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@ Sequence X, of r.v.

o (0, 7T,P)— (X, A), same law P = PX
e independent or stationary mixing (B, p or ¢)
e () rich enough to allow our Gaussian coupling
@ Class F of bounded functions f : X — R
e mean and variance

Pf = / fdP, / (f — PFY2dP < oo
X X
e sup-norm

Gl 7 = sup |G(f)]
feF
«O>» «F>r «=» «E» PENES
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@ Based on Xj,

sy Xn
e empirical measure

e empirical means
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@ Based on Xj,

sy Xn
e empirical measure

S Lo
mis
e empirical means
n
Pof = /X fdP, = ;i;f(X
o the (P, F)-empirical process

wn(F) = \/n(Pof — PF) = \1f Y (f PF)

YA -
i=1
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@ Based on Xj,

sy Xn
e empirical measure

~3-6x
= »
e empirical means
n
P,f= [ fdP, ==Y f(X
o= [ P = oy
o the (P, F)-empirical process
ap(f) = /n(P

1 n
— Pf) = —— Y {f(X;) — Pf
) \/ﬁ;{ (Xi) — Pf}
@ Note that a, is a sum of L (F)-valued r.v.'s
«O> (B> (2> <> Hac
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@ Space but no time involved in

feF — an(f)=+/n(P,f — Pf)
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@ Space but no time involved in

feF — an(f)=+/n(Ppf — Pf)

e Time but no space involved in (only one f)

te0,1] — Si(t) = [Z (f(Xi) — Pf)



Introduction

Time and space

@ Space but no time involved in
feF — ap(f)=+/n(P,f — Pf)
e Time but no space involved in (only one f),
te[0.1] = 5,0 = - () — pr)
Vni=
@ Possible to mix methods to study the sequential

[nt]
an(t, F) = \/A(Pif — PF) = % L (F06) . (F(X)

(nothing to do with F = {ft = H(,oovt]} in a, on R).
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@ More generally,

an(t, f, @) \[an o(X;, Y))F(X).

for deterministic weights ¢; ,(t) and functions ¢; acting as

random weights (or contrasts) based on a single sample (X;, Y;).
If countable ¢ this is to study the joint behavior.

@ Likewise U-processes versions, by crossing indexes of two
samples (X;) and (Y;),

sn] [tn]
an(s t, f) = ZZUH
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Introduction
Weighted, hybrid, composed, 2-sample processes

@ More genelally,
( (P E i n X,, Y) (X)
t, 1 \/_ Cj 1

for deterministic weights c,-,,,(t) and functions ¢; acting as
random weights (or contrasts) based on a single sample (X;, Y;).
If countable ¢ this is to study the joint behavior.

@ Likewise U-processes versions, by crossing indexes of two
samples (X;) and (Y;),

[sn] [tn]

an(s t, f) = ZZC,J,,

I]._[

@ Typical limiting processes G are combinations of Brownian
Motions and Brownian Bridges indexed by functions #= F.
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Introduction

Goal : Brownian paradigm

@ Provide tractable Brownian coupling

- (n — o0) to derive functional CLT for a, and CLT for ¥, («,)
- (fixed n) to plugin a limiting or intermediate Gaussian process
- fixed n is sometimes a shorter way to handle n — oo

@ To study a statistic T,(X1, ..., Xs) = ¥n(Pn)
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Introduction

Goal : Brownian paradigm

@ Provide tractable Brownian coupling

- (n — o0) to derive functional CLT for a, and CLT for ¥, («,)
- (fixed n) to plugin a limiting or intermediate Gaussian process
- fixed n is sometimes a shorter way to handle n — oo

e To study a statistic T,(X1,..., Xp) = ¥n(Pp)

e approximate &, with a version G, of its limit G OR close to G

(re ) e (&) o ()

e easy proof of weak convergence, exploit Gaussianity at finite n
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e mean zero Gaussian process, covariance
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Introduction

Weak invariance, independent case

@ Let G be a P-Brownian Bridge indexed by F

e mean zero Gaussian process, covariance
cov(G(f),G(g)) = cov(a,(f),an(g)) = Pflg — Pf Pg
e G is uniformly continuous on F with respect to

de(f.g) = f —&lli,p)
e Weak invariance principle

e F is P-Donsker if
ap — G weakly in Lo (F)
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Introduction

Weak invariance, independent case
@ Let G be a P-Brownian Bridge indexed by F
e mean zero Gaussian process, covariance
cov(G(f),G(g)) = cov(a,(f),an(g)) = Pflg — Pf Pg
e G is uniformly continuous on F with respect to

de(f.g) = f —&lli,p)

e Weak invariance principle
e F is P-Donsker if
a, — G weakly in Loo(F)

o well known sufficient conditions on (P, F)
o uniform CLT, a few rates (only one is optimal)
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Introduction

Weak invariance, dependent case

@ Dependent stationnary X = {X,} with small mixing coefficients
(B, p or ¢) has a weak limit, the (P, X)-Brownian Bridge G

with covariance

Fu(f. ) =E(F(X)g(X)) — E(F(X))E(g(X))
+ 1 (B (F(X)8(X)) ~ E(700)E(g(X))
n i (E (F(X0)g(X)) — E(F(X))E(g(X))
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Introduction

Weak invariance, dependent case

@ Dependent stationnary X = {X,} with small mixing coefficients
(B, p or ¢) has a weak limit, the (P, X)-Brownian Bridge G

with covariance

Teo(f, ) =E(f(X)g (X)) — E(f(X))E(g(X))
+ ; (E (f(Xi)g(X1)) — B(f(X))E(g(X)))

(E (f(X1)g (X)) — E(f(X))E(g(X)))

_|_

Il
N

@ It is not easy to learn accurately the dependence structure of X
from X1, ..., X, so to learn Geo.
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Introduction

Strong invariance principle, independent case

@ Last 50 years, on X = IR a lot of work to strengthen Donsker

e Skorokhod embedding (allows up to n—1/4+e

o Csorgd-Révész construction
o Komlés-Major-Tusnady "Hungarian construction"
o refinements

rates for sums)

@ The strong invariance principle
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Strong invariance principle, independent case

@ Last 50 years, on X = IR a lot of work to strengthen Donsker

Skorokhod embedding (allows up to n™1/4¥¢ rates for sums)
Csorg6-Révész construction

Komlés-Major-Tusnady "Hungarian construction"
refinements

@ The strong invariance principle
e on (O, 7,P) construct {X,} and dependent copies G, of G

lan = Gpllz = O(vy) as.

