alllxi = xollx <

rl—a)=r.

= 1—a
From these property, we obtain that:
o1
s = xellx <) o[l — xollx < a*r,
=k

which proves that (xi)« is a Cauchy sequence so has a limit x € B. But since:
f(Xk) = Df(Xk)(Xk+1 - Xk)

by continuity of f and boundedness in B of s — Dgf(s) (by ||D¢f(x0)|| + a/M), we obtain that f(x) = 0. Finally, if
y € B satisfies f(y) = 0, we have:

y —x=—=Dcf(x)" (f(y) — f(x) = Dcf(x)(y — x)),

so: we obtain:
lly = x||x < [IDcf(x) " v SUP]HDcf(f) = Daf()[lepxnlly — xllx,

Celxy
and finaly
_ a
Ily = xllx < D) ey 141ly = xllx < elly = llx,

from which we receive y = x. O
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2.4. Proof of the theorem

In fact, we will prove that there exists an absolute constant C, depending only on the M; and mj, s.t, if

Al X, 0(x),...,0"x)) = b
has a solution (given (b;); € ¢2(G)), then for any b’ € ¢%(G) s.t. ||b — b'||2 < C, then the equation admits a unique
solution closed to those of the first equation. Starting with b = A(.,0) € #?(G) and take N a positive integer s.t.
% < C, by induction on n we prove that the equation:
N—n
b
N 2

Al x,B(x),...,0"(x) =

has a solution for each n. Our result is reached by taking N = n.

Step 1: introducing an operator. Given b € ¢%(G), let us consider the mapping:

¢+ E(G) — (€*(G))

®p(x) = [!H /G<A(-,1, ..., 0"(x)) — b, G)kog)HduG].

Step 2: existence and Lipschitzianity of our operator. We remark that ¢,(0) is well defined since A(.,0) is assumed
to be in ¢2(G) and by Lipschitzianity of A(t,.) with a uniform constant L(A), we obtain that ¢, is well defined and
Lipschitzian:

lén(u) = G|y < LA g = vlle2-

So, ¢ is continuous.

Step 3: Gateaux differentiability of the operator. Now, let us see that ¢, is Gateaux differentiable with as Gateaux
derivative:

Dedylx).h = |vio /GZ<‘3/‘+2A("1' ()T h, 0%V, duc
j=0
Set T : £2(G) — (£2(G))"*" as:
T(x) = (x,0(x),...,0"(x))
and J : 2(G) — (£2(G)) as:

J(u) = [z»—» /C<u,,v,>deC(t)],

T and J are continuous linear operators, so Lipschitzian and Fréchet differentiable.
For ¢, we see that: ¢, = JoNs_, o T. The Nemytskii operator is Gateaux differentiable, since with boundedness of
the derivative, there exists an absolute constant C s.t.:

1At $) = bill < Cllsl|got + [IA(2,0) = bil |-

Since (A(t, 0)); € €2(G) we can have a look at [9] Theorem 2.3 and proof of Theorem 2.7 to see that the Nemytskii operator
is well defined and Gateaux-differentiable. Since T is linear, we receive that N4_, o T is Gateaux differentiable’ and
since J is Fréchet, we can conclude.

' in fact with next step we will see that ¢, is Fréchet-differentiable.
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Step 4: uniform continuity of the Gateaux derivative. Let us fix a positive €. By uniform continuity of all d,1,A, we can
find a common 0 > 0 s.t.:
Y(t,s1,52,j) € G x H™ x H™' % {0,...,n + 1},

(51 = $2|[pyoer < 8) = (||d,+2A(t s1) — 0,2A(t, 52)| [ < +1)

Now by assumption on norms, we have:
[17T(x) — T(X,)H(Zem)riﬂ < T~ T(X,)H(Zgz)nﬂ =
ZZIIGk — (@)W = (n+ 1)e?lx — x'[[72-
This means that if we assume ||x — X||,2 < 0 := C\/%, we receive:

10+2A(t, T(x)e) — 0 2A(L, T(X) o)l

n+1’
But:
[1DG#n(x) — Do (X) | 22,02y =

IZ 0j42A(., T(x) = (9j42A(, T(x')))-(€'h), (8%°))nduc

l1all,2= 1|| V2 =1

< /3 ZII(0/+2A () = O2AC, T lendiic < e

Note that since D¢y is uniformly continuous, in fact @, is Fréchet-C'. We will now write ¢}, instead of D¢ ¢p.

Step 5: invertibility of the derivative. Let us now remark that (h, v) = (¢}(x).(h))(v) is a continuous bilinear form (let
us call it B), with ||B| < 3_7_; M;. Moreover, this form is elliptic:

Blh,h) > | my— M | |lAll”

j#ho

Indeed:
Blb. h) = j S (042 T()(©'h), (€ h))dlpic =
(o
[ (30+2AL, T)(O0A), (O )y + 3 (9:2A(, TENO'), (©0h)) | dic.

G j#io

But:
j (3 2A(, T())OPh), (©0h))ysdpc > my||O0AI = my|All%

and by Cauchy-Schwarz inequality:

/ 0,22AL, T()OIh), (©h))lduic < M{|©h]|,2 |05 Al = M|,

which proves our assumption.
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Let us now set By = mj; — Z/#O M,;. 1t follows from Lax-Milgram’s theorem that the linear form ¢} (x) is invertible, and
by writing h" = (¢},(x))~"(L), we have:

Billh|[2 < B, by = L(B) < ||Ll]e2y |11]] 2,

so:
(5 () M cezy ) < By

The last constant does not depends on x or b, but only on A.

