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Abstract. In this paper we consider an equation of type ¢”(t) = 92V (t,q(t)), where V is
quasi-periodic (q.p.) in ¢, uniformly w.r.t. to ¢, is convex w.r.t. ¢ for each t. We look for
q.p. solutions ¢ : R — H (where H is an Hilbert space) to this equation. By using the
formalism introduced by the Physician Percival, it is possible to transform this problem in a
elliptic degenerate Partial Differential Equation on the torus. By using a singular perturbation
method, we obtain existence results under technical assumptions on V.

1 Introduction

1.1 Some recalls and notations.

We consider a real' Hilbert space H (inner product < .,. > and norm |.|). AP(R,H) is the
space of Bohr-almost periodic (a.p.) functions from R to H [Ngue, Cord], AP™(R,H) is the
space of f € C"(R,H) functions s.t. each f*) € AP(R,H), for k < n.

We recall that f € AP(R,H) can be uniformly approximated by trigonometric polynomials,
i.e. linear combinaisons of functions ¢ > ¢***, with A € R. We also know that for f € AP(R,H),
the mean value:

T—+o0 T

M{f} = M{f(D)}y = lim ~ / f(tydt,

exists in H. These tools permits us to associate to f a Fourier-Bohr expansion:

f(t) ~ Z ak(f)ei)\ta

A€ER

where in fact we have convergence in the quadratic mean. The Fourier-Bohr coefficients are
given by:
ax(f) = M{f(t)e” ™}
The set:
A(f) ={XeR, ax(f) # 0}

is countable, and we denote by Mod(f) the Z—module generated by A(f). The function f is
called quasi-periodic (q.p.) if there exists a finite basis (w1, ...,wy) of the module i.e.:

Af) =Zwi + ... + Zwn,
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and Zj kjw; =0 with k; € Z for all j implies that k; = ... = ky = 0. We note by QP°(R, H)
the set of quasi-periodic functions, and by QPJ(R,H) the set of q.p. functions f s.t. A(f) C
Zwi + ...+ Zwy, with w = (wq,...,wy). We note QP(R,H) = QPS(R,H) N AP"(R, H).

Now, for fixed w, we consider the torus TV = (R/(27Z))" (it is a compact abelian group).
The mapping Q,, : CO(TV,H) — QP?(R,H) defined by Q,,(u) = [t + u(tw)] is a bijection. Now
we define the set CL(TV H) of functions u € CO(TY H) s.t. at every z € TV, the directional
derivative:

Opu(z) = lim e +tw) - u(z)
t—0 t

exists. Recurcively, we set:
C™(TVN,H) = {u € CL(TV,H); d,,u € C" (TN, H)}.

Then Q, is a bijection between C"(TN,H) and QP"(R,H), and morevover for each k < n, we
have:

Qu (Bf)u) = (Qwu)(k)'

If w € C°(TN,H), it admits a Fourier expansion:

U~ Z w(v)e,,

vezZN

where? e, : z — ¢ and:
i) = [ f@)esla) o
u(v) = r)e_,(r)——.
™ S emN
After for commodity, we will introduce the standart normalized Haar measure p on T, which

satisfies:
dxr

du(z) = oLk

Now, we introduce the spaces for weak solutions, with which we will be concerned after. We
note L2 = L?(TV; H), with standart scalar product:

(Fo)ee = [ | < £@).9(0) > dufa).

Its norm is written ||.| 2.
We also consider the standart Sobolev space:

HlHl(ﬂrN;H){ueL2, Vi=1,...,N, gueLQ},
T

endowed with the scalar product:

N/ ou dv
(u,v) g1 = (u,v)r2 + (, ) .
; 6.%1 8.1’i 2

If we note Du := (g—”7...7 6‘9” ) : TV — HY, we have:
X1 TN
(u,v) g1 = (u,v) g2 + (Du, Dv)e.
For such q.p. problems, we also have to introduce (see [10]) Hl = H.(T",H) defined by:

HY ={ueL?d,uel?®},

2For v € ZV and x € RV, we note v.x = Z;'V:1 vix; and |v| = 4 /Z;'V=1 1/]2.



with the inner product:
(f,9)ms = / (< u(@), v(@) > + < dyulx), dv(x) >) du(z).
TN

In fact, the operator Q,, is a bijection between L?(TY,H) (resp. H.(T™,H)) and the Besicovitch
space B2(R,H) (resp. BY2(R,H)) (see [10] for details). It has been done with H = R? but is
can be adpated to an abstract Hilbert space).

