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1 Random balls models

1.1 Mathematical description

We start with a family of grains Xj + B(0, Rj) in R
d where

(Xj , Rj)j is a Poisson point process in R
d × R

+,

with intensity measure n(dx, dr) = dxF (dr) where F is a σ-finite

non-negative measure on R
+ such that
∫

R+

rdF (dr) < +∞.

Let N be the associated Poisson random measure on R
d × R

+.

For A ∈ B
(
R

d × R
+

)
with n(A) < ∞

N(A) = # {j; (Xj , Rj) ∈ A} ∼ P(n(A)).
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Associated shot-noise random field

One can define the random field X on R
d by

X(t) =

∫

Rd×R+

1B(x,r)(t)N(dx, dr)

= # grains containing t ∈ R
d.
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Examples

d = 1 −→ X(t) = numbers of connections to a server at time t

d = 2 −→ X(t) = discretized gray level at point t in a picture

d = 3 −→ X(t) = mass density of a 3D granular media in t

Main properties

• X is stationary and isotropic

• EX(t) =
∫

Rd×R+ 1B(x,r)(t)dxF (dr) = cd

∫
R+ rdF (dr)

• Cov(X(t), X(t′)) =
∫

R+ |B(t, r) ∩ B(t′, r)|F (dr)
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1.2 Generalizations

➥ For V a Borel set of R
d,

X(V ) =

∫

Rd×R+

|V ∩ B(x, r)|N(dx, dr) = weighted coverage of V .

➥ For µ ∈ M =
{
signed measures µ on R

d; |µ|(Rd) < +∞
}
,

X(µ) =
∫

Rd×R+ µ(B(x, r)) N(dx, dr)

• E (X(µ)) =
∫

Rd×R+ µ(B(x, r))dxF (dr) = µ
(
R

d
)
cd

∫
R+ rdF (dr)

• Var (X(µ)) =
∫

Rd×R+ µ(B(x, r))2dxFdr ≤ |µ|
(
R

d
)2

cd

∫
R+ rdF (dr)

Prop: X is a continuous random linear functional on M ie

X : M → L2(Ω) is continuous

Remark: X(t) = X(δt) for any t ∈ R
d
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2 Scaling behavior

Let us multiply the radii by ρ > 0 and the intensity measure by λ(ρ) > 0:

n(dx, dr) = dxF (dr) y nλ(ρ),ρ(dx, dr) = λ(ρ)dxFρ(dr)

Fρ(dr) = image measure of F (dr) by the change of scale r 7→ ρr.

Xρ(µ) =
∫

Rd×R+ µ(B(x, r)) Nλ(ρ),ρ(dx, dr)





zoom-in: ρ → +∞ (small grain assumption)

zoom-out: ρ → 0 (large grain assumption)
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We are looking for a normalization term n(ρ) s.t.

Xρ(.) − E(Xρ(.))

n(ρ)

fdd−→ W (.),

when ρ → 0 (zoom-out) or ρ → +∞ (zoom-in). By linearity, it holds if

E

(
exp

(
i
Xρ(µ) − E(Xρ(µ))

n(ρ)

))
−→ E (exp (iW (µ))) ,

for all µ in a convenient subspace of M. Let us write

E

(
exp

(
i
Xρ(µ) − E(Xρ(µ))

n(ρ)

))
= exp

(∫

R+

λ(ρ)ϕρ(r)Fρ(dr)

)
.

with

ϕρ(r) =

∫

Rd

Ψ

(
µ(B(x, r))

n(ρ)

)
dx and Ψ(v) = eiv − 1 − iv.

• Gaussian limit: n(ρ) → +∞, ϕρ(r) ∼ − 1
2n(ρ)2

∫
Rd µ(B(x, r))2dx.

• Poisson limit: n(ρ) → n0, ϕρ(r) ∼
∫

Rd Ψ
(

µ(B(x,r))
n0

)
dx.
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2.1 Power law assumptions

Intensity A(β) : for β 6= d, assume F (dr) = f(r)dr with

f(r) ∼ Cβr−β−1 , as r → 0d−β =





r → +∞, β > d (zoom-out)

r → 0, β < d (zoom-in)
.

We consider F satisfying A(β) and
∫

R+ rdF (dr) < +∞.