Philippe BERTHET (Toulouse, France) () Strong Invariance Principles Peligrad conf., June 23, 2010 9 /45



Introduction

Strong invariance principle, independent case

@ Last 50 years, on X = IR a lot of work to strengthen Donsker

~1/4+¢ rates for sums)

Skorokhod embedding (allows up to n
Csorg6-Révész construction
Komlés-Major-Tusnady "Hungarian construction"

refinements

@ The strong invariance principle
e on (O, 7,P) construct {X,} and dependent copies G, of G

lan = Gpllz = O(vy) as.

e implies the weak invariance principle

Philippe BERTHET (Toulouse, France) () Strong Invariance Principles Peligrad conf., June 23, 2010 9 /45



Introduction

Strong invariance principle, independent case

@ Last 50 years, on X = IR a lot of work to strengthen Donsker

Skorokhod embedding (allows up to n—1/4+e

Csorg6-Révész construction
Komlés-Major-Tusnady "Hungarian construction"
refinements

rates for sums)

@ The strong invariance principle
e on (O, 7,P) construct {X,} and dependent copies G, of G

lan = Gpllz = O(vy) as.

e implies the weak invariance principle
e if sufficient probabilities, Lévy-Prohorov distance
dL((x,,,G,,) = O(Vn)
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@ The strong approximation

max
1<m<n

e on (), 7,IP) construct {X,} and independent copies G} of G

ZG*

o(V,) as.
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@ The strong approximation

max
1<m<n

e on (), 7,IP) construct {X,} and independent copies G} of G

ZG*

e implies

o(V,) as.

lan = Gallz =0 (%) a.5

with a version G, of G having a Kiefer-type structure

1 n
Gr= Y G
\/ﬁi=1
«O>» «F>r «=» «E» PENES
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Introduction

Strong invariance principle, independent case

@ The strong approximation
e on (Q, 7,P) construct {X,} and independent copies G} of G

=0(V,) as.

max
1<m<n

Vi am— Y G
i=1

F

Vi
||an - GnH]_- =0 <\/E> a.s.

with a version G, of G having a Kiefer-type structure

1 n
G,=—=Y G!
ﬁ,;

e implies

e slower V,/+/n > v, — 0 versus useful independence of G;

Philippe BERTHET (Toulouse, France) () Strong Invariance Principles Peligrad conf., June 23, 2010 10 / 45



coupling

@ Invariance/strong approximation are implied by a Brownian

«O>» «Fr «=)r «E)» Q>



coupling

@ Invariance/strong approximation are implied by a Brownian

o for deterministic ¢g = ¢(F, P) > 0

«O>» «Fr «=)r «E)» Q>



coupling

@ Invariance/strong approximation are implied by a Brownian

o for deterministic ¢g = ¢(F, P) > 0
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@ Invariance/strong approximation are implied by a Brownian
coupling

o for deterministic ¢g = ¢(F, P) > 0
o for deterministic v, = v,(F,P) — 0

e forany 8 >0, n > 1 on () we can construct versions of
X1, ..., X, and G such that

1
P (& — Gl > Gywn) < =5
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Introduction

Problem in the dependent case

@ Limiting process Gu hard to couple with Xi, ..., X;; and makes
few sense at finite n
@ Covariances I'y, (of &) — I (of Goo) where

In(f.g) = ]E(f(X)g(X)) — B(f(X))E(g(X))

T 2 "I (f(X)g(X)) — B(F(X))E(g(X
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Introduction

Problem in the dependent case

@ Limiting process Gu hard to couple with Xi, ..., X;; and makes
few sense at finite n
@ Covariances I'y, (of &) — I (of Goo) where

[n(f.g) = E(f(X)g(X)) - E(f(X))E(g(X))

+Z”_“” E (£(X)g(X1)) — E(f(X))E(g(>

+Z”_“” E (F(X0)g(X)) — E(F(X))E(g(>

e Find an intermed|ate Gaussian process G} with covariance close
to I',, and I'e such that
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Introduction

Problem in the dependent case

@ Limiting process Gu hard to couple with Xi, ..., X;; and makes
few sense at finite n
@ Covariances I'y, (of &) — I (of Goo) where

If,8) = E(F(X)8(X) ~ E(F(X)E(g(X))
T 2 "I (f(X)g(X)) — B(F(X))E(g(X

+Z

e Find an intermed|ate Gaussian process G} with covariance close
to I',, and I'e such that
e for ¢y, vy — 0, any 8 > 0, all n > 1 on Q) construct «, and G,

"I (£(X0)8 (X)) — E(F(X)E(g(>

1
P (lan = Ghllz > cova) < 5
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e Find an intermediate Gaussian process G}, with covariance I'}
o for deterministic ¢g and v, — 0
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close to I';, and I', such that

o for deterministic ¢g and v, — 0

e Find an intermediate Gaussian process G}, with covariance I'}

e forany 8 >0, n > 1 on Q) construct Xi, ..., X, and version G}

P (lltn — Gyllp > cova) <

n?
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Introduction

Gaussian coupling, dependent case

@ Find an intermediate Gaussian process G}, with covariance I';
close to I';, and I', such that

e for deterministic ¢y and v, — 0
e forany 8 >0, n > 1 on Q) construct Xi, ..., X, and version G}

. 1
P (||t — Gjll x> covn) < —

@ Try to keep the covariance bias small,
max | sup |T; —Tp|(f,g), sup [T —Twl|(f,g) | < by

f.geF f.geF
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Introduction

Gaussian coupling, dependent case

@ Find an intermediate Gaussian process G}, with covariance I';
close to I';, and I', such that

e for deterministic ¢y and v, — 0
e forany 8 >0, n > 1 on Q) construct Xi, ..., X, and version G}