The link described before, between ¢.p. functions and multiperiodic functions was first
introduced by Percival [Per] and more precisely used in [10]. It permits to associate to a q.p.
problem, for instance the search of q.p. solutions of:

q"(t) = F(q(t)) + e(t)
with e € QP°(R, H) a Partial Differential Equation, for which we look multiperiodic solutions:
d2u(x) = F(u(x)) + E(z),

where E = Q_'(e). The link, established in [10] is that formally u is a solution (strong of

w
weak) of the second iff. Q,(u) is a solution of the first equation. But one problem with the

second equation is the lack of compacity in unidirectional derivative Sobolev space H) which
corresponds to weak solutions in the space BL2(R,H) (see for instance lemma 1.2 for more
explanations). To treat this difficulty, we shall introduce a singular pertubation in the problem
to make it strongly elliptic. But also we will deal with a little bit more general problem.

Each u € L? can be developped in a Fourier expansion:

U~ Z a(v)ey,
veZN
We have (a(v)) € £2(Z";H) and moreover:
o [[ullz: =X, cpn [a()]*.
e uec HYiff. 3 /v (1+v]?)]a(v)]* < 400, and we have ||[ul|3, =3, cpn (1+|v[?)|a(v)]?.

eu e HLiff. ¥, v+ (rw)?)|a(rv)> < +oo, and we have Hu||%,i = > e+
(v.w)?)la(v)[*.

We recall that @(v) = [ry u(z)e_,(x)du(x). In particular, @(0) = [Ln u(z)dpu(z) is the mean
of function w.
Now, for each u € L? we consider the decomposition u = @ + @ where 4 = [y u(z)dp(x) is
the mean of u. We set: ~
L2 ={ue L?u=0}

It is easy to verify that L2 is a closed subspace of L?, and that the sum H + L2 is direct and
orthogonal. So we have:
lullZ = [al* + [|a]|Z..

We also introduce H' = H* N L2 and H. = H. N L2
Lemma 1.1 We have the following assertions:

o Vue H', |lillzz < ||Dull2.

o Vue H', ||Dullze < |lullm < V2| Dul|ze.

e There does not exists C > 1 s.t. for all u € H}, llullzry < CllOuullp2-



Let us prove the first assertion. In fact, we have, for all v € Z" \ {0}, 1 < |v|. And so:

lalz== > la@lP < > Pl = Dl

veZN\{0} vezZN\{0}

For the second inequality of the second assertion, the argument is the same. Now let us see why
the third assertion is right (it says that the second property is not true on HJ). It is related
to the small divisors problem. For each & > 0, we can find v. € ZV \ {0} s.t. |v..w| < e. Let us
choose u. = e,. € HL. If C > 1 satisfies:

HUEHH; < COl|Owue| L2,
we obtain:

c?—1> >
T (Yew)? T e

1 1
9

and so, when ¢ — +o00, we obtain that C = +o0.
We recall some facts about the Rellich property. It is adapted from [Willem].

Lemma 1.2 If (up)m € (HY)Y is s.t. u, — 0 weakly in H, then u,, — 0 strongly in L>.
This result is false in H}.