Lemma: Under A(β) if g is a continuous function on R
+ such that

|g(r)| ≤ C min(rq, rp), for some 0 < p < β < q, then
∫

R+

g(r)Fρ(dr) ∼
ρ→0β−d

Cβρβ

∫

R+

g(r)r−β−1dr.



2 SCALING BEHAVIOR 10

Finite energy measures

Iα(µ) =
∫

Rd×Rd |z − z′|d−αµ(dz)µ(dz′)

• For β > d, Mβ = {µ ∈ M ; ∃α > β , Iα(|µ|) < +∞}
• For β < d, Mβ =

{
µ ∈ M ; ∃α < β , Iα(|µ|) < +∞ and

∫
µ = 0

}

Prop: for β ∈ (d − 1, 2d) with β 6= d, when µ ∈ Mβ
∫

R+×Rd µ(B(x, r))2r−β−1drdx = cβIβ(µ) < +∞.

Remark: -cβ > 0 for d < β < 2d and cβ < 0 for d − 1 < β < d;

-for any t ∈ R
d, the Dirac mass δt /∈ Mβ ;

-for any t ∈ R
d, when d − 1 < β < d, δt − δ0 ∈ Mβ .
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2.2 Gaussian limit

Theorem: Assume

• d − 1 < β < 2d such that β 6= d

• A(β) : F (dr) ∼ Cβr−β−1 dr as r → 0d−β

• λ(ρ)ρβ−→ + ∞ as ρ → 0β−d

Then for all µ ∈ Mβ , as ρ → 0β−d =





ρ → 0, β > d (zoom-out)

ρ → +∞ β < d (zoom-in)

Xρ(µ)−E(Xρ(µ))√
λ(ρ)ρβ

fdd−→ Wβ(µ)

The limit field Wβ is the centered Gaussian continuous random linear

functional on Mβ with

Cov (Wβ(µ), Wβ(ν)) = cβ

∫

Rd×Rd

|z − z′|d−βµ(dz)ν(dz′)
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Properties of Wβ

Notations: For µ ∈ M,

• for a > 0: µa(A) := µ(a−1A) for any Borel set A;

• for s ∈ R
d: τsµ(A) := µ(A − s) for any Borel set A.

Definition: A random field X, defined on S ⊂ M is said to be

• H self-similar, for H ∈ R, if

∀µ ∈ S, ∀a > 0 , µa ∈ S and X (µa)
fdd
= aHX (µ) .

• translation invariant, if

∀µ ∈ S, ∀s ∈ R
d , τsµ ∈ S and X (τsµ)

fdd
= X (µ) .

Prop: Let β ∈ (d − 1, 2d) r {d}. The field Wβ defined on Mβ is

• self-similar with index H = d−β
2

∈ (−d/2, 1/2) r {0}

• translation invariant.
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2.3 Poisson limit

Theorem: Assume

• d − 1 < β < 2d such that β 6= d

• A(β) : F (dr) ∼ Cβr−β−1 dr as r → 0d−β

• λ(ρ)ρβ−→σd−β
0 as ρ → 0β−d

Then for all µ ∈ Mβ , as ρ → 0β−d =





ρ → 0, β > d (zoom-out)

ρ → +∞ β < d (zoom-in)

Xρ(µ) − E (Xρ(µ))
fdd−→Jβ(µσ0

)

The limit field Jβ is the centered continuous random linear functional on

Mβ defined as

Jβ(µ) =

∫

Rd

∫

R+

µ (B(x, r)) Ñβ(dx, dr),

where Ñβ is a compensated Poisson random measure with intensity

Cβdx r−β−1dr, and µσ0
is defined by µσ0

(A) = µ
(
σ−1

0 A
)
.



2 SCALING BEHAVIOR 14

Properties of Jβ

Let β ∈ (d − 1, 2d) r {d}. Then,

• Jβ is not Gaussian, not self-similar.

• Jβ is aggregate similar with index H = d−β
2

∈ (−d/2, 1/2) r {0}:

∀m ≥ 1,

m∑

i=1

J i
β(µ)

fdd
= Jβ(µam) for am = m1/2H ,

where
(
J i

β

)
are iid copies of Jβ .

• Jβ is translation invariant.

• Jβ has the same covariance as Wβ (H second order self-similar).