) 1
P (lan =G5 > ovn) <
@ Try to keep the covariance bias small,
max | sup |, =T, (f,g), sup |I', =Tl (f,g) ]| < bn
f.geF f.geF

@ Independent case only : I'} =T = I'w.
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Introduction

Gaussian coupling, dependent case

@ Find an intermediate Gaussian process G}, with covariance I';
close to I';, and I', such that

e for deterministic ¢y and v, — 0
e forany 8 >0, n > 1 on Q) construct Xi, ..., X, and version G}

% 1
IP(HDC” _GnH}' > C9Vn) < ﬁ

@ Try to keep the covariance bias small,
max { sup |I7, =Tl (f,g), sup |7, =Tl (f.g) | <bn

f.geF f.geF

@ Independent case only : I'} =T = I'w.
@ Otherwise, trade off between v, n=?, b,.
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by means of

e Application 1. Helps in studying the estimation of

f, = arg m]_i_n Pf

f, = argmin P,f = arg m]_i_n {Pf—l— Ef—l—

“n_G
NG

ﬁf}




e Application 1. Helps in studying the estimation of

f, = arg m]_i_n Pf
by means of

: . G
f, = arg m]!_n P,f = arg m]_l_n {Pf +

f n Gf}
\/ﬁ \/E
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e Application 1. Helps in studying the estimation of

f, = arg m]_i_n Pf
by means of

: . G
f, = arg m]!_n P,f = arg m]_l_n {Pf +

f n Gf}
\/ﬁ \/ﬁ

o classification : X = (Y, Z), risk Pf =P (g(Y) # 2)
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Applications

Empirical Risk Minimization

e Application 1. Helps in studying the estimation of

fo = in Pf
arg mfm

by means of

f, = arg mjirn P,f = argm}i_n {Pf+ %f—{— [X"\/_EGf}

e Contrasts F = {f( g):g <G}, risk Pf

° cIaSS|f|cat|on - X =(Y,Z),risk Pf =P (g(Y) # 2)
o regression : ( ), risk Pf = E (g(Y) — Z)?
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Applications

Empirical Risk Minimization

e Application 1. Helps in studying the estimation of

fo = in Pf
arg mfm

by means of

f, = arg mjirn P,f = argm}i_n {Pf+ %f—{— [X"\/_EGf}

e Contrasts F = {f(-,g) : g € G}, risk Pf

o classification : X = (Y, Z), risk Pf =P (g(Y) # Z)
o regression : X = (Y,Z), risk Pf = E (g(Y) — Z)*
o likelihood : X has density gy, risk Pf = —I (log gg(X))
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e Application 1 (continued). The excess risk is

P(fn_ﬁk) — Pn(fn_ﬁk)_%(fn

— fi) + errors

u]
v
a
a
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e Application 1 (continued). The excess risk is

P(fn_f;):Pn(fn_ﬁk)

_%(fn

— fi) + errors
e allows to find excess risk limiting distribution



e Application 1 (continued). The excess risk is

P(fn_f*):Pn(fn_ﬁk)

_ %(fn — fi) + errors

e allows to find excess risk limiting distribution
e alternative approach of model selection
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Applications

Empirical Risk Minimization

e Application 1 (continued). The excess risk is

G

—(f, — fi) + errors
gt )

e allows to find excess risk limiting distribution

e alternative approach of model selection
e helps understanding optimal penalties (to compete increments

of G/+/n)

P(fy — f.) = Pa(fy — f.) —
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Applications

Stability of Almost Risk Minimizers

e Application 2. Given &, < 1/+/n and consider the almost
minimizers

Fo=A{f€F :Pf <Pufy+¢,}

Under entropy and/or margin conditions Berthet-Saumard
studied

P (diamy,Fn > d;) < n~9
P (diamyp, Fn < dy) < n7®

P|(d < sup |PFf—Pg|>df| < n?
f.geF,
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Applications

Stability of Almost Risk Minimizers
e Application 2. Given &, < 1/+/n and consider the almost
minimizers
Fo={f € F:Pof <Pufy+2¢,}

Under entropy and/or margin conditions Berthet-Saumard
studied

P (diamy,Fn > d;) < n~9

P (diamp,Fp, < d,) < n~?

P|(d < sup |PFf—Pg|>df| < n?
f.geF,

@ The Gaussian coupling starts the proof but covariance is needed
later.

Philippe BERTHET (Toulouse, France) () Strong Invariance Principles Peligrad conf., June 23, 2010 16 / 45



1

e Application 3a. For f € F find the limiting process of
ny...Nk 1<£n1

1<igng

T A B, X

at rate y/min;<, n; in Berthet-Paroux current work



1

m

=Mk 1<irem

e Application 3a. For f € F find the limiting process of

1<igng

Yo A X)) B, x )

at rate y/min;<, n; in Berthet-Paroux current work
e gives finite n; approximations by the limiting or intermediate
Gaussian process
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Applications

k-sample U-processes

e Application 3a. For f € F find the limiting process of
1

YooY M xI) —EF (Y, )

Ik
Mm--Mcigir<n 1<ie<ng

at rate y/min;<, n; in Berthet-Paroux current work

e gives finite n; approximations by the limiting or intermediate
Gaussian process

e limiting processes indexed by classes of conditional
expectations of f € F
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Applications

k-sample U-processes

e Application 3a. For f € F find the limiting process of

1

YooY M xI) —EF (Y, )

Ik
Mm--Mcigir<n 1<ie<ng

at rate y/min;<, n; in Berthet-Paroux current work

e gives finite n; approximations by the limiting or intermediate
Gaussian process

e limiting processes indexed by classes of conditional
expectations of f € F

e Application 3b. Likewise for hybrid or randomly weighted
empirical processes, convergence to a sum of Brownian motions
and Bridges indexed by conditional expectations.
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@ Application 4. Sets C in RY, sample Xi, ..., X, density f
o target a A-level set C, = {f > A}

G = argmax{P(C) —Au(C)}
= agmax{P(C): p(C) < vr}

= argmin {4(C): P(C) = pr}
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Applications

CLT for Level Sets Estimators

@ Application 4. Sets C in RY, sample Xi, ..., X, density f
o target a A-level set C, = {f > A}

