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ABSTRACT. This paper is concerned with weighted pseudo almost automor-
phic functions, which are more general and complicated than weighted pseudo
almost periodic functions. Using these properties, we establish an existence
and uniqueness theorem for pseudo almost automorphic mild solutions to semi-

linear differential equations in a Banach spaces which extends known results.

1. INTRODUCTION

In this paper, we introduce the notion of weighted pseudo almost automorphic
functions with values in a Banach space. This generalizes the concept of weighted
pseudo almost periodic functions introduced by T. Diagana [2]. We firstly extend
some basic properties of weighted pseudo almost automorphic functions in a further
sight. We present a result on the composition of weighted pseudo almost automor-
phic functions under conditions which are weaker than the Lipschtiz condition.
Furthermore, under these conditions, we deal with the existence and uniqueness
of weighted pseudo almost automorphic mild solutions to the abstract differential

equations in Banach space X of the form
(1) a'(t) = Az(t) + f(t,2(t), tEeR,

where A is the infinitesimal generator of a Cp-semigroup {T'(t)};>0 on a Banach
space X, and f : R x X — X a weighted pseudo almost automorphic function.
Throughout this paper, X will be Banach spaces, and BC(R, X) the space of all
bounded continuous functions under the sup norm. To begin this paper, we recall
some primary definitions of almost automorphic.
The paper is presented as follows. In Section 2, we first study basic properties of
weighted pseudo almost automorphic functions and then use these results to study

the existence and uniqueness of weighted almost automorphic mild solution of a
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semilinear abstract differential equation. The most important result here is the
composition Theorem 2.10 which generalizes Theorem 2.3 [13].

2. WEIGHTED PSEUDO ALMOST AUTOMORPHIC FUNCTIONS

Let’s first recall some properties of almost automorphic functions. Detailed

presentations can be found in [10, 11].

Definition 2.1. (S. Bochner)
(i) Let f : R — X be a bounded continuous function. We say that f is almost

automorphic if for every sequence of real numbers {s,,}°° ;, we can extract
a subsequence {7, }°2 ; such that:
g(t) = lim f(t+7,)
is well-defined for each ¢t € R, and
lim g(t —7,) = f(t)
for each ¢ € R. Denote by AA(R, X) the set of all such functions.
(ii) A continuous function f : R x X — X is said to be almost automorphic if
f(t,x) is almost automorphic in ¢ € R uniformly for all x € B, where B is

any bounded subset of X.

Clearly when the convergence above is uniform in ¢t € R, f is almost periodic.
The function g is measurable, but not continuous in general. Denote by AA(X)
(resp. AA(R x X, X)), the set of all almost automorphic function f : R — X, (resp.
f iR x X - X). With the sup norm sup,eg | f(£)]| (resp. sup(,.o)ese £ 2)]),
these spaces turn out to be Banach spaces.

Now like in [2], let U be the set of all functions p : R — (0, 00) which are positive
and locally integrable over R.

For a given r > 0, set

,
m(r, p) = / p(x)dz
for each p € U.
Define

Uso :={pclU: lim m(r,p) = o0}
and
Uy = {p € U : p is bounded and inﬂf@ p(z) > 0}.
Sy

It is clear that U, C U, C U.
Now for p € U, define

PAAVX,p):={f € BOC(R,X): lim

1 ™
i s [ 1)) = 0)
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Similarly we define PAA(R x X, p) as the collection of all functions F : Rx X —
X is jointly continuous and F'(-,y) is bounded for each y € X, and
1 T
tim [ IF(s.)lls)ds =0
r—oom(r, p) J,
uniformly in y € X.
We are now ready to introduce the sets WPAA(R, X) and WPAA(R x X, X) of

weighted pseudo almost automorphic functions:
f=9g+¢¢€ BCR,X):
WPAA(X, p) = ;
g € AA(R,X) and ¢ € PAAX,p)
f=9g+¢€BCRxXX):
WPAAR x X,X) = .

g€ AAR x X,X) and ¢ € PAAY(R x X,X, p)

Remark 2.2. When p = 1, we obtain the standard spaces PAA(R, X) and PAA(R x
X, X).

