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1.
DEFINITIONS



BASIC OBJECT



BASIC OBJECT

a sequence
Sny n 2 1,

of random variables.



BASIC OBJECT

a sequence
Sn,n>1,

of random variables.

Remark. We do not assume that S5,, is of
a special structure.
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However, So = 0,

Xy E Sy~ Spo1 = Su=Y X

OI’, SO — ].,
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correlation structures in different places.



CORRELATION STRUCTURE

Remark. We do not assume any specific
correlation structure of {S,}.

For the sake of demonstration of gen-
eral results, we will consider some specific
correlation structures in different places.

Example. Let X,, = S,, — S,,_1 be the
increments of the sequence {S,,}. We are
able to treat the cases where X,, are

m-dependent
martingale-difference
orthogonal
stationary

mixing

positively dependent
¢-subGaussian
negatively associated



WHAT DO WE WANT TO PROVE



WHAT DO WE WANT TO PROVE

Let

{b,,n>1}

be a sequence of real numbers



WHAT DO WE WANT TO PROVE

Let

{b,,n>1}

be a sequence of real numbers

such that

(a) bn S bn—l—l
(b) b, —



WHAT DO WE WANT TO PROVE

Let

{b,,n>1}

be a sequence of real numbers

such that
(a) bn S bn—l—l
(b) b, —
SLLIN. We would like to prove that

Sn



2.
HISTORICAL EXAMPLES



KoLMOGOROV (1930)



KoLMOGOROV (1930)

Theorem. If increments
Xn — Sn — Sn—l

are independent and E X,, = 0,

EX2
Z

then

11 —T =0 .S.
b a5



AHIPEN HUKOJAEBUY KOJMOTOPOB

(12.04.1903-20.10.1987)



MENSCHOFF—RADEMACHER (= 1922)



MENSCHOFF—RADEMACHER (= 1922)

Theorem. If increments
Xn — Sn — Sn—l

are orthogonal and EX,, =0,

=, E X2
> 52 (togym)? < oo
n=1 n

then g
nh_)rrgo b—: =0 a.S.



JIMUTPU1 EBTEHBLEBUY MEHBIIIOB

(18.04.1892-25.11.1988)



HAaNS RADEMACHER

(3.04.1892-7.02.1969)
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WHAT DO WE ASSUME

Let > 0. Assume that

E|S,|" < 0.



WHAT DO WE ASSUME

Let r > 0. Assume that
E|S,|" < 0.

MAJORANT SEQUENCE

Definition. A sequence of non-negative

numbers {\i,k > 1} is called a majorant
for {S,,n > 1} if

E (rggg \Sk\) < I;Ak

for all n > 1.




EXISTENCE OF A MAJORANT

If Ay = E|S1]" and

A =E (max\Sﬂ) —E (max ‘Sz’)
i<k i<k—1

for £ > 1, then

E (I;lg?f ’Sko = I;Ak

for all n > 1.



HISTORICAL EXAMPLES



HISTORICAL EXAMPLES

Doob. If increments
X = Sn — Sn—l

form a martingale-difference and r > 1,
then

E(maX\Sk]) g( i ) E|S,a|",
k<n r—1

whence

Ay = (:J (E|Sk|” — E|Sk_1]"].



IN PARTICULAR,



IN PARTICULAR,

if r = 2 and X,, are independent and
centered, then

A, =4[ E|Sk])? — E|Sk—1]?]
which means

A\, = 4E X7



KOLMOGOROV’S TYPE INEQUALITY

If increments { X} are independent,

2 n
2
E <x£3§ysk\> < 4; EX2.



KOLMOGOROV’S TYPE INEQUALITY

If increments { X} are independent,

2 n
2
E <x£3§ysk\> < 4; EX2.

KOLMOGOROV’S INEQUALITY

For all € > 0,

1 = oo
P (1%13;(\5;{] > 5) < ;];EXk.