Following [32], let us give the proof of the first property. Since u,, — 0 weakly in H!, the
sequence (U, ), is bounded in H' and so we can consider C' = sup,,, ||t || g1 € RT. Moreover,
Um (V) = (€y, Um) — 0 when m — 4o00. Given R € N, we have:

lumlZ2 = D fum@)P + D fum@)* < Ium(l/)|2+1+#R2 Y A+ ) um ()
|

lv|[<R v|>R [v|[<R [v|>R

Given € > 0, we first choose R s.t. < e. After we take m sufficiently large to have

c
1+R?
> wI<R |um(v)]?> < e (we have here a finite sum of terms going to 0). And so for sufficienlty
large m, ||um |22 < 2e. The Rellich property is true in H'. Now, we consider a sequence (v;);

s.t. |vjw| <1 and |vj| > |vj_1]. We introduce the sequence (u,)m € HY, as follows:

1 m
Ym>1, U, =— €y, -
vy

We note that [[um,|[> =1 for each m, and so (uy,) is bounded in L?. Moreover ||um ||g: < V2
and for each v, G, (¥) — 0 when m — +o0o. With the same calculations as preeceding, if
v € HL, we arrive at:

(v, um)ms] < D (L4 )] < 0@),um(v) > |+ V2 ) (1+ [ P)e@)),
lvI<R lvI>R
from which we obtain wu,, — 0 weakly in H.. But since |u,,||z2 = 1 for all m, we don’t have
Uy, — 0 strongly in L2.
1.2 The problem

Let us now consider an operator V : R x H — H such that V(¢,.) is C! and convex for all
t and V(.,y) is q.p. uniformly w.r.t. the parameter y. Let us consider w = (w1,...,wn) a
common Z—basis of the Z—module. We know that there exists a unique A € CO(TN x H;H)



s.t. A(tw,y) = V(t,y) for all (¢,y) € R x H. The aim is, under conditions, to give existence
theorems of q.p. solutions ¢ of the equation:

¢'(t) = %—Z(t,qu». (1)

Following what said before, we can formally associate to this equation a P.D.E. on the torus
TN:
O5u(r) = ——(z,u(x)), (2)

We note that equation (2) can be written:

S wrr @) = 220 u(w)). 3)

<N O0x 0z, oy

This equation, with a one-direction derivative, is a degenerate elliptic P.D.E. In order to
solve it, we introduce a perturbative term to make it strongly elliptic. We will solve in fact the
familly of equations depending on m € N*3:

2 1[92 A
1S;]€§ijwkafj;m(x) +— 2 8(;;(;) —u(z) | = g—y(x,u(x))
So we introduce for all m € N*:
am—{ wjwy %f j;«ék,
ik w44 if =k
and we know consider:
> g (o) = ule) = 5o (o). @

1<j, k<N

The assumptions. We know introduce more precisely the assumptions:

(A1) A is measurable, and for all z € TV, the function A(z,.) : TV — R is of class C! and
convex,

(A2) There exists o € L? s.t. A(.,00(.)) € LY (TV;H) and %(.,gpo(.)) €L?
(A3) Ja € L? 3be LYTV;R), A(z,y) ><a(z),y > +b(x),
(A4) F(ay, B1,7) € RF x LHTY;R) x LY(TN;R), V(x,y) € TV x H:

0A(x,
(25 ) = bl = 1ol - )
Y
and” [|81]|32 +4min{1, a1} (frn y1dp) >0,
(A5) J(c,d) € L3(TV;R) x LY(TV,R):
’&4

Ll y>\ <e(@)ly +dz)  ae.

3When H = R, the perturbative term is : %(Au —u).
4Note that the following inequality is true when f,ﬂ.N y1dp > 0.