Lemma 2.3. If f = g+ ¢ with g € AAR,X), and ¢ € PAA(X, p) where p € Uy,

then g(R) C f(R).
Proof. The proof is an adaptation of [14] Theorem 2.2. O

Theorem 2.4. The decomposition of a weighted pseudo almost automorphic func-

tion is unique for any p € Up.

Proof. Assume that f = g1 + ¢1 and f = go + ¢2. Then 0 = (g1 — g2) + (¢1 — ¢P2).
Since g1 — g2 € AA(R, X)), and ¢1 — ¢po € PAAG(X, p), in view of Lemma 2.3, we
deduce that g1 — go = 0. Consequently ¢1 — ¢ = 0, that is ¢1 = ¢, which proves
the uniqueness of the decomposition of f. ([l

From the above it is clear that AA(R,X) (N PAA(X, p) = {0}.
Theorem 2.5. If p € Uy, then (WPAA(X, p), ||.|lsc) is a Banach space.

Proof. Assume that (f,) is a Cauchy sequence in WPAA(X, p). We can write
uniquely f, = g, + 5. Using Lemma 2.3, we see that : ||gp — g4lloc < | fp — folloos
from which we deduce that (g,,) is a Cauchy sequence in the Banach space AA(R, X).
So, ¢n = fn — gn is also a Cauchy sequence in the Banach space PAAy(X, p).
We can deduce that g, — g € AA(R,X), ¢, — ¢ € PAA(R,p), and finally
fn—9+ ¢ WPAA(X, p). O

Proposition 2.6. Let p € U, f € WPAA(X, p) and g € L*(R). Then the operator
Jg : WPAA(X, p) - WPAA(X, p) defined by

(Jgf)(t) == (f*9)(t)
is well defined.
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Proof. The proof is immediate using [7] Lemma 3.5 and Proposition 2.8 [3] O
On Us, we use the following ~ introduced (and denoted by < by Diagana ([3]) :
(p1 ~ p2) & (,02 EUb) -
P1
Theorem 2.7. Let p1,pa € Uso. If p1 ~ pa, then WPAA(X, p1) = WPAA(X, p2).
Proof. Assume that p; ~ ps. There exists (a,b) € R? s.t.: ap; < pa < bpy. So,

am(r, p1) < m(r, p2) < bm(r, pr),

and:
L [ 6nes < [ 06 Ina(s)a
—— S s)as —_— S s)as
b m(r, ,01) —r & N m(r, P2) —r &
b 1 r
< 2o [ 10l (),
which completes the proof. [

We make the following assumptions

e HI1. f(t z) is uniformly continuous in any bounded subset K C X uni-
formly in t € R
e H2. ¢(t,z) is uniformly continuous in any bounded subset K C X uni-

formly in € R.
Let’s recall the result (see [13] Theorem 2.4).

Theorem 2.8. Let f = g+ ¢ € PAAR x X, X) where g(t,z) € AAR x X, X)),
o(t,x) € AA)(R x X, X) such that HI and H2 are satisfied.
If x(t) € PAA(R,X), then f(-,z(-)) € PAA(R,X)

Lemma 2.9. Let f € BC(R,X). Then f € PAA((X, p) where p € Uy if and only
if for every € > 0,

lim mmeas(Mm(f)) =0

where M, ((f) :={t € [-r,r] / | f()|| > €}.

Proof. a) Necessity. We follow the proof of Lemma 2.1 [16]. By contradiction
suppose that there exists ¢y > 0 such that

———mes(My,(f)) # 0.