HISTORICAL EXAMPLES



HISTORICAL EXAMPLES

Menschoff-Rademacher. Ifincrements
Xn — Sn — Sn—l

are orthogonal and r = 2, then

2 n
: (maxysky) < (log, 4n)* S E X2,

kE<n
- k=1
whence

A = (log, 4n)’EX2Z,  k<n.



3.
J. HAJEK AND A. RENYI



HAJEK—RENYI INEQUALITY (1955)

If
{X.,} are independent

and
{b,,} are nondecreasing,

then, for all € > 0,

. )_@ZEX?

P (max Sk
E<n b

k




JAROSLAV HAJEK

(4.02.1926-10.06.1974)



ALFRED RENYI

(20.03.1921-1.02.1970)



4.
HAJEK-RENYI TYPE

INEQUALITY
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HAJEK-RENYI’S TYPE INEQUALITY

Fazekas, Klesov (1999). Let a majo-
rant exist for {S,}:

E (Iglgg\%\) <) Ak
- k=1
Then

Sk

bi,

k=1 k

E | max
k<n



HISTORICAL EXAMPLES



HISTORICAL EXAMPLES

Hajek—Rényi. If increments
X = Sn — Sn—l

are independent and r = 2, then

P (max %
kE<n bk

for all € > 0.

>l < —
—)—52 by



HISTORICAL EXAMPLES



HISTORICAL EXAMPLES

Rényi—Zergényi (1956). If increments
Xn — Sn — Sn—l

are orthogonal and r = 2, then

P (max %
kE<n bk

for all € > 0.

2 n 2

2 2
€ b
k=1 kK




HISTORICAL EXAMPLES

Rényi—Zergényi (1956). If increments
Xn — Sn — Sn—l

are orthogonal and r = 2, then

P (max %
k<n bk

for all € > 0.

2 n 2

2 2
€ b
k=1 kK

Remark. Extra assumption

b
sup -2k < Q.
k>1 bk



HAJEK—RENYI MAXIMAL INEQUALITY

Fazekas, Klesov (1999). Let a majo-
rant ertst

E (rggg\Sk\) < ];Ak.

Then




PROOF

For the sake of simplicity, we consider
the case of
b, = n.

Let, for 7+ > 0,
A =422 +1,...,2"F -1},

Denoting |
k=2 — 1

we obtain

Ai = {]{72'—1 + ]., ,kz}



CASEOF n =2 —1

We have




CASEOF n =2 —1

We have

m—1
1,n] =[] A
i=0
Thus
E (max % )
kE<n bk

Sk
br.

)

= E max
ke AgUA1U---UA,,,_1



CASEOF n =2 —1

We have

m—1
1,n] =[] A
i=0
Thus
E (max % )
kE<n bk

Se |
— E max -
k€AgUALU---UAp, _1 | bi

— E ( max [max & ]

i=0,1,...,m—1 |keA; | by




CASEOF n =2 —1

We have

m—1
1,n] =[] A
i=0
Thus
E (max & )
kE<n bk

max

(kEA()UAlU“-UAml

1ImMax 1ImMax

)

1=0,1,....m—1

Sk

br

m—1
< E | max
keA;
1=0




RECALL

A ={2"2"+1,...,2"" — 1}



RECALL

A ={2"2"+1,...,2"" — 1}

so that

1

1
< —, ke A,.
br — 21

(do not forget by = k.)



SINCE

Ai — {]{72'—1 —+ ]., ,ki},

kr>

by

we have

E | max







SINCE

Ai — {ki—l —+ ]., ,ki},

kr>

we have

E | max

1 r
< —E (max |Sk|

by,

VAN

N———

1
—E (maX\Sk]r

ir k<k;



Now

E (max Sk|"
K<k,



Now

E<k,

E (maX\Skl

5\/

VA
a5
I
[
>
=



Now

E (maX\Skl )
k<k;
k;
<2 M
k=1
— 5]'
j=0
where 0g = 0,
kj
5] — Z )\kv ] > 17
k:kj_l—l—l

or



THEREFORE

Sk T)

b,

1max
ke A;