G = agmax{P(C) —Au(C)}
= argmax{P(C) : u(C) < wr}
= argmin {p(C) : P(C) = pr}

e Berthet-Einmahl are studying the joint limiting shapes of
Ci.nAC

Cip = argrggg{Pn(C)—M(C)}
Con = argrggg{Pn(C) cu(C) < wa}
= i N >
Gson argmin {4(C) : Po(C) = pa}
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e Application 5a. Robust algorithms for learning theory in
adversarial environment (bandits, exploit or explore

compromise). Decisions are randomized but depend from the
past whereas regret involves also the close unknown futur.
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Applications

Learning theory

e Application 5a. Robust algorithms for learning theory in
adversarial environment (bandits, exploit or explore
compromise). Decisions are randomized but depend from the
past whereas regret involves also the close unknown futur.

e Application 5b. Control of bias, risk and regret (when a cost is
involved) when using model selection among random small
dimension subfields to estimate regression.
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o Let P=U(0,1), F = {]I[O,t] 0<t< 1}, Ve

«O» «Fr «=)r» « =

log n
V/n
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P (v/n|lan — Gpl| £ > 1A + logn)

P ([lan = Gall 7 = covn)

o Let P=U(0,1), F = {]I[Olt] 0<t< 1} Ve

e By KMT on () there exists {X,} and Brownian Bridges {G,}

1

n?

__logn

NG

o exp(—aA)

DA™

v
a
a
v
a
v
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Couplings

KMT, optimal rate

o Let P=U(0,1), F = {I[[Oﬂ 0<t< 1}, vy = "\’5%”

e By KMT on Q) there exists {X,} and Brownian Bridges {G,}

P (vn|lan—Gpll g > ar+logn) < crexp(—aA)
1
Pt~ Golly > ) <

@ Indeed

for some {X,, G,} IimsupﬁHan—G,,Hf < 12 as.
n—oco logn

NG

ogn

a.s.

(NN

for any {X,, Gp} liminf I lan — Gall g >
n—oo
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@ Two approaches

e i) F only controled by entropy and P = IPX free

e entropy (uniform, bracketing, random) : if large then more
mixing asked

e ii) better specified geometry of F with respect to P

e new Donsker classes (F built to control the rate by P) : more
tricky under mixing
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Couplings

Tools

@ Two approaches

e i) F only controled by entropy and P = PX free
e entropy (uniform, bracketing, random) : if large then more
mixing asked
e ii) better specified geometry of F with respect to P
o new Donsker classes (F built to control the rate by P) : more
tricky under mixing
@ Tools : Gaussian coupling in RY, moment inequalities,
concentration inequalities, symetrization, Dudley-Philipp's strong
embedding, blocking to apply Berbee lemma.
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Couplings

Tools

@ Two approaches
e i) F only controled by entropy and P = PX free
e entropy (uniform, bracketing, random) : if large then more
mixing asked
e ii) better specified geometry of F with respect to P
o new Donsker classes (F built to control the rate by P) : more
tricky under mixing

@ Tools : Gaussian coupling in RY, moment inequalities,
concentration inequalities, symetrization, Dudley-Philipp's strong
embedding, blocking to apply Berbee lemma.

@ Simple technique : relies on previous tools from Dudley,
Philipp, Berkes, Kuelbs, Dehling, Pollard, Giné, Talagrand,
Zaitsev, Massart, Koltchinskii, Rio, Einmahl, Mason, among
many others (independent case) and the authors in dependent
data...
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e By Dudley-Philipp if F is P-Donsker then

@ This is the case if

vp = o(+/loglog n)

o F is pointwise measurable, with envelope F € ILy(P)
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e By Dudley-Philipp if F is P-Donsker then

@ This is the case if

vp = o(+/loglog n)

o F is pointwise measurable, with envelope F € ILy(P)
e for any probability measure P

N(e\/PF2,.7-", dp) <¢(e), O<e<l
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e By Dudley-Philipp if F is P-Donsker then

@ This is the case if

vp = o(+/loglog n)

o F is pointwise measurable, with envelope F € ILy(P)
e for any probability measure P

N(e\/PF2,.7-", dp) <¢e), 0<e<l
e ¢ is increasing, ¢(¢) — o0 as ¢ — 0 and

log ¢ < oo
Jony Vo5

«O>» «F>r «=» «E» = PENES
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@ Introduce

Ine) = [ Viogp, (o)

so that J¢o‘1’;1(8) >¢e ase—0
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@ Introduce

Jp(e) = /08 Viogh, Fole) = o

2L
so that Jp o‘i’qjl(e) >¢e ase—0

e Theorem U1l. We can construct {X,} and versions {G,} of G
on () such that

_ log n
||“n—Gn||f:Oa-s-<J¢°T¢l( i ))
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@ Introduce

Jp(e) = /Oe Viogh, Fole) = o

2L
so that Jp o‘i’qjl(e) >¢e ase—0

e Theorem U1l. We can construct {X,} and versions {G,} of G
on () such that

n

_ log n
lan = Gl z = Oss. <J¢°T¢l( = ))
@ This is uniform in P for a fixed F

DA™
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@ Assume

e F is pointwise measurable, uniformly bounded
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@ Assume

e F is pointwise measurable, uniformly bounded
e for v > 0 and any probability measure P

N(s\/PF2,}", dp> < giv O<e<1
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@ Assume

e F is pointwise measurable, uniformly bounded
e for v > 0 and any probability measure P

N(e\/PF2,}", dp> < siv O<e<1

o if F={Ic:CeC} C VCclass thenv = VC —1
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Uniform entropy

Polynomialy decreasing, independent case

@ Assume

e F is pointwise measurable, uniformly bounded
e for v > 0 and any probability measure P

1
N<e\/PF2,.’F, dp) <5 0<e<l

o if F={lI¢c:CeC} C VCclass thenv = VC —1
e Corollary. We can construct {X,} and {G,} on Q) such that
(log n)*® 1
P (1~ Gllr > &) <

where
1 44 5v

T=—+, Tg= ——
2+ 5y 0 4+ 10v
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e F is pointwise measurable, uniformly bounded
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@ Assume

e F is pointwise measurable, uniformly bounded
e for v > 0 and any probability measure P