TLHQlQ Tn(r7 p)

Then there exists § > 0 such that for every n € N mes(M,., ¢, (f)) > 6 for

S
> m(rn,p)
some 1, > n.
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So we get

1 1
m(rn, p) /_ I7leto)ds = e ) /M

Tn,€0 (

: 1F(s)llo(s)ds

1
+ 7/ f(s)|lp(s)ds
T ?) oot 1f(s)llp(s)

1
s /Mw(f) 1£(5)1p(s)ds

€0
>__© p(s)ds
m(rn, p) /Mrn,fo(f)

> 6057’

where v = infcg p(s). This contradicts the assumption .
ﬁmes(Mm(f)) = 0. Then for every
€ > 0, there exists 7o > 0 such that for every r > ro,

b) Sufficiency. Assume that lim,

€
KM

mmes(Mr,e(f)) <

where M := sup,cg || f(t)]] < 0o and K := sup,p p(t) < co.

Now we have

1 " 1
e [ 1@ e(e)s = s ( [, @i [ f(s)||p(s)ds)

MK €
< meas(My(f)) + / p(s)ds
m(r, p) ( ( )) m(r, ﬂ) [=r,r]—M, (f) ( )

< 2e.

Which shows that lim,_, m T 1f(s)llp(s)ds = 0, that is f € PAAy(X,p).
The proof is now complete. 0

The following result generalizes Theorem 2.8 above.

Theorem 2.10. Let f =g+ ¢ € WPAA(X, p) where p € U and assume that H1
and H2 are satisfied.
Then L(-) := f(-,h(-)) e WPAA(X,p) if h e WPAA(X, p).

Proof. We have f = g+ ¢ where g € AAR,X) and ¢ € PAA)(X,p) and h = p+v
where p € AA(R,X) and v € PAA((X, p).

Now let’s write
L() = gC,nC) +FCR0) = gCo () = g(sp()) + FRE) = £Cp()) + 0, 1)

By [13] Lemma 2.2, g(-, u(+)) € AA(R,X). Consider now the function

()= f(h() = FCp()

Clearly ®(t) € BC(R,X). For ® to be in PAAp, it is enough to show that
lim,—, mmes(Mm(@)) =0.
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By Lemma 2.3, u(R) C h(R) which is a bounded set. Using assumption H1 with
K = h(R), we say that for every € > 0, there exists 6 > 0 such that

z,y €K, lz —yll <d = |f(t,z) = f(ty)| <€, VEER.

Thus we obtain

mes(Mr (B(1))) = o —smes(M (. h(t)) = (.(1))

1
m(r, p)

= o mes(Mrs(u(0).
Now since v € PAA((X, p), then by Lemma 2.9, lim, mmes(MnE(u(t))) =0.
Consequently lim,_, mmes(Mne(@)(t)) =0. Thus ® € PAAy(X, p).
Finally we need to show that ¢(t, u(t)) € PAAy(X,p). Note that ¢(t, u(t)) is
uniformly continuous on [—r, r|, and that u([—r,7]) is compact since u is continuous

m(r, p)

< mes(M, s(h(t) — p(t)))

on R as an almost automorphic function. Thus given ¢ > 0, there exists § > 0
such that pu([—r,r]) C UP B, where By = {z € X / ||z — || < ¢} for some
x € p([—r,7])}, and

€

) ot (1)) — o(t, 21| < 5

It is easy to see that the set Uy := {t € [—r,r] / u(t) € By} is open in [—r,r] and
that [—r,r] = U}, Uk. Define V}, by

, u(t) € By, t € [—r,7].

Vi=Uy, Ve=U,-UU;, 2<k<m.
Then it is clear that V;NV; =0, if i # j, 1 <1i,j < m. So we get
A=A{tel-rr] /o u®)l = %H}
C UL {t € Vi /Mot u(t)) — o(t, wi)|| + (|06, z) || = €}
CURL({t € Vi / 19t n(0) = d(t.an)| 2 SYU Lt € Vi / (2. a)]| = 51).
In view of (2), it follows that

{t € Vi / lo(t.n(0) = ot ea) | = 5} =0, k =1,2,.,m.