THEREFORE







THEREFORE

\Skv)

max



THEREFORE

)

Si
by

1max
ke A;

o .
=h4 25 1i2 1i2
/_._m_\ __ _Zq mz
,I;W 1;2 372
mz._z _mz__ _Z__ 1
| V1



WHENCE

Sk T)

br,

E | max
kE<n



WHENCE

E (max )
k<n

m—1
E [ max
keA;

1=

Sk
br,

ul)




WHENCE




WHENCE

)

Sk
br

E | max
E<n




NOTE THAT

Aj={27,27 +1,..., 2" —1}



NOTE THAT

Aj={27,27 +1,..., 2" —1}

hence

1 2"
%g , ke A

nr
k



FINALLY

Sk T)

br,

E | max
kE<n



FINALLY



FINALLY
T)

Sk
br,

E | max
kE<n

j=0 k€A,



FINALLY

— 2" const Z

k€ AgUALU--UA,,_1



FINALLY




where

1 2"
2ir — 9r —1°

const =
i=0




where

.1 o
const = — = .
: 2T 2T — 1
1=0
Thus
S| 22r A\
E ( max | =% < Zk
kE<n bk 2" — 1 b};
k=1




MOMENTS OF THE SUPREMUM

Corollary. Assume that r > 0 and
E|S,|" <oo foralln>1.
Let _
e (paxisil) <300
k=1
for all n > 1 and some nonnegative num-

bers { i}
If {b,,} is nondecreasing, then

(o)) <125
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KOoLMOGOROV’S TYPE SLLN

Fazekas, Klesov (1999). Assume that
r >0 and

E|S,|" <oo foralln>1.
Let _
E (r,glgg \Sk\> < kz:l)\k

for all m > 1 and some nonnegative num-

bers { A}



KOoLMOGOROV’S TYPE SLLN

Fazekas, Klesov (1999).



KOoLMOGOROV’S TYPE SLLN

Fazekas, Klesov (1999). If a sequence
{b,} is nondecreasing and unbounded and

o0 )\k
E b—r < O,
k=1 K




KOoLMOGOROV’S TYPE SLLN

Fazekas, Klesov (1999). If a sequence
{b,} is nondecreasing and unbounded and

— < 0Q,

b

NE

then

lim — =0 a.S.



KOLMOGOROV’ THEOREM

Kolmogorov (1930). Assume that the in-
crements

Xn — Sn — Sn—l
are independent and E X,, = 0.

If a sequence {b,} is nondecreasing and
unbounded and

= E X2
Z b2n < 00,
n=1 n

then
Sn

nh_)rrgo E =0 a.s.



PROOF

By the corollary above

S T
E (sup =k ) < 00,
k>1 | bk
whence
Sk
sup |— | < o0 a.s.
k>1 | Ok




A TRICK

Let {3x} be a sequence such that

(1) Br < Br+1;

(2) fr — o0 as k — o0;

(3) B = o(br);



AS ABOVE

Sk

B

sup < OO a.s.

k>1




AS ABOVE

Sk

B

sup < OO a.s.

k>1

Therefore




sup
k>1

Therefore

lim sup
k— o0

AS ABOVE

Sk
< 00
Bre
Sk
= lim sup
k k— o0

a.S.

Sk
B

by



AS ABOVE

O a.s
sup < 00 .S.
k>1 51«
Therefore
. Sk Skl Bk
limsup |— | = lim sup —
N \/

bounded goes to 0



AS ABOVE

Sk
sup < 00 a.s.
k>1 51«
Therefore
. Sk Sk| D
limsup |—| = lim sup —
koo |Dk| koo 5k by
—~—
bounded goes to O

almost surely.



5.
p-MIXING



KOLMOGOROV-ROZANOV COEFFICIENT

Let { X,,} be a sequence of random vari-
ables. Let p(n) be its Kolmogorov—Rozanov
mixing coefficient, that is,

p(n) = sup
X €Ly (FY),
YELQ (gzo—l—n)a
k>1

cov [X,Y] ‘
Vvar X -varY |



SHAO (1995) SLLN

Theorem. Assume that

(1) X, are identically distributed;
(2) EX, =0;

3) 1<r<2

(4) E[X,]" < oc;

5) Y02 < .

