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Framework

(E , E , µ) a probability space,
T : E → E bijective, bimeasurable, µ-preserving.

We define (ζi )i∈Z = (T i )i∈Z from (E , µ) to E .

(Ω,A, P) a probability space,
(Xi )i≥1 ∈ ZN∗

i.i.d. on (Ω,A, P), .

We define Sn =
∑n

i=1 Xi , n ≥ 1, S0 ≡ 0.

For f ∈ L1(µ) and ω ∈ Ω, we are interested in the sampled ergodic
sums

n−1∑
k=0

f ◦ ζSk (ω).
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(Sk)k≥0 is universally representative for Lp, p > 1
if ∃ Ω0 ⊂ Ω, P(Ω0) = 1 /

for every ω ∈ Ω0,

for every dynamical system (E , E , µ,T ),

for every f ∈ Lp, p > 1,
1
n

∑n−1
k=0 f ◦ T Sk (ω) converges µ-almost surely.

Proposition (Lacey et al.)

Assume E(X 2
1 ) < ∞.

Then (Sk)k≥0 is universally representative for Lp, p > 1 iff the
random walk is transient.
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We assume now that the random walk (Sk)k≥0 is transient.

Then, ∀ x ∈ Z, the Green function G (0, x) =
∑+∞

k=0 P(Sk = x) is
finite.

Examples :

1. E|X1| < ∞ and EX1 6= 0,

2. EX1 = 0 and ∀ x ∈ R, P(n−1/αSn ≤ x) −−−−→
n→+∞

Fα(x), where

Fα is the distribution function of a stable law with index
α ∈ (0, 1).
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Weak dependence framework

On the Euclidean space Rm, define the metric
d1(x , y) =

∑m
i=1 |xi − yi |.

Let Λ = ∪m∈N∗Λm where
Λm = {f : Rm → R, Lipschitz with respect to d1}.

If f ∈ Λm, define Lip (f ) = supx 6=y
|f (x)−f (y)|

d1(x ,y) .

Define Λ̃ = {f ∈ Λ / Lip (f ) ≤ 1}.
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Let ξ ∈ Rm be a square integrable r.v. on (E , E , µ). For any sub
σ-algebra M⊂ E , define

θ2(M, ξ) = sup
{
‖E(f (ξ)|M)− E(f (ξ))‖2 , f ∈ Λ̃

}
.

Définition

(ξi )i∈Z ∈ RZ : sequence of square integrable r.v.,

∀ i ∈ Z, Mi = σ (ξj , j ≤ i).

Then, ∀ k ∈ N∗ ∪ {∞}, ∀ n ∈ N, define θk,2(n) by

max
1≤l≤k

1

l
sup {θ2(Mp, (ξj1 , . . . , ξjl )), p + n ≤ j1 < . . . < jl} .

Also define θ2(n) = θ∞,2(n) = supk∈N∗ θk,2(n).
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We consider the stationary sequence (ξx)x∈Z = (f ◦ T x)x∈Z, where
f ∈ L2(µ), Eµ(f ) = 0 and T : E → E bijective, bimeasurable and
µ-preserving.

Then Mi = σ
(
f ◦ T j , j ≤ i

)
, i ∈ Z.

Assumption DEP : Assume that θξ
2(·) is bounded above by some

non-negative function g(·) such that

x 7→ x3/2g(x) is non-increasing,

∃ 0 < ε < 1,
∑∞

i=0 2
3i
2 g(2iε) < ∞.

If θξ
2(n) = O (n−a), DEP is satisfied as soon as a > 3/2.
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Main result

For f ∈ L2(µ) such that Eµ(f ) = 0, define

σ2(f ) = 2
∑
x∈Z

G (0, x)Eµ(f f ◦ T x)− Eµ(f 2).

Theorem (Guillotin-Plantard & Prieur, 07)

Assume that (f ◦ T x)x∈Z satisfies DEP. Assume that σ2(f ) is
finite and positive.
Then, for P-almost every ω ∈ Ω,

1√
n

n∑
k=0

f ◦ T Sk (ω) D−−−−→
n→+∞

N
(
0, σ2(f )

)
.
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Remarks :

1. If (f ◦ T x)x∈Z is a sequence of martingale differences, the clt
holds with 0 < σ2(f ) = (2G (0, 0)− 1) Eµ(f 2) < ∞
(Guillotin-Plantard & Schneider, 03).

2. The stationarity assumption on (f ◦ T x)x∈Z can be relaxed by
a stationarity assumption of order 2.
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Sketch of proof

∀ n ∈ N, ∀ x ∈ Z, define the local time of the random walk

Nn(x) =
n∑

i=0

1Si=x .

For every ω ∈ Ω,

n∑
k=0

f ◦ T Sk (ω) =
∑
x∈Z

Nn(x)(ω)f ◦ T x .

We need a clt for triangular arrays of dependent random variables.
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clt for triangular arrays of dependent r.v.

Define Xn,i = an,iξi , n = 0, 1, . . . , i = −kn, . . . , kn, where
• (ξi )i∈Z is a sequence of centered, non essentially constant and

square integrable real valued r.v.,

• (kn)n≥1 is a ↘ sequence of positive integers s.t.
kn −−−−→

n→+∞
+∞,

• {an,i , −kn ≤ i ≤ kn} is a triangular array of real numbers s.t.

∀ n ∈ N,
∑kn

i=−kn
a2
n,i > 0.

We are interested in the asymptotic behaviour of

Σn =
kn∑

i=−kn

Xn,i =
kn∑

i=−kn

an,iξi .
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Let Mi = σ (ξj , j ≤ i) and σ2
n = Var (Σn).

