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Backward Stochastic Differential Equations
(BSDEs in short)

The unique solution of a BSDE consists of a pair of adapted
process (Y, Z) satisfying:

T T
Yt:§—|—/ f(s,YS,ZS)dS—/ ZsdBg, 0<t<T.
t t

» Interest : PDESs, Stochastic Control, Mathematical
Finance.

» EXxistence and Uniqueness results.




Discretization of BSDEs and Conditional Expectation
Time step h:= 1, t} ==

» The symmetric random walk W} := % ZZ”:%) (.
s Y7 :=¢"and (Y™, Z") Is the unique solution of the
Discrete BSDE:
tq; ti
e g [ sz [ ziawy
t t

» Moreover, if f depends only on y then (Ma, Protter, San
Marin, Torres (2002).
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The case of RBSDEs Martinez, San Martin, Torres (2007)
The solution of a RBSDE with obstacle (S;) and coefficient f

consists of a triple of progressive measurable processes
(Y, Z, K) satisfying

T T
Yi=¢+ / f(S, Ys; ZS)dS — / ZsdBs + Kp — Kj. (1)
t t
s Y > 5y, 0<t<T, (Y stays above the barrier S)
s E [fOT\Zt\th} < o0,

s (K;)Is a continuous increasing process such that Ky = 0
and [\ (Y; — S;)dK; = 0.




The symmetric random walk W}" := % ZZ”:%) ¢, ¢ 1s an l.l.d.
Bernoulli symmetric sequence.
» (Al) the function f is bounded ;

» (A2) the function f is uniformly Lipschitz with respect to
variables (y, z) ;

» (A3) the barrier S is assumed to be almost surely
constant.

» Additional Hypothesis : (H)

o0 | s€[0,7]




The strongest assumption is (A3). For the general case, we
consider S; = Sy + [ Jsds + [, HydBs, then R, = Y; — S,
satisfies the following RBSDE:

T T
R, = §+/ f(s,RS,FS)ds—/ B+ Ky —K; 0<t<T,
t t

T
R > 0, 0<t<T, and / RidK; = 0,
0

where é =&+ 51, 1y = Zy + Hy, and
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f(SavaY) :f(S,T+SS,’}/—H3)—|—JS.




The method is based in two steps:

» Step |: The penalization term and Picard’s ieration
procedure in the continuous case. In this case we follow
with the main ideas given in N. El Karoui et al.

» Step lI: The penalization term and Picard’s ieration
procedure in the discrete case. In this step we will follow
the ideas given in Briand et al.




For each = > 0, let {(Y#, Z7); 0 <t <1} denote the unique
pair of progressively measurable F; processes with values in
IR x IR satisfying the following BSDE:

1 1 1
1
YE=¢ —|—/ f(s,Ys, Z5)ds — / Z:dBs + g/ (S — Y8€)+ds, (2)
t t t

1 [t
K; = —/ (S — Yj)JFds, 0<t<I. (3)
€ Jo

1 1
E [/ \Yf—Yt|2dt+/ 1 ZE — Z;|*dt + sup ]Kf—Kt|2] — 0
0 0 0<t<1
(4)

as ¢ — 0. We follow the proof given in El Karoui et al.
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Wesety' =0, 2" =0,0<t<T.

For p e N, we define (Y7, Z>7*1) by recurrence through
Picard’s Iteration:

T T
s / f(s, Y5, Z5P)ds — / Z;7+ B,
t t

+ K37 — K P
where K;7 =1 [1(S — YsP)ds. Then

|(Ye—Y=P 25— Z°P)||; — 0, as p tendsto oo. (5




Fort e [t;_1,t;], and for each ¢ > 0, let

{0, Zp0" Ky2™); 0 <t <1} denote the unique pair of
progressively measurable F; processes with values in R x IR
satisfying the following discrete BSDE:

yEoom _
Yoo ft Yo" Z%0 M ds— ﬁtizi’oo’”dW£+ K70 — K™,
yEoom _ ¢n,
where K,°" =0 and for ¢ €]t;_;,t;[ and we define

8oon.:n_€Z(S_}/tilof7n)+' (6)




We introduce the following implicit discrete-time scheme
BSDE :

1 1 .
VI VR L (Y ZE) 4 1 (5 - Y

1
— —=Z;7" i, (7)

NG
forie {n—1,...,0}, with Y~" = ¢,




An explicit solution of (7) can be found using a discrete
Picard’s iteration method. Let us set Y& = 0, 259" = 0, we
define (y=r*hn z=ptln) py induction as the solution of the
iterated discrete-time scheme BSDE :

1 1
Yt€7p+17n — Ytsji_pl+17n _I_ _f (t/“ Yt?7p7n7 Zf)pan) _|_ _ (S L Y‘S)p)n)+
i i n 7 7 e 7
1 1
— —Z7PT 0 (8)
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There exists a. > 1 and ny € N such that for all n > ng, for all

p € N,
2
H(Y87p+17n_ Y€7p7’n’, Z€7p+17n_ Z€,p,’l’b) S
075
2
e yerin genn gerin” forpen,
Qe
2
&, _|_]-7n E,p,Nn g, —|—1,’I’L E,p,N o
e e el
075
I ] 1 n—1 -
IF sup agk/n|Y€,p+1,n o Ye,p,n|2 —I—E; E :Oégk/nlzs,p—kl,n o Zs,p,n|2
0<k<n n =0