Then
Sn

lim =0 a.s.
n— oo nl/r




SHAO (1995) INEQUALITY
(A PARTICULAR CASE)

Let the second moments exist and (per-
haps) the distributions are different.

There are constants ¢; > 0 and ¢y > 0
such that

k<n

E (maXSk> <1 .72

where

T(l) 1 602g0(n)
def i
o) = Y p(2Y),
i<[log, 1]

T2 = maxE X?.
kE<n



WHAT HAPPENS IF Y p(2') = oo?

If
E ‘Xn‘recwﬂanr) < 00,

then

. n
lim —- = 0 a.s.

Recall



EXAMPLE OF p(2') <4~}
Then
©(t) < loglogt.
It

E X, [log (1+|X,|)] ™ < oo,

then

lim Sn

=0 a.s.
n— 00 nl/""




6.
PELIGRAD-ROSENTAL
INEQUALITY

AND SLLN



INEQUALITY

Let r > 2. Assume that

p(N) < po

for some N > 1 and py.
Then there i1s a constant D such that

E (maX\Sk\r>
E<n
[ n n r/2
<D | E|Xi"+ (ZEX,?)
k=1 k=1




CASE OF r =4

Put 02 © E X2. Then

E (max Sﬁ)
kE<n

<D zn:EX,‘iJr (Z
L k=1

k=1

n

2
az>




CASE OF r =4

Put 02 © E X2. Then

E <max Sﬁ)
kE<n

[ n n 2
<D ZEX,?%— (ZO‘%)
| k=1 k=1 _

N\ J/

ZZ:l )\k:



WE PROCEED WITH D =1

k 2 k—1 2
AszX,3+< a§> —(Z(;E)
=1 1=1

(2



THEN

k k—1
A\ = EX} + 03 (Za? +Zaz-2>
i=1 i=1



THEN

k k—1
A\ = EX + 07} (Za? +Zaz-2>

=EX; + 0,% —|—20’k20'



THEN

k k—1
A\ = EX + 07} (Za? +Zaz-2>

=EX; + 0,% —|—20’k20'

k—1

<2EX; —|—20ch7
1=1



SLLN

Theorem. Let a sequence {b,} be nonde-
creasing and unbounded. If

then

lim — =0 a.S.



INDEPENDENT X,

e Teicher (1968)
(many extra assumptions), b, =n
e Egorov (1970)



INDEPENDENT X,

e Teicher (1968)
(many extra assumptions), b, =n
e Egorov (1970)

EXAMPLE

Let X,, be a (0,02) Gaussian random
variable,

Also let



THEN

o2 n
Z_zxz 2 —
bz n“lnn



THEN

2
Zan Z .
2 7 2
bz n“lnn

On the other hand




whence

MOREOVER,

EX,,L}L = 30?% = —
Inn




7.
PELIGRAD (1999)

STOPPED SUMS



PELIGRAD (1999) INEQUALITY

Let { X,,} be a sequence of random vari-
ables with the mixing coefficient p(n).
Put

T ()]

i<[log, 1]

Theorem. Assume that {X,,} are centered.
Let T be a stopping time.
Then there is an absolute constant K > 0
such that

E 2T cny < Ke¥MW Y EXE.
k=1



MAXIMAL INEQUALITY

Since the random variables & 1t 1S Lgr<py

are nondecreasing in k,

2 n
E (max \ST\]I{TSk}> < KeBvn) Z EX;.

E<n
k=1



HAJEK—RENYI INEQUALITY
1) 1S BOUNDED
If ¢ is a bounded function, then

2 n
E X2
) <y

ST ]I{Tgk}

- (?3“5 b

where

C = 4K sup ¥ ("),
n>1



PETROV BOUNDS FOR STOPPED SUMS
1) 1S BOUNDED

Conjecture. Let

B, = zn: EX:.
k=1



PETROV BOUNDS FOR STOPPED SUMS
1) 1S BOUNDED

Conjecture. Let
B, =Y EX}.
k=1

Assume that B,, — 00 as n — 0.