Step 6: applying Newton's method. We wish to apply this with f = ¢,,. We have to take M = B;" for the first condition.
To find a B for the second condition, it is necessary that:

sup |15 (x) — () |cez,e2y) < B

(x.x")€B(xq,r)?

and when this is true, by noting o the sup, we could choose a = od/B;. But this is possible by using the uniform
continuity of ¢}: for sufficiently small r > 0 the ball B(xo, r) will satisfy this property.

Last of all, let us note that if we take xo a solution for ¢ (xo) = 0, then:

66 (x0)lle2y = 1o = b2

Thus, if ||[b—b'||,2 < r(1 — @)/M, we will receive a x € B(xy, r) s.t. ¢,(x) = 0. Note that the constant C := r(1 — a)/M
depends only on A.

Remark 2.
The uniform continuity and the continuous injection are used only in the step 4. We could remark that instead of uniform
continuity of the partial differential, we use is fact:

lim [sup  sup [10;42A(t, 5) — 0;12A(t, S|ty | =0,

020t |Is—s/|l, a1 <0
which is more general, but we made for assumption (H4) which is simpler to write.

2.5. Examples

As a first example, let us come back to the linear case in #2(G). Let us take for instance:

At x) = =y + ) (an(t), si)wi
k=0

here 0;,0A(t, x) = a;(t). If we assume that all a; are bounded and uniformly continuous, we obtain the usual condition,
given before when H = R and when the system is autonomous (i.e. the a; does not depends on t). Here, assumption
(H2) means that b is assumed to be in £2. So, our result can be seen as an extension of the linear case.

Let us take a quasilinear case. For sake of simplicity, let us assume H = R, although this is not necessary:

Alt,s) =Ai(t,s) —ye + ) ai(t)si.

k=0
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Assume that all assumptions (H1)-(H5) are true on A; and that there exist j s.t.:

infa(t) > |a(f))-

J#io
Then if:
—inf0j, A (t,s) + Zsup |0;A1(t, )| < 'Lr)f aj(t) — Zst:p la;(t)].
J#io J#io
then:
ApXpgp + -+ aoxe + At Xe, oo Xep) = Uy

has a solution. Indeed, we shall have the condition:

inf(a (1) + 92 (t,5)) > Y supla;(t) + 924 (t, 5.
8 j#o ()

But since inf(; g (aj, (t)+0j,42A1(t, 5)) > inf(s(aj, (1)) +inf 5(0j4241(t, 5) and sup, o |a;(t)+0;12A1 (8, 5)| < supy, g |a;(t)]+
SUP.4 |0j+2A1(t, 5)|, we see that the given condition is sufficient.

Remark 3.

The nonlinear case can be seen as a quantitative result of perturbation of the linear one.

3. Some extensions
3.1. Non isometric case

Instead assuming that © is a bijective isometry, we may assume that © is continuous and bijective. In this case, by
Banach’s Theorem, ©' is also continuous. Let us introduce (a, B) € (R})? s.t.:

(H7) : for each x € E,  ao|x|| < [|O()[| < Bollx]|-

Here, assumption (H6) should be replaced by (H8):
(H8) : agmj, > ¥, B6™"M;.

Theorem 2.
Under the assumptions (H1)-(H5), (H7), (H8), there exists x € ¢2(G) s.t.:

Proof.  The proof is similar. The only change concerns ellipticity of 8. We see by induction that:

100 ()] > aglxll

and:
Vi, 1@/l < Balixll
So,
mj|[OP (B)I[F > mjy ag®| ],
M; ||/ h]|.||©% Al| < M;BL™[|A]I%,
and (H8) gives ellipticity. O
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As an example for a nonisometric case, let us know assume that we are with a weighted #%: given p : G — R} we are
in:

E; = {1 e H¢, / Ix|?piduc(t) < +oo} .
G
Note that in a weighted #2, the corresponding measure with density p w.r.t. g does not necessary satisfy an assertion

as:
Jc>0, VA (v(A)>0)= (v(A) > 1/).

Moreover, assume (H9):

J(cr1, ) e RHEVEEG, o< P;)i < cp.
t

Then, it is easy to see that the shift operator S : £; — £, no longer isometric, is still bijective and that:
Vxe g, allxll <IISWI < cllxll
Here ag = ¢4 and Bg = ¢.
A more illustrative example is a case of discrete Sobolev space, where p, = 1 + t2. In this case, simple calculations
show that we can take:

. 5
[ :szi.

Corollary 1.
Under the assumptions (H1)-(H5), and p, = 1 + #3, if:

5 J+3jo
mj, > Z (5) ij

i#io
then there exists x € £2(G) s.t.:
At Xt Xe1s - Xegn) = 0. (3)

Proof.  Here Bg = ag' = 3. Assertion (H8) can be written as:

Y L
mioBG) o ZB(/;/OM"

J#io

5 J+3jo

J#ho

10
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4. A case of uniqueness

We come back to Theorem 3 (a similar remark could be made for Theorem 2). Assume for instance instead of (H4) the
assumption:

-1
n

> sup [0/:2A(t, 5) — 02 AL, S o < | mjy — > M,
j=0 (ts:s) i#io

In this case, the first two properties for Newton’s method are true with any r. So, we can take r as huge as we want.
We would start for instance with x, = 0. Taking b = 0, uniqueness in Newton's method for any r gives uniqueness of
the solution of our problem. So we obtain the following:

Theorem 3.
Under the assumptions (H1)-(H3), (H5), (H6) and:

-1

n
> sup [10j2A(t, 5) = 02 At S lee < | mjy =Y _ M,
j=0 (t:5:) J#io

Given a bijective isometry © : £2(G) — £2(G), there exists a unique x € #2(G) s.t.:

Alx,0),...,0"(x) = 0. (4)
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