N(s\/PFZ,]-", dp> < siv O<e<l
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Uniform entropy

Polynomialy decreasing, independent case

@ Assume

e F is pointwise measurable, uniformly bounded
e for vg > 0 and any probability measure P

1
N<5\/PF2,.7-“. dp) <% 0<e<l

e Corollary. We can construct {X,} and i.i.d. {G};} on Q)

1 = iG* _ 0. ((logn)™
/n 1213& m&m ~ | nT(@)
i= F
T([X)_ocr—l/2<T_ 1 e 11
T 14w - 2451’ 2T’ T
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Uniform entropy, dependent case

Polynomialy decreasing, exponentialy mixing

@ Assume
¢, <exp(—0k), kelN

@ Theorem U2. We can construct {X,} and {G};} on ),
X 1
P (fley ~ Gillz > cove) < 75

with rate
1245v

__1 1245v
vy = Cyn &F5v (|Og n) 12710v
and covariance bias

b, = Con_w%(logn)ﬂ%, G > 0.
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Uniform entropy, dependent case

Polynomialy decreasing, exponentialy mixing

@ Assume
¢, <exp(—0k), kelN
@ Theorem U2. We can construct {X,} and {G};} on ),

N 1
P (a0 =Gyl > covn) <

with rate
_ 1 124+5v
vy = Cyn &F5v (|Og n) 12710v

and covariance bias
2 6
b, = Con~ 575 (log n)&+5v,  (Cp > 0.
@ Even very strong mixing do not interpolate with independence,

1 1
n 65v > n 2+5v
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o Assume (1> 1)

< > A = (=)

(Pk < k—'y,

Hao



Uniform entropy, dependent case

Polynomialy decreasing, polynomialy mixing

@ Assume (y > 1)
¢ <k 7, keN

@ Theorem U3. We can construct {X,} and {G};} on ),
P (H“n - G:”]: > Cgvn) < nl_(1+7)W

with rate
1245v

vy, = C/\n 6+5v (log n) T2+10v

and covariance bias

_2-4w _6
bn —= n 6+5v (log n) 6-+5v

where
2

T 1TV 17v + 10
whence a strong invariance principle if ¢ > 17v2 4+ 17v + 9.
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o Exemple. Cubes F = {]I[S,t] 1s, te X =0, 1]d}
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o Exemple. Cubes F = {]I[S,t] 1s, te X =0, 1]d}
e approximated by quadrants, VC-index 2d + 1
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e by Theorem Ul

o Exemple. Cubes F = {]I[S,t] 1s, te X =0, 1]d}
e approximated by quadrants, VC-index 2d + 1

||‘Xn _GnH}' —o0,. ( (|Og n)

n1/(7+10d)>
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e by Theorem Ul

o Exemple. Cubes F = {]I[S,t] 1s, te X =0, 1]d}
e approximated by quadrants, VC-index 2d + 1

s = Gall = Ou. (7604
e by Theorem U2

n1/(7+10d)>

T (log )
|an — Gyl z = Oas. (m)
«O>» «F>r «=» «E» = PENES
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e by Theorem Ul

o Exemple. Cubes F = {]I[S,t] 1s, te X =0, 1]d}
e approximated by quadrants, VC-index 2d + 1

s = Gall = Ou. (7604
e by Theorem U2

n1/(7+10d)>

— (log n)
|an — Gyl z = Oas. (m)
o distribution free, but not dimension free, first of the kind
«O>» «F>r «=» «E» = PENES
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o Exemple. Spheres F ={li¢: C € S4} in X = [0,1]¢
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o Exemple. Spheres F ={li¢: C € S4} in X = [0,1]¢
e by Theorem U1, for any P

s — Golly = oa.s.( (log n)-
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o VC-index d + 2

o Exemple. Spheres F ={li¢: C € S4} in X = [0,1]¢
e by Theorem U1, for any P

(log n)-

nl/(12+10d) >
s — Gl = Os (

(log n)~
S\ p1/(16+10d)
«O>» «F>r «=» «E» = PENES
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o VC-index d + 2

o Exemple. Spheres F ={li¢: C € S4} in X = [0,1]¢
e by Theorem U1, for any P

(log n)-

nl/(12+10d) >
s — Gl = Os (

(log n)--

s\ p1/(16+10d)
o distribution free, far from best possible rate n=1/29 (Beck 85)
«O>» «F>r «=» «E» = PENES
Philippe BERTHET (Toulouse, France) () ~ Strong Invariance Principles ~ Peligrad conf., June 23, 2010 29 / 45

||DC,7 - Gn”]: = Oa.s. (
e by Theorem U2, for any P



Uniform entropy

Class of spheres, any P

o Exemple. Spheres F ={li¢: C € S4} in X = [0,1]¢

o VC-index d +2
e by Theorem U1, for any P

B (Iog n)
[ = Gall 7 = Oas. <,,1/(12+1w)
e by Theorem U2, for any P
i} B (|Og n)
||‘Xn _Gan - 03-5' <nl/(16+10d)

o distribution free, far from best possible rate n—1/2d (Beck 85)
o far from (log n)3/2n=1/29 for uniform P (Massart 89)
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o Exemple. Consider a weight w on X = [0,1]%
o infyw =0, / w?dP < o
x

«O>» «F>r «=» «E» = PENES



o Exemple. Consider a weight w on X
o infyw =0, / w?dP < o

olet X, T X :1>infy w>/(logn)/
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o Exemple. Consider a weight w on X

o infyw =0, / w?dP < o

= [0,1]
o Fw,n -

o let X, TX 1> infy w> +/(logn)/n
Loy /w(x) i x € X

(VC index d + 2)



o Exemple. Consider a weight w on X = [0,1]%

o infyw =0, / w?dP < o

olet X, T X : 1> infy w>/(logn)/n
o Fun= { ox]/w(x) 1 x € X,,} (VC index d + 2)
o write a;,(t) = an(ljg4), by Theorem U1, for any P

o 7459\ 1/ (12104
~ [lan ~ Gallz., = Ons. ((ﬁ)
X

ninf y, w?