PETROV BOUNDS FOR STOPPED SUMS
1) 1S BOUNDED

Conjecture. Let
B, =Y EX}.
k=1

Assume that B,, — 00 as n — 0.
Then, for several sequences of stoping
times {7k },

STk: ]I{Tk: <k}

lim =0 a. S.

whatever € > 0.



PROOF

Let

b & \/Bk(lan)He.



PROOF

Let

b & \/Bk(lan)He.

Then




PROOF

Let
bk d:ef \/Bk(ll’l Bk)l_l_e
Then
P
k=1 k=1 Bk(ln Bk)
since




HAJEK—RENYI INEQUALITY
1) 1S UNBOUNDED
If ¢ is a bounded function, then

2 n >\k
<4K ) 7z
k=1 K

ST ]I{Tgk}

- (?3“5 b

where

k k—1
Ap = 8V (F) Z EX,L-2 _ SY(k—1) Z EXZ?
i=1 i=1



HAJEK—RENYI INEQUALITY
1) 1S UNBOUNDED
If ¢ is a bounded function, then

Srlir<iy )2 — A
- <AK )
k=1 by

br

E [ max
k<n

where

k k—1
A = I TEXE - BTN CEXT

1=1 1=1

k k—1
=g(k) ) EX} —g(k—1)) EX;
i=1 i=1



HAJEK—RENYI INEQUALITY
1) 1S UNBOUNDED
If ¢ is a bounded function, then

2 n >\k
<4K ) 7z
k=1 K

ST ]I{Tgk}

br

E [ max
k<n

where

k k—1
Ap = 8V (F) Z EX,L-2 _ SY(k—1) Z EXZ?
i=1 i=1

k k—1
=g(k) Y EX?—g(k—1)) EX]
i=1 i=1

k—1
+g(k) Y EX?.
1=1



Finally

A = g(k)E X},

k—1
+ (g(k) — g(k — 1)) Z EX2



SLLN FOR STOPPED SUMS

1) 1S UNBOUNDED

If
> E X2
Zg(k) ka < OO?
k=1 k
00 k—1
k) — glk —1
ZQ() [;9;( )ZEXz2<OO>
k=2 k i=1
then o
lim — =0 a.s.



PETROV BOUNDS FOR STOPPED SUMS

1) 1S UNBOUNDED

STk ]I{Tkék‘}

=0 a.

lim

e \/68¢(k)Bk ( In Bkk) e

whatever € > 0.



TAILS



CONVERGENT SEQUENCES
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most surely,

lim S, = S.
Then
lim (S, —5) = 0.

n—oo



CONVERGENT SEQUENCES

Let a sequence {S,,} be convergent al-
most surely,

lim S, = S.
Then
lim (S, — S) = 0.

Let {b,} be a nondecreasing and un-
bounded sequence of real numbers.



CONVERGENT SEQUENCES

Let a sequence {S,,} be convergent al-
most surely,

lim S, = S.
Then
lim (S, — S) = 0.

Let {b,} be a nondecreasing and un-
bounded sequence of real numbers.

If

n

lim b, (S, —9) *

n—oo

0,

then S,, converges to S faster than b,, ap-
proaches oo.



CONVERGENT SERIES

Using the increments,
Xp = Sn — Sn—17

we write



WE WANT TO STUDY

nli_{]f;O by, i X =0,
k=n

i.e. the rate of convergence of the series

> X



INDEPENDENT INCREMENTS

Chow, Teicher (1973).
e weighted i.i.d.

Barbour (1974).
o CLT

Budianu (1981).
e Kolmogorov LIL

Rosalsky (1983), Klesov (1983).
e SLLN



NOTATION

Cn d:ef f: Xk
k=n

MAIN ASSUMPTION

Let r > 0.
There are nonnegative {\;} such that

E (sup \QJ") < Z Ak
k=n

k>n

for all n > 1.



