PROBABILITY THEORY OF {na)

Gauss, January 30, 1812 Letter to Laplace, asking for error term in

o Tw) = {1/w}

nli_)moo Mw € (0,1): T<n>(w) <z} = o2

Kuzmin 1928: 1y, = O(e_c\/ﬁ), Lévy 1929: rp = O(e™ ")

Khinchin 1923: Small denominator problem For almost all o

p| _flag . . f(F)
a——| < —5- i.o. ift —— =00
o2 <2 > 5
Erdés-Kac 1939 w(n) =# of prime divisors of n
X
i# n< N - w(n) — loglog N <1 > 1 22 g
N Vl1oglog N V2



Salem-Zygmund 1947 Ng1/nE > q>1
N
N7V "sinomnge —q N(0,1/2)
k=1
Erdos-Gal 1955:  corresponding LIL

Classical theory of {na} "Irrational rotations”

Kronecker 1876 {na} is dense if « is irrational
Sierpinski, Bohl, Weyl 1910  Uniformly distributed mod 1

() C (0,1) is UD if
%#{ng: xp € (a,b)} — b—a

a b
I ( \ |
I \ ), |



Discrepancy (H. Weyl 1916)

N(a,b
Dy = sup 4, )—(b—a)
0<a<b<l N
/
# of terms of x1,...,x N in (a,b)

(xp) 18 UD <= Dy — 0

Hardy and Littlewood 1915 Lattice points in convex domains

N
> {kx} = N/2+ O((log N)'*) as
k=1

Khinchin 1924

Dy({kz}) = O (GOg al >H5> for £ > 0

N



Kesten 1964

2 log N loglog N
Dy({kx}) ~ — o8 ]o\;g o8 in measure.

Khinchin conjecture (1924)  f 1-periodic, fol f(x)dz =0

lim k Z f(kx) = a.e.

False! (Marstrand 1969)

No satisfactory convergence theory for » ¢ f(kx)

Carleson (1966) f(x) = sinz,
Gaposhkin (1968) f € Lip o, > 1/2
B. (1997) False if f € Lip (1/2)



Super-uniformity of the billiard path

oL

Beck (2010) A c [0,1]? fix, speed =1

For (1 — ¢)-almost all starting positions

T

| ; IA(X(t)dt — Tu(A)| < ce/1og T,
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Lacunary sequences

f 1-periodic, fol f(z)dz =0

lim k Z F(2Fz) = a.e.

where

0
Erdés-Fortet (1949) Fails for f((2F — 1)z) |
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Philipp-B. (1979)
N
Z f(npz) =W(cN) + O(N1/2_)‘) a.s.
k=1

if ng_1/n} are integers or nyp1/ny — « transcendent

Philipp (1972)

N I
li D 2 < S.
}?jgf\/loglogN v{ie}) < oo as

The value of the limsup remained open

Fukuyama (2008)
limsup=+/42 /9 and the limsup is permutation-dependent



Kolmogorov (1927): There exists an f € L?(0,2n) whose Fourier
series diverges a.e. after a suitable permutation.

No convergence criteria, no characterization of limits are known.

Theorem (Fukuyama) For {a*z} the limsup ¥, equals
V(a+1a(a —2)

Yig = if a > 4 is an even integer,
T 2y/a—1p
V 1
Yig = 0 if @ > 3 is an odd integer
2v/a — 1
Yig = 1/2 if @" is irrational for r = 1,2, ...

For {(2¥ — 1)z}, the limsup is not a constant!
But the limsup is constant if we consider only intervals |0, a)



Why does the behavior depend on n;?
2

b [ N
/ Z f(npx) | dox =7
“ \k=1

Let f(x) =aqcosx 4+ agcos2x + ...

N N N
aq Zcosnk:c + a9 Zcos 2n.x + as Zcos INpx + ...
k=1 k=1 k=1

G ={ng}t U{2n;; U{3nptU---

Landau’s formula

(g, 70)
=% [ i f] if f(z)={z}—1/2

TV, 11
=1 U




Harmonic case f(x)=sinx

(a) npoi/ngE > q>1 Salem-Zygmund (1947)
N

1

—Zaksinnkx — g N(0,1/2)

AN

k=1
provided
v 1/2

max |ag| = o(An), An = as
sl =oan), Av =324

(b) ng > et 1/2 < a <1 Takahashi (1965)

CLT = max |a.| = o(Arn /Nt~ sharp!
mas o] = (A /N sharp

The trigonometric functions are "inflated”
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What happens if nj. ~ eVh?
(8) ny, ~ eVhloglogk) g < 59 CLT4LIL+ASIP
(b) ny ~ eVhlogloek)? 379 - 5 59 CLTHLIL+KFT

. 2 el
SN>\/N¢N1.O.<:>/ t p(t)e” 2 dt =00
1

(¢) ng ~ eV k(loglog k)ﬁ, 1/2 < 8 < 3/2: CLT+LIL+partly KET
Sy < (2NloglogN)1/2 a.s. for N > N
(d) ng ~ eVhlloglogk)'2. oy holds, but LIL not

(e) ng ~ eVE. CLT breaks down, Cauchy limit distribution
ng = eV 9 ng = eVE  Kaufman (1980)

Crucial property is Diophantine behavior of (ng.).
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An ”arithmetic” probability theory
C. Aistleitner, I. Berkes, R. Tichy (2008-2010)

Theorem 1. f(npx) satisfies the CLT if and only if
L(N,a,b,c)=o(N) where

L(N,a,b,c) =#{1 < k,l < N; anj. + bn; = ¢}

Theorem 2. If L(N,a,b,c) = o(N/loglog N), then
NDN(nkZC) 1
lim sup — a.e.,
N o0 \/2N log logN 2

and this condition is sharp.

S riiapXy CLT ay = o(Ay) LIL ay = o(Ay/(loglog Ay)'/?)
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Theorem 3. f(n.x) satisfies the permutation-invariant CLT iff
L(N,a,b,c) =0(1).

Theorem 4. For nj.i/n;, > q > 1, sinngx satisfies the CLT

and LIL in permutation-invariant form. For subexponential (n;.)
this fails.

Due to interlaced mixing condition.
For subexponential (n;.) we need infinite order Diophantine equations

Permutation of trigonometric series

Kolmogorov (1927): There exists an f € L?(0,2m) whose Fourier
series diverges a.e. after a suitable permutation.

No convergence criteria, no characterization of limits are known.
Probability theory offers a hope to clear this up.
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