a, — G
w
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Uniform Entropy

Weighted sup-norm

o Exemple. Consider a weight w on X = [0, 1]°
o infrw=0, / w2dP <

olet X, T X:1>infy w> +/(logn)/n
Fon = {]I[OVX}/CU( ):x € Xn} (VC index d + 2)

o write aj,(t) = an(Lpg4)), by Theorem U1, for any P
I _ G | 7454\ 1/(12+10d
=50l =, —Gollz. = O (<(°g”)2>
w X, wn ninfy w

general and tractable statement relating P to w
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Uniform Entropy

Weighted sup-norm

o Exemple. Consider a weight w on X = [0, 1]°
o infrw=0, / w2dP <

olet X, T X : 1> infy w>/(logn)/n
Fon = {]I[OVX}/CU( ):x € Xn} (VC index d + 2)
write &, (t) = a,(Ijg ), by Theorem UL, for any P

log n 745d 1/(12+10d:
— ltn=Goll . = oa.s_(<< 5 )
X, '

ninfy w?

«, — G,
w

e general and tractable statement relating P to w
o By Theorem U2, power becomes 1/(16 + 10d)

Philippe BERTHET (Toulouse, France) () Strong Invariance Principles Peligrad conf., June 23, 2010 30 / 45



continuous d.f. F

e Exemple (continued). In contrast, if d = 1 and P has

«O>» «Fr «=)r «E)» Q>



continuous d.f. F

e Exemple (continued). In contrast, if d = 1 and P has

a, — G,

Wy

e best known weighted approximation (Csérgé-Horvéath 93)

1

e
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Uniform Entropy

Weighted sup-norm

e Exemple (continued). In contrast, if d =1 and P has
continuous d.f. F

e best known weighted approximation (Csérgé-Horvéath 93)

o), — G/, 1
x, =Op nl/2—a

Wy
e restricted to iid case and intrinsic "weight and set"

wo=FU1=F) X = [FC)FIa=-9)], c>0
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Uniform Entropy

Weighted sup-norm

e Exemple (continued). In contrast, if d =1 and P has
continuous d.f. F

e best known weighted approximation (Csérgé-Horvéath 93)

o), — G/, 1
x, =Op nl/2—a

Wy
e restricted to iid case and intrinsic "weight and set"

wo=FU1=F) X = [FC)FIa=-9)], c>0

e for this weight, but also for more P, Theorem U1 yields

B (Iog n)6/11
¥ - O]I’<n(1/2a)/11

!/ /
wy, — G

Wy
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@ Algebra of proof for uniform entropy

o large blocks, size p, separated by small blocks, size g
e apply Berbee lemma, making blocs independent

e build concentration inequality also using Berbee (Talagrand,
moment inequalities)

e neglect small bloks, covariance inequalities
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Uniform Entropy

Squetch of proof

@ Algebra of proof for uniform entropy

o large blocks, size p, separated by small blocks, size ¢

e apply Berbee lemma, making blocs independent

e build concentration inequality also using Berbee (Talagrand,
moment inequalities)

e neglect small bloks, covariance inequalities

o sum the dependent r.v. inside large blocks (p-dim law P’)
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@ Algebra of proof for uniform entropy

o large blocks, size p, separated by small blocks, size ¢

e apply Berbee lemma, making blocs independent

e build concentration inequality also using Berbee (Talagrand,
moment inequalities)

e neglect small bloks, covariance inequalities

o sum the dependent r.v. inside large blocks (p-dim law P’)

o IL,(P’) entropy of F controled by initial entropy
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Uniform Entropy

Squetch of proof

@ Algebra of proof for uniform entropy

large blocks, size p, separated by small blocks, size g

e apply Berbee lemma, making blocs independent

build concentration inequality also using Berbee (Talagrand,
moment inequalities)

neglect small bloks, covariance inequalities

sum the dependent r.v. inside large blocks (p-dim law P’)
L, (P’) entropy of F controled by initial entropy

take a covering of F, form indep. vectors (1 per block)
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Uniform Entropy

Squetch of proof

@ Algebra of proof for uniform entropy

o large blocks, size p, separated by small blocks, size ¢

e apply Berbee lemma, making blocs independent

build concentration inequality also using Berbee (Talagrand,
moment inequalities)

neglect small bloks, covariance inequalities

sum the dependent r.v. inside large blocks (p-dim law P’)
L, (P’) entropy of F controled by initial entropy

take a covering of F, form indep. vectors (1 per block)
apply Zaitzev coupling in finite dimension
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Uniform Entropy

Squetch of proof

@ Algebra of proof for uniform entropy

o large blocks, size p, separated by small blocks, size ¢

e apply Berbee lemma, making blocs independent

build concentration inequality also using Berbee (Talagrand,
moment inequalities)

neglect small bloks, covariance inequalities

sum the dependent r.v. inside large blocks (p-dim law P’)
L, (P’) entropy of F controled by initial entropy

take a covering of F, form indep. vectors (1 per block)
apply Zaitzev coupling in finite dimension

rebuild processes from coupled pointwise values
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@ Previous results are uniform in P : what about P fixed ?
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e F is pointwise measurable, with envelope F € Ly (P)
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e increasing ¢(e) — oo,

@ Previous results are uniform in P : what about P fixed ?
e F is pointwise measurable, with envelope F € Ly (P)

@ integrable, F is P-Donsker if
Iog N[](S,]:, dp) S ([)(8)

O<exl1

Jo@® = [ V5. Hioe) =con (~So(e))



e increasing ¢(e) — oo,

@ Previous results are uniform in P : what about P fixed 7
e F is pointwise measurable, with envelope F € Ly (P)

@ integrable, F is P-Donsker if
Iog N[](S,]:, dp) S ([)(8)

0<exl1
e again F,

Jig)(e) = /08 Vo, Yig(e) = eexp (—g([)(f))
{feF |flly <M}



Bracketing Entropy

General rate, independent case

@ Previous results are uniform in P : what about P fixed ?