HAJEK—RENYI INEQUALITY

Theorem. If a sequence {b,} is nonde-
creasing and by, > 0, then

E <sup \bkgn\"“> <Y bk
k=n

k>n



KoLMOGOROV SLLN FOR TAILS

Theorem. Let a sequence {b,} be nonde-
creasing and unbounded.

If

©.@)
D bk < 0o,
k=1

then
lim b,(, = 0.

n—oo



MENSCHOFF-RADEMACHER SLLN FOR TAILS

Corollary. Let {X,} be pairwise orthog-
onal and zero mean.

Let a sequence {b,} be nondecreasing
and unbounded.

If
S " b2 (log(2k))  EXZ < oo,
k=1

then
lim b,(, = 0.

n—oo



SERIES OF STATIONARY TERMS

Let {&;} be a wide sense stationary se-
quence,

E&. =0,
E&kéran, does not depend on £,

Ry (n) € E&én.



GAPOSHKIN (1976)

studied the almost sure convergence of

©.@)

> aré.

k=1



GAPOSHKIN (1976)

Set
2
def Sn
— E| —
e (3
1 i n—1 ]
= nRi(n) + 2 Z(n — k)R (k)
i k=1 i
If
Y arkRs(k) (logk)* < oo,
k=1
then

E arp&,  converges a.s.
k=1



A COMBINATION

Theorem. Let a,b, reqularly varying. If

Zb a?kRs(k) (logk)* < oo,

then o
b, Z arp&r — 0 a.s.
k=n



9.
FUNCTION SERIES



MIKOSCH (1988)

Let w be a Wiener process,

wit) = 3 €Si(t)
k=1
Sk () :/0 ©r(s) ds.

How quickly the sums

> &rSk(t)

converge to w?



SLLN FOR TAILS OF FUNCTION SERIES

b, Z £ Sk(t) — 0 a.s.
k=n

in the uniform norm.



KOTELNIKOV—SHANNON SERIES

Let & be a stationary process. Assume
1t 1s mean square continuous.



KOTELNIKOV—SHANNON SERIES

Let & be a stationary process. Assume
it is mean square continuous. If there is

¢ > 0 such that (—/,¢) is the support of
its spectral function, then

sm( t —mk)
Z Sk /6) (t — mk

k=—o0

in Lo for all £ € R. We agree that

sin(0)
0

= 1.




KOTELNIKOV—SHANNON SERIES

Let & be a stationary process. Assume
it is mean square continuous. If there is

¢ > 0 such that (—/,¢) is the support of
its spectral function, then

sm( t —mk)
Z Sk /6) (t — mk

k=—o0

in Lo for all £ € R. We agree that

sin(0)
0

= 1.

Remark. If £ 1s Gaussian, the convergence
1s almost sure.



RATE OF CONVERGENCE

Combining with the above Gaposhkin
results, we find the rate of convergence of
the Kotelnikov—Shannon series.



10.
GAUSSIAN CASE



BULDYGIN (=1970)

Let {S,,} be a sequence of standard Gauss-
lan random variables,

ES, =0,
ESZ =1.
Theorem.
Sn,
a — 0 a.s.
if and only if
Sn
a 0 a.S
br,.

for subsequences {ni} belonging to a cer-
tain finite class.



11.
BLOCKS



Bernstein (~1930);
dependent increments
Prohorov (1950);
independent increments,
b, = n;

Loéve (1959);
independent increments,

b < cby,;

Nkt1
e Tomkins (~1980);

e Petrov, Martikainen (1980);
independent increments,

if and only if statement.



12.
RANDOM FIELDS



RANDOM FIELDS
. Prinsgeim convergence.
. Another convergence.

. Normalizing sequences
bn—l—l — bn > 0.
. Normalizing sequences

bn—|—1 Z bn

. Blocks.