Under the assumptions (A1), (A2), (A3) and (H), the triplet
(&, Yeoon Zeoon  [&00m) converges in the Skorohoo
topology towards the solution (¢,Y, Z, K) of the RBSDE (1).
Idea of the Proof The main idea of the proof is the following
decomposition of the error:

Yt o Yf’oo’n:(Yt o Ytg)—F(Yf o Yte,p)_HYts,p o Yf,p,nH_(Yts,p,n B Yf’oo’n),

the first term corresponds to penalization term in the
continuous setting, the second one is the Picard’s iteration
procedure for the continuous BSDE, the third term is the
discretization of a BSDE by using a random walk instead of
the Brownian motion, and the last term Is related to a
Picard’s iteration procedure in the discrete case.




The main idea of the proof is the intermediate result:

Proposicion 1 Let the assumptions (A1), (A2), (A3), and
hypothesis (H). Let us consider the scaled random walks W™,
We have that for each fixed ¢ €]0, 1],

1
sup ‘Yf_’p’n — Yf’p‘ + / ‘Zﬁf’n — Z;:’p‘zds — 0. (9)
0<t<1 0

as n — —+oo; In probability.




The 2-step scheme in the discrete case:

s fori=nn—1,...1,and t € [t;_1,t;], let (Y/”,Z”) be the
solution of the BSDE:

tq; _ ti
V' =Y+ / f (s, Y., Z?) ds — / ZrdWwe.  (10)
t t
where, foreachi=n —1,...0, we defined
v =V vs=vr 4 (s-vp )
tiv1 7 Tttt Vo = tit1 T ( o ti—l—l)

» Comparison with penalization procedure?
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We define a Modified Picard’s iteration procedure  for a
penalization discrete BSDE (Y=o, Z&:00m),
We define YePtinfori=0,...,n—1, by

7

) +1 ) +1 VY b} VY b}
Y;fzp " _Yzfl n+ -f (t’MY o prn)

e,p+1n e,p+1,n e,p+1.n
—ﬁz Cit1 + (Kt¢+1 — Ky, )
7p) — é’n
tz“ T ne '

The main difference between this approximation and the
Picard’s iteration procedure is that instead of p we use p + 1

~ INthe last WO TermMS. e asosir stucud s s i s 5




(", ZzP'™) denotes the the Picard iteration procedure for the
couple of processes (Y;*, Z1*) defined as the solution of the

BSDE equation
Theorem Assume (A1)-(A3) and H. Then, for all p € N,

}-

2 1 n
+-2,

1=0

¥ p7n ¥ 67p7n p)n ..€)p7n
}/ti - }/tz Zti o Zti

lim lim F { sup {

e—0n—-+o0 0<i<n




Lemma There exists A fixed in |0, 1] such that the map
D : (Y/pv”,Zpa”) — (?Pﬂv”,zpﬂv”) is contractive on [\, 1] for
the norm ||| . ||| defined by

. 1/2
N 1 L E “Ytz ° T |th’ 2}
(Y. 2) Il = 0 iy SN CEY

uniformly on n.

|dea of the proof : a fundamental Lemma
ForallneN, peN, 0<i<n,

~ 1
+1,
. Numerical Method for Reflected Backward Stochastc Differential Equations- p. 20/




An American option is a one that can be exercised at any
time between the purchase date and the expiration date 7.
We consider the price of the risk asset S = (S;)p<t<r and the
wealth process Y = (Y;)o<:<7. We assume that the rate
Interest r IS constant. The aim is to obtain Yj, the value of
the American Option.

The equation that describes the evolution of Y Is given by a
linear reflected BSDE coupled with the forward equation for
S.

Vi = (K—S)t— [ ("Ys+ (u—r)Zs)ds + K1 — Ki — [, ZsdBs
Sy =50+ fO 1Ssds + fO 0SsdBs.




The increasing process K keeps the process Y above the
barrier L, = (S; — K)* (for a call option) in a minimal way, that
SY; > L;, dK; > 0 and

1
/ (Y; — LK, = 0.
0




N So =280 | Sop =100 | 5o =120
1 20 11.2773 | 4.1187
2 22.1952 | 10.0171 | 3.8841
3 21.8707 | 10.7979 | 3.1489
4 22.8245 | 10.1496 | 3.9042
) 22.4036 | 10.9673 | 3.4262
14 22.6062 | 10.5968 | 3.5636
15 22.6/7/5 | 10.8116 | 3.7119
16 22.6068 | 10.6171 | 3.6070
17 22.7/144 | 10.7798 | 3.6811
18 22.6271 | 10.6125 | 3.6364
Real Values | 21.6059 9.9458 4.0611
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