Thus we get
1
———mes(M, (¢(t, at))) < mes(M, (o(t, zy)).
e M0t a(0) £ 32 e 0,
And since ¢(t,z) € PAA)(R x X, X) and lim,_, mmes(Mr’%@(t, x))) =0, it
follows that lim,_ mmes(MT’%(qﬁ(t,M(t)))) =0, ie. ¢(t,u(t)) € PAANX, p).
This completes the proof. ([l

We can establish the following consequence.
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Corollary 2.11. f =g+ ¢ € WPAA(X, p) where p € Uy, assume both f and g
are Lipschitzian in € X uniformly in ¢ € R.
Then L(-) := f(-,h(:)) e WPAA(X,p) if h € WPAA(X, p).

3. APPLICATIONS

Consider the abstract differential equation
(3) a'(t) = Az(t) + f(t,2(t), tEeR,

with the following assumptions

e (H3) A is the infinitesimal generator of a Cy-semigroup {T'(t)};>0 on a
Banach space X such that

|T(t)|| < Ne ", t >0

=g+ ¢ € WPAA(X, p) where p € U
(HQH (t,x) = ft, Yl < Lyllz —yll, Vo,y €X
lg(t, ) —

9(t, )| < Lyllz —yl|, v,y € X

Lemma 3.1. Let f = g+ ¢ € WPAA(X p) where p € Uso and (T'(t))i>0 is an
exponentially stable semigroup. Then F(t f T(t—s)f(s)ds € WAAP(X, p).

Proof. Let F(t) = G(T) + ®(t) where G(t) := f T(t — s)g(s)ds and @(t) :=
JL L T(t— 5)¢(s)ds.

Then by [9], G(t) € AA(X). Now let’s show that ®(t) € PAA(X, p).
We have

m(r, >/ [@(s)lp(s)ds = WLII/ (0)dolp(s)ds = 1 + I,

where
him oo [ 1] 1= opolaldolnts)ds

- rp/_,”/_, s — 0)(a)do|p(s)ds

and

‘We have
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1 I
L = — /
! m(r,p) J_,

p(s)ds

/_ ; T(s — 0)o(0)do

< o [ (] ime = oliseas) psis

< s [ (e he@lan) tsyas

< ([ emaas) (e otoran)

< il ([ o) ([ e 1o0lan)

< ot (7 =) s o) ([ eao)
< g Wl splolo) ([ emao)

< g P s )]

< gy Pl s 16

Since sup;eg [|¢(t)|| < oo and lim,—, o m(r, p) = oo, then lim _ I; = 0.

b= m(}“,p) /T

< ([ 1= o)) psas

p(s)ds

| 7= orotoio

< ( ) [ >||da) p(s)ds
< wmﬁ — [ (1) ol ptsias
<

N T
i | e ats)as
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Since ¢ € PAA((X, p), then lim, oo o [7 [|6(s) | p(s)ds = 0.
Thus limmoo I, =0
O

Theorem 3.2. Under assumptions (H3-H6) above, Eq (2) has a unique mild so-
lution in WPAA(X, p) provided % < 1.

Proof. In view of Corollary 1.11 above, the operator I' : WPAA(X, p) — WPAA(X, p)
such that

(Tz)(®) ;:/ T(t o) f(0,2(c))do, t € R

—00
is well-defined.
Now if z,y € WPAA(X, p), we have

|mhxw—awan=w[ T(t = o) (f(0,2(0)) — f(,y(0))dor]|
gN@/ =) ||5(0) — y(o) |do

—0o0

<

NL
e~ yleo, VtER:

Thus
NLy

w
The conclusion follows by the principle of contraction.

[Tz = Tylloe < 12 = Ylloo-
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