e F is pointwise measurable, with envelope F € 1L, (P)
e increasing ¢(¢) — oo, /¢ integrable, F is P-Donsker if

log Njj(e, F.dp) < g(e), 0<e<1

Jo© = [ Vo, (o) = e (~50(0))
e again Fp, ={f € F:||f|, < M,}

e Theorem B1. If M,\/(logn)/n — 0 we can construct {X,}
and {G,} on Q) such that

_ 1 [log n
||“n - Gn”]-",, - Oa.s. <J[(P] o ‘F[QD] (Mn T))
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@ Assume

e F is pointwise measurable, uniformly bounded
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@ Assume

e F is pointwise measurable, uniformly bounded
o Npjbrackets {f € F: 1 < f <u}, dp(l,u) <e,

IogN[] (E,f, dp) S 82_r

rn <1l
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@ Assume

e F is pointwise measurable, uniformly bounded
o Npjbrackets {f € F: 1 < f <u}, dp(l,u) <e,

IogN[] (8,?, dp) S 82_r

rn <1l
e Corollary. For any 8 > 0, all n we can construct (a,, G)

P (||an Gl >
where

Co 1
v V<
wr) <@

1—r0
r =
2r0
«O>» «F>r «=» «E» PENES
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@ Assume (rp < 1)

1
log Ny (¢, F, dp) < 20 and ¢, < exp(—k)

DA™

u]
v
a
a
it
v
a

it
v



Bracketing entropy, dependent case

Polynomialy log-entropy, exponentialy mixing

@ Assume (rp < 1)

1
82r0

log Ny (¢, F, dp) < and ¢, < exp(—7k)

e Theorem B2. We can construct {X,} and {G};} on Q,

1
P (lan = Gillx > cov) < -5

with rate
1 1—n
Vp = , r= :
" (logn)’ 2n

and covariance bias

1
b, =

(log n)l/r0 .
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Bracketing entropy, dependent case

Polynomialy log-entropy, exponentialy mixing

@ Assume (rp < 1)

1
o and ¢, < exp(—7k)

e Theorem B2. We can construct {X,} and {G};} on Q,

|og NH (8, .'F, dp) S

1
P (lan = Gillx > cov) < -5

with rate
1 1—n
Vp = , r= :
" (logn)’ 2n

and covariance bias
1

(log n)
@ To interpolate with independence, heavy covariance cost.
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@ Assume (rp <1< 7)

log N[] (e, F, dP) .

u]
v
a
a
it
v
a

it
v

Hao



Bracketing entropy, dependent case

Polynomialy log-entropy, polymialy mixing
@ Assume (i <1< 1)
1 _
IOgNH(e’F'dP)SEZ_rO and ¢k<k v
e Theorem B3. We can construct {X,} and {G};} on Q,

1+
P (|lan — Gjll > cva) < n' 7%

with rate
1 1-n

(logm)™ "~

vV, =
" 2n

and covariance bias

1
b, =

(log n)l/r0 .
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Bracketing entropy, dependent case

Polynomialy log-entropy, polymialy mixing
@ Assume (g <1< )
1 _
IOgNH(E’F'dP)SEZ_rO and ¢k<k v
e Theorem B3. We can construct {X,} and {G};} on Q,

1+
P (e — Gyl > cva) < n' 770

with rate
1 1-n

(logn)"' T

vV, =
" 2n

and covariance bias
1

(logn)
@ To interpolate with independence, heavy probability and

covariance cost. If v > 2ry 4 3 then a.s. invariance principle
Philippe BERTHET (Toulouse, France) () Strong Invariance Principles Peligrad conf., June 23, 2010 36 / 45
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o Exemple. Class Cg of sets in X = [0,1]¢, P uniform

e bracket entropy by/e", ry < 1/2, Minkowski-regular boundary

«O>» «Fr «=)r «E)» Q>



o Exemple. Class Cg of sets in X = [0,1]¢, P uniform

e bracket entropy by/e", ry < 1/2, Minkowski-regular boundary
o Massart (89) improved Révesz (76) into
1
||1xn - G”“Cd = Oa.s. ((Iog n)(1—2r0)/2d>
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o Exemple. Class Cg of sets in X = [0,1]¢, P uniform

e bracket entropy by/e", ry < 1/2, Minkowski-regular boundary
o Massart (89) improved Révesz (76) into

1
||1Xn - Gn“Cd = Oa.S. ((log n)(1_2r0)/2d>
o Theorem B1 improves, even if d =1
1
ltn — Gallg, = Oss (

(log n)(l—ro)/2r0 >
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Bracketing entropy

Smooth sets

e Exemple. Class Cy of sets in X = [0, 1]d, P uniform
e bracket entropy by /€™, ry < 1/2, Minkowski-regular boundary
e Massart (89) improved Révesz (76) into

1
lan = Gnll¢, = Oass. <(Iog n)(12’0)/2d>

e Theorem B1 improves, even if d = 1

1
lan — Gand = O, <(|ogn)(1r0)/2’0)

e if C € Cy are boundary differentiable through order &« > d — 1
(then rp = (d — 1)/2a) far better as regularity & — oo,

1
Han _GnHCd = Oa.s. <(|Og n)tx/(d—l)—l/2>
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Bracketing entropy

Smooth sets

e Exemple. Class Cy of sets in X = [0, 1]d, P uniform
e bracket entropy by/€™, rp < 1/2, Minkowski-regular boundary
e Massart (89) improved Révesz (76) into

1
lan = Gnll¢, = Oass. <(Iog n)(12’0)/2d>

e Theorem B1 improves, even if d = 1

1
lan — Gand = O, <(|ogn)(1r0)/2’0)

e if C € Cy are boundary differentiable through order &« > d — 1
(then rp = (d — 1)/2a) far better as regularity & — oo,

1
Han _GnHCd = Oa.s. <(|Og n)tx/(d—l)—l/2>

e in case of polynomial mixing, requires v > (d —1)/a +3
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@ Versions under random entropy conditions (Settati 09).
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@ Versions for classes of functions with controled coordinates on a
P.

basis (Haar, wavelets, features) well suited for P or a Q close to
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Other conditions

Random entropy or geometric construction

@ Versions under random entropy conditions (Settati 09).

@ Versions for classes of functions with controled coordinates on a
basis (Haar, wavelets, features) well suited for P or a Q close to
P.