Theorem (Guillotin-Plantard & Prieur, 07)

Assume that

(A1)

(i) lim infn→+∞
σ2

nPkn
i=−kn

a2
n,i

> 0,

(ii) limn→+∞ σ−1
n max−kn≤i≤kn |an,i | = 0.

(A2)
{
ξ2
i

}
i∈Z is an uniformly integrable family.

Assume moreover that (ξi )i∈Z satisfies DEP.
Then,

Σn

σn

D−−−−→
n→+∞

N (0, 1).
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Case of sampled sums

Define σ2
n(f ) = Eµ

(∣∣∑n
k=0 f ◦ T Sk (ω)

∣∣2).

Recall that σ2(f ) = 2
∑

x∈Z G (0, x)Eµ(f f ◦ T x)− Eµ(f 2).

Proposition (Guillotin-Plantard & Prieur, 07)

If
∑

x∈Z G (0, x)Eµ(f f ◦ T x) < +∞, then

σ2
n(f )

n
P-a.s.−−−−→

n→+∞
σ2(f ).
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Example :
Unsymmetric random walk on nearest neighbours with p > q.

∀ x ≥ 0, G (0, x) = (p − q)−1,

∀ x ≤ −1, G (0, x) = (p − q)−1
(

p
q

)x
.

If f = h − h ◦ T , we get for σ2(f ) :

−2
p − 1

p
Eµ(h2) + 2Eµ(h h ◦T )− 2

p − q

pq

∑
x≥1

(
p

q

)x

Eµ(h h ◦T x).

Clémentine PRIEUR



Define Mn = max0≤k≤n |Sk |.

Then
n∑

k=0

f ◦ T Sk =
∑
|x |≤Mn

Nn(x)f ◦ T x .

We apply the clt to the triangular array{
Xn,i =

Nn(i)√
n

f ◦ T i , n ∈ N, −Mn ≤ i ≤ Mn

}
.
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As f ∈ L2(µ), the stationary family
{
(f ◦ T i )2

}
i∈Z is uniformly

integrable.

Define the self-intersection local time α(n, x) =
∑n

i ,j=0 1Si−Sj=x ,
x ∈ Z.

Proof of (A1) (i) :∑Mn
i=−Mn

a2
n,i = α(n,0)

n
P-a.s.−−−−→

n→+∞
2G (0, 0)− 1 > 0

(Guillotin-Plantard & Schneider, 03).

Moreover, Var (
∑n

i=1 Xn,i ) = σ2
n(f )
n −−−−→

n→+∞
σ2(f ) > 0.
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Proof of (A1)(ii) :

∀ ρ > 0,

max
−Mn≤i≤Mn

|an,i | =
1√
n

max
i∈Z

Nn(i) = o
(
nρ− 1

2

)
P-a.s..

Hence

(√
σ2

n(f )
n

)−1

max−Mn≤i≤Mn |an,i |
P-a.s.−−−−→

n→+∞
0.

⇒ clt for the sampled sums under DEP.
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Example of sampled dynamical systems

Let I = [0, 1], T : I 7→ I s.t. ∃ a T -invariant probability µ on I .
Define Xi = T i . Then (Xi )i≥0 is strictly stationary from (I , µ) to I .

Perron-Frobenius operator :
Let K : L1(I , µ) 7→ L1(I , µ) defined by

∀ h ∈ L1(I , µ), ∀ k ∈ L∞(I , µ),∫ 1

0
K (h)(x)k(x)dµ(x) =

∫ 1

0
h(x)(k ◦ T )(x)dµ(x).

Define (Yi )i≥0 the stationary Markov chain with invariant
distribution µ and transition kernel K . Then,
∀ n ≥ 0, (X0,X1, . . . ,Xn) ∼ (Yn,Yn−1, . . . ,Y0) (Gordin, 68).
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We endow the space of BV -functions with the norm
‖h‖v = ‖dh‖+ ‖h‖1,µ.

In the case where the spectral analysis of K on (BV , ‖ · ‖v ) yields
the existence of a spectral gap, ∃ ! T -invariant µ << λ on I whose
density fµ is BV .

Assumptions : regularity, expansivity, topologically mixing
(see Collet et al, 02).

Then ∃ C > 0, ∃ 0 < ρ < 1 s.t.
∀ n ≥ 0, θY

2 (n) ≤ C ρn, Dedecker & Prieur (05).
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For this example, the limit variance is

σ2(f ) = 2
∑
x∈Z

G (0, x)Cov
(
f (X0), f (X|x |)

)
−Var (f (X0)) .
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Parametric estimation by random sampling

We observe a stationary process (ζi )i∈N at random times
Sn, n ≥ 0, with (Sn)n≥0 a non negative, increasing and transient
random walk.

Sampled empirical mean : m̂n = 1
n

∑n
i=1 ζSi

.

A quadratic criterion : a(S) = limn→+∞ (nVarm̂n).

If (Cov(ζ1, ζn+1))n∈N ∈ l1,

a(S) =
+∞∑

k=−∞
Cov

(
ζS1 , ζS|k|+1

)
< ∞.
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Corollaire (Guillotin-Plantard & Prieur, 07)

Assume that (ζi )i∈N satisfies DEP. Assume moreover that the
random walk is transient, S0 = 0 and (Sn+1 − Sn)n∈N takes its
values in N∗.
Then, for P-a.e. ω ∈ Ω,

√
n (m̂n −m) −−−−→

n→+∞
N (0, a(S)) .

Proof : f = Id −m, σ2(f ) = a(S).
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Perspectives

• And using Lindeberg-Rio + blocks? θk,2(n)?

• The case where the random walk is recurrent (Pène, 07).
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Thank you for your attention

www.lsp.ups-tlse.fr/Fp/Prieur

Clémentine PRIEUR