We give a particular example of V' s.t. the associate A satisfies these assumptions. We
assume that V is of the form:

V(t,y) = o) f(y) + ¢ (t)y.
Here we are concerned with an equation:
q"(t) = o) f'(q(t)) + ¥ (2).
We assume:
(i) p,% € APY(R,R) and inf ¢ > 0.
(ii) f € C*(R,H) is convex.
(iii) (o, B) e RS x R, y =< f'(y),y > —aly|® + Bly| is bounded from below.
(iv) 3w, v) € R, Yy € R, [f(y)] < plyl +v.
Then assumptions (A1)-(A5) hold for the associated A. Let us see it. A is defined by:
Alz,y) = @(x) f(y) + Y (2)y,
where ®, ¥ € C%(TY,H) are uniquely defined by ®(tw) = o(t) and ¥(tw) = )(t) for all t € R.
These functions are bounded, and inf ® = inf ¢ > 0 because of the density of {tw,t € R} on

TV. Assumption (A1) is clear. For (A2), we can choose for instance ¢y = 0. For (A3), we
see that the convexity of f gives:

vy, fly) =< f(0),y > +£(0),
from what we deduce:
vy, Alz,y) =< @(2)f(0),y > +¥(x)f(0).
For (A4), we know that there exists y € RT s.t.:

vy eH, < f'(y),y>—alyl®+Blyl > —.

And so:
vy e H, < f'(y),y>>alyl®—Blyl—7.

But %ﬁ’y) = ®(x)f'(y) + ¥(z). So, by setting my := inf & > 0 and my := inf ¥ € R, we
obtain:

<3A<W>

oy y> =®(z) < f'(y),y > +V(x) >m1 < f'(y),y > +ma > mialy|>—miBly|—(miy—ma).

Now by increasing « if necessary, we can suppose that miy — mg > 0 (see that the more we
increase v, the more the property defining + is true). And so, by taking constant functions:

ai(r) :=mia >0, Bi(w) :== —myf, 7 (x) = myy —ma,

we see that (A4) is true. And (A5) follows immediatly from (iv), since ® and ¥ are bounded.



2 The Perturbative Equation.

Now we define ¢,,, : H' — R as follows:

)

o) = { L an (8, 2) |+ ghlluls + fow Ale u@)du(e) i A(,u() € LNTY,R),
too if  A(,u() ¢ LY(TV,R)

where > stands for 3, o n-

Lemma 2.1 Under (A1), (A2), (A3), ¢m is a ls.c. differential, and its subdifferential
Opm (u) is the set given by:

{v - Y a (aaﬁ (ffm) Forlwoe+ [ < Gl vle) > du(l’)} 7
if $4(u(.)) € L*(TN, H) and is O if %5 (,,u(.)) ¢ L*(TN, H).

The functional ¢, can be written as: ¢,, = Q,, + I, where:

1 m [ Ou Ou 1 9
Qm(u) == B Z ajp, (81]’ m)p + %HUHLQ

1<j,k<N
and:

I(u) == { {?&A(x,;ié;rv)v)}cligix) it A(,u() € LY(TY;R)

Qm is a convex quadratic and continuous functional (and so C!), and we have:

Ou Ov 1
! = m (22 97 = .
Qm(u)'v - a’]k <8(Ej’ a‘rk>L2 + m(uﬂ})L

1<,k<N

Moreover, Propositions 2.7 and 2.8 (chapter 2) in [2] , can be quickly adapted to our problem
to say that I is a convex L.s.c. functional with subdifferential:

oI (u) = {2‘3(.,@&(.))} N LA (TN, H).

So the subdifferential is reduced to the function %(., u(.)) if this one is L?(T"; H), and emptyset
if not.

By sum, ¢,, is a l.s.c. convex functional. But since I(¢g) is finite and Q,, is continuous at
o, we can say that:

NQm +I)(u) = 0Qm (u) + 01 (u).

Remark 2.2 In fact, if we also assume the condition (A5), the Nemytskii operator on % maps

continuously L? in L2, and so in this case, ¢, is finite, continuous and Géteauz-differentiable
everywhere, with Gateaux-differential:

ou Ov 1 0A
Dgpm(u).v = a™ (, ) + —(u,v) 2 —|—/ < —(z,u(z)),v(x) > du(z)
1<§N " 637] 61‘k L2 m o N 3y

Lemma 2.3 Under (A1), (A2), (A4), ¢, is coercive on H(TN;H).