@ Versions for classes of functions well constructed from an
alphabet of functions. Implies a d-dimensional dimension free
rate n~1/10 for KMT (cadrants, uniform law). Becomes a
function of the mixing rate in dependent case.
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Other conditions

Random entropy or geometric construction

@ Versions under random entropy conditions (Settati 09).

@ Versions for classes of functions with controled coordinates on a
basis (Haar, wavelets, features) well suited for P or a Q close to
P.

@ Versions for classes of functions well constructed from an
alphabet of functions. Implies a d-dimensional dimension free
rate n~1/10 for KMT (cadrants, uniform law). Becomes a
function of the mixing rate in dependent case.

@ Each time : the smaller is F, the stronger the mixing should be
to minimize the loss of rate.
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@ We use the finite dimensional coupling of Zaitzev
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@ We use the finite dimensional coupling of Zaitzev

e Y1,..., Y, independent, centered, in RY and

[Yilg <M
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@ We use the finite dimensional coupling of Zaitzev

e Y1,..., Y, independent, centered, in RY and

[Yilg <M
e for all A we can define 71, ..., Z, independent centered Gaussian,
each Z; having same covariance matrix as Yj, such that
n
P (Yi—2Z)
i=1

> )\) < cpd? exp (— e
d

d2M>
«O>» «F>r «=» «E» PENES



property (it is for sets)

@ Random entropy condition is close of necessity to Donsker
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Random entropy

Typical rates, independent case

@ Random entropy condition is close of necessity to Donsker

property (it is for sets)

@ Settati 09 weakened Ly bracketing entropy condition by using

P <IogN (U(P”,}",lLl(P,,)) > (pn> <

Vvn
then the rate v, of approximation is

(log )1~/ 0, =

exp(—(clogn)'’®) ¢, =
polynomial n~1/(5v+2) ¢, =
close to n~1/2 ¢, =

Philippe BERTHET (Toulouse, France) () Strong Invariance Principles

n, §<1/2
(logn)®, 6 > 1

(log n)‘5, o<1
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.LetCCA

e empirical process

‘xn

u]
v
a
v
a
it
v
a

it
v

fE

{Ic(X;)) — P(C)},

cecC

Hao



eletCC A

e empirical process

1 n

0n(C) = — Y {I¢(X;)) - P(C)}, CecC
vn ,-221{ }

e dp-continuous P-Brownian bridge G indexed by C

cov(G(C),G(D)) = P(CN D) — P(C)P(D)



Geometrical conditions

Classes of sets

eletCC A

e empirical process

an(C {Ic(Xi)) —P(C)}, CeC

f 2
e dp-continuous P-Brownian bridge G indexed by C

cov(G(C),G(D)) = P(CN D) — P(C)P(D)

@ Given P we construct a P-Donsker C while controling the rate
through a notion of complexity of order m
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Geometrical conditions

Classes of sets

eletCC A

e empirical process

an(C {Ic(Xi)) —P(C)}, CeC

f 2
e dp-continuous P-Brownian bridge G indexed by C

cov(G(C),G(D)) = P(CN D) — P(C)P(D)

@ Given P we construct a P-Donsker C while controling the rate
through a notion of complexity of order m

@ Open : work out the appropriate mixing coefficients (on C
only?).
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@ Take a countable Cos C C, choose C;, finite in C
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@ Take a countable Cos C C, choose C;, finite in C

e continuity moduli operator g : C — C;, q.(C) C C

P (VaY > o(n) < -

for both Y = ||y —a,0 g}, and Y = |G —Goq;l|¢
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Geometrical conditions

Strong chaining for sets

e Take a countable C, C C, choose C;; finite in Coo
o continuity moduli operator g : C — C}, q.(C) C C
1
P (VnY >o(n)) < 3

for both Y = |lay —a, 04|, and Y = ||G - Gogq;,
e chaining operator g : C; — C,* where

C;;*:{Clu...u CmICjEPJ',CjﬂC/:@ifj#/}
and P; = {Cj«x : k < k(j)} are m finite partitions

sup P(C\G(C)) < h(m) | 0 as m — oo
C;

Ce
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card(Cy)

@ Geometrical intrinsic dimension m hidden in ¥
Cn

Jj<m

dm = Z k(./)
S = X K0P, ) =

hn(m)

m?dp, (log dm)?




Geometrical conditions

Strong chaining for sets

@ Geometrical intrinsic dimension m hidden in ¥

cn = card(C,) dm = )_ k(j)
Jj<m
_ . 2 _ h,(m)
Sm = jg k(j) HP HPJ- Y (m) = m2d? (log dpm)?

@ Theorem G1. If S, < a,om we can construct («,, G,)

|an — Galle =

o(n)  logcs _, ( (logn)?
Oa.s(\/ﬁ\/ - \/\/h,,o‘{’ nlog C, log cp,
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e Example. Cubes F = {]I[s,t] is, te X =10, l]d}
e if P has a bounded density

(log n)d_l/2

n1/10 )
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e Example. Cubes F = {]I[s,t] is, te X =10, l]d}
e if P has a bounded density

(log n)d_l/2

1/10 )
e almost dimension free, improves n=1/12 (Rio 96)
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Geometrical Conditions
KMT in dimension d>2

e Example. Cubes F = {][[s,t] s, t e X =0, 1]d}

e if P has a bounded density

(log n)d_l/2
||an - Gn”}‘ = Oa.s. (,71/10

o almost dimension free, improves n~!/12 (Rio 96)

e partitions are dyadic, m =~ log n, d,, ~ 2™, S,, bounded,
ho(m) = h(m) = 27" ¥(m) ~ 275" ho ¥ 1(x) ~ x1/5,
o(n) = 1/+/n, ¢y ~ n?
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e among the first strong invariance principles in the mixing setting
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@ Conclusion

e among the first strong invariance principles in the mixing setting

e trade off between covariance bias and rate of approximation
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@ Conclusion

e among the first strong invariance principles in the mixing setting
e trade off between covariance bias and rate of approximation

e the approximating Gaussian process becomes the limiting one
after normalization but the price is the covariance bias...
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