Since A(x,.) is convex for any x, have the following:

Vi) €E, Alz,y) — Alz,y) > <g§<x,m>, (vo — y1>>.



Let us take y;3 = @o(z) and yo2 = u(z) in this relation, and after we integrate to obtain:

[ (G uo) - A nonanto) = [ (5w alo),ute) = gole) ).

Note that K := H%(., ©o(.))|| € RT by assumption (A2). The preeceeding inequality gives:

| (A uta)) = A po@)dua) = =K = ol

But |lu — wollrz < ||lullrz + ||¢ollrz and so:

/TN (A(z, u(z)) = Az, po()))du(r) > =K (|lullLz + ol L2)-
Introducing the real K := [x A(z, ¢o(z))dpu(z) — K||@ol| L2, we obtain:

I(u) = =K|ful| > + K.

But: 1 1 1 1
Qu(w) = 510uullZs + 5 IDuls + 5 ullZa 2 5 fullf.

We deduce from this that:
Om(0) = 5 -

It follows from this inequality that limjj, |, , oo @m(u) = +00, the coercivity of ¢,.

1
s llullfn = Klullpe + K > [lullfy — Kl + K.

Proposition 2.4 Under (A1), (A2), (A3), the equation (4) admits a solution wu,, € H(TN;H).
Since H*(T¥;H) is a Hilbert space, it is reflexive. On this space, ¢, is convex and coercive
and Ls.c, and so it admits a minimum w,, € H":
Jupm € HY(TY;H), Yue HY(TV;H), ¢n(u) > dm(um).

Since u,, is a minimum of ¢,,, we have: 0 € ¢y, (um). So, first we obtain that d@, (u.,) is
not empty from which we deduce that %(., um(.)) € L2, and equation 0 € d¢,, (u,,) says also
that:

Vv e H, Z ajy <8um &J)LQ + %(um,v)m + (ZA(J? U (2)).0(x)dp(z) = 0. (5)

b
X5 X
1<j,k<N Oj " Oy, ™

The preeceeding equation implies:

Vo € HY(TV; H), / Soan <a“’”(x) ‘%(x)> + L @) ol@) >+ < 2@ @), v(@) > | dut) =

)
x x m
™ | TN Ox;j Oxy, Oy

Um

2 ‘e
S0, D 1<)k @ gkaz g2 is L and we can write:

o € H\(TV;H), /<_ 3 amaum(x)—i—1um(ac)+%(wvum(fﬁ))»v(@>dﬂ($)=07

Wk dx;0ry M

1<j,k<N
ie.:
m Pum(z) 1 0A
Z ajkm - %Um(l“) = Fy(x,um(x)),

1<, k<N

and so u,, is solution of (4). This ends the proof of the proposition.



Proposition 2.5 Under (A1), (A2), (A3), (A4), (um)m is bounded on HL(TV;H).

To prove this, we first take v = u,, in (5). This shows that:

2

m |0y 1 0A
> |G|l [ (G @)un(o) ) duta) 0.
1<j,k<N Ljllp2 m N Y
But:
m || Otm ’ 2 1 2
> |G|, = 10sumllia + I Dum 3,

1<4, k<N

and so we obtain:

2 1 2 4 Ly e __/ o4
10utmllze + o Dumllze + llumlze = = | Z0 @ tm (@), (@) ) dpaf@).—(6)

So:

2 i 2 i 2__/ % <
1Bl + llwmlEr + llumlZe = = | 5o um (@), un(z) ) diuz) <

/TN (—a|um (@)[* + Br(2)um(z) + 71 (2)) du(z) < —aqllumlFe + [|B1llp2 |umllre + /TN ydp.

By setting 61 = min{l,a1} > 0 and o = f'JI‘N Y1dp, we deduce:

S1llumlFr < NOwumll7e + arllumlFz < 1812 lumllL2 +v2 < [1B1llze wmlay + 2

We introduce the polynom P(T) = 6;7% — ||31]|z2T — 2. Since by assumption || [|2. +
4+501 > 0, this polynom has its zeros real. The greatest one is:

. 1B1llz2 + 1/ 1B1]172 + 47201

! 20,

But we have P(||tum|g1) < 0. From this, we obtain that ||um,| g2 < Ri. This proves that
(Um)m is bounded on H?.

Remark 2.6 We also obtain that:

Um, 1
p [”\/gﬁl} < VIIBillL2R1 4 72 < 400.

But we don’t know if (tm)m is bounded on H*.

Theorem 2.7 Under (A1), (A2), (A3), (A4), (A5), the equation (1) admits a weak solu-
tion.

Now we set ¢ : H — R as follows:
1 Oou Ou
P(u) = 3 Z WjWg ((9%7 M)p + - Az, u(z))dp(z).

1<j,k<N

We see that for each u € H', the sequence (¢, (u))m, is decreasing to ¢(u). So we have:



inf ¢(u)= inf inf ¢, (u)= inf inf @, (u).

ueH? u€ H! meN* meN* ye H1

Now, since () is bounded in the Hilbert space H}, it has a weakly convergent subse-

quence. For simplicity, we continue to write it (tm)m. Set U the weak limit. Since ¢ is ls.c.
and ¢ < ¢,,, we have:

o(U) < liminf ¢(uy,) < liminf ¢, (ty,) = lim inf ilg dm(v) = inIg o(u).
m m m  yeH! u€H!

But now with (A5), we can say that ¢ is everywhere finite on H}, and so continuous. Since
H' is dense on H}, and ¢ is continuous, we have inf,cp1 ¢(u) = infyeqy: ¢p(u). So, U is a
minimum of the convex functional ¢ on H}.

As for ¢, it can be proved that ¢ is Gateaux-differentiable, and we can calculate this
differential. Writing that Dg¢(U) = 0, we obtain:

2U(x
Yo e HY, /TN<_ Z ijkg;ja(xi+%2(3:,U(x)),v(x)>du(x):0.

ie.:

QLU = 5 (@.U()).

Remark 2.8 Since u,, — U in H', we have:

Uz < in i, < o
Now, if we set q(t) = U(tw), we have:

0A ov ov
") = 02U (tw) = — (tw, U (tw)) = — (¢, U(tw)) = — (¢, q(t)).
0'(0) = U (1) = S0,V (k) = T (L U(0) = Fo(0.a()
3 A.p. solutions
We consider now the problem of finding a.p. solutions of the equation:
q"(t) = F'(q(t)) + b(t) (7)
where b € AP°(R,H) is a.p. and F € C'(H, R) is convex and satisfies:
e, B,7) €ERI XRxR, < F'(y),y >> >+ 4ymin{l,a} > 0.
Theorem 3.1 Under these assumptions, equation (7) admits an a.p. solution.

To prove this, we know that one can find a sequence of trigonometric polynomials (b,,), s.t.
b, — b uniformly on R. Let us consider for each n, V,, : R x H — H defined by:

Vn(tay) = F/(y) + bn(t)

Each V,, is q.p. uniformly w.r.t. y. So, let us now see if V,, satisfies assumptions (H1)-(H4).
(H1) is clear, and (H2) is true, for instance with ¢g = 0. For (H3) we write for instance by
convexity of V,,(¢,.):

Vot ) > Va(t,0) + <%<t,o>,y> ()t < F'(0)y > .

10



And for (H4) there is no problem since

<6V8<;y>y> =< F'(y).y >

So, by using the preeceeding facts, each problem:

q"(t) = F(q(t)) + bn(t)

admits a solution g¢,. But if U, is associated to ¢,, we can say that:

lgnll B2 = 1Unllpr2 = [Unllay < Bi,

where R = GARVAcun el v§;+475 does not depends on n.
So, (¢n)n is bounded in the Hilbert space B2 and so we can find a weakly-convergent
subsequence (also written (g,,),) to ¢ € B12.
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