Remark: Wβ is also aggregate-similar with index H.
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3 Self-similar random fields

3.1 Dobrushin’s characterization

Schwartz classes: S(Rd) = {ϕ : R
d → R , C∞ , rapidely ց}

Sn(Rd) = {ϕ ∈ S(Rd);

∫

Rd

zjϕ(z)dz = 0 , j ∈ N
d , |j| < n}

= {ϕ ∈ S(Rd); Djϕ̂(0) = 0 , j ∈ N
d , |j| < n}

where ϕ̂(ξ) =
∫

Rd e−iξ·xϕ(z)dz ∈ S(Rd). Since
(
Sn(Rd)

)
n
ց, set

S0(R
d) := S(Rd) and S∞(Rd) :=

⋂
n

Sn(Rd).

Identifying ϕ ∈ S(Rd) with ϕ(z)dz ∈ M, ∀β ∈ (d − 1, 2d) r {d}

Sn(Rd) ⊂ Mβ for all n ≥ 1, and n ≥ 0 if β > d
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Theorem [Dobrushin (79)]. Let n ≥ 0 and X be a centered continuous

random linear functional on Sn(Rd).

X is translation invariant and self-similar of order H ∈ R

if and only if

Cov (X(ϕ), X(ψ)) =

∫

Sd−1

∫ +∞

0

ϕ̂(rθ)ψ̂(rθ)r−2H−1drdσ(θ)

+
∑

|j|=|k|=n

Aj,kαj(ϕ)αk(ψ), ∀ϕ, ψ ∈ Sn(Rd)

where

• σ = 0 if H ≥ n;

• (Aj,k)|j|=|k|=n = 0 if H 6= n

• αj(ϕ) =
∫

Rd ϕ(x)xjdx = i|j|Djϕ̂(0).
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Corollary: Let β ∈ (d − 1, 2d) r {d} and H = d−β
2

∈ (−d/2, 1/2) r {0}.
∃kβ > 0 s.t.,

Cov (Wβ(ϕ), Wβ(ψ)) = Cov (Jβ(ϕ), Jβ(ψ))

= cβ

∫

Rd×Rd

|z − z′|2Hϕ(z)ψ(z′) dzdz′

= kβ

∫

Rd

ϕ̂(ξ)ψ̂(ξ) |ξ|−2H−d dξ,

∀ϕ, ψ ∈ S1(R
d) if 0 < H < 1/2, S(Rd) if −d/2 < H < 0.

Notation: Let H ∈ R r Z and consider (cf Dobrushin) BH Gaussian s.t.

Cov (BH(ϕ), BH(ψ)) = kH

∫

Rd

ϕ̂(ξ)ψ̂(ξ) |ξ|−2H−d dξ, ∀ϕ, ψ ∈ S∞(Rd).

Remark: BH is the only Gaussian generalized random field isotropic,

translation invariant and self-similar of order H. Moreover

BH = Wd−2H for all H ∈ (−d/2, 1/2) r {0}
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Let H ∈ R r Z and m =
[
H + 1

2

]
∈ Z s.t. H ∈ [m − 1/2, m + 1/2).

Define the operator (−∆)−
m
2 : S∞(Rd) −→ S∞(Rd) by

̂(−∆)−
m
2 ϕ(ξ) = |ξ|−mϕ̂(ξ).

Theorem: For βH = d − 2(H − m) assume

• A(βH) : F (dr) ∼
r→0H−m

Cβr−βH−1 dr;

• λ(ρ)ρβH −→
ρ→0m−H

+∞.

Then for all ϕ ∈ S∞, as ρ → 0m−H =





ρ → 0, H < m (zoom-out)

ρ → +∞ H > m (zoom-in)

Xρ((−∆)−m/2ϕ)−E(Xρ((−∆)−m/2ϕ))√
λ(ρ)ρβH

fdd−→BH(ϕ).
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Let H ∈ R r Z and m =
[
H + 1

2

]
∈ Z s.t. H ∈ [m − 1/2, m + 1/2).

Theorem: For βH = d − 2(H − m) assume

• A(βH) : F (dr) ∼
r→0H−m

Cβr−βH−1 dr;

• λ(ρ)ρβH −→
ρ→0m−H

σ
2(H−m)
0 .

Then for all ϕ ∈ S∞, as ρ → 0m−H =





ρ → 0, H < m (zoom-out)

ρ → +∞ H > m (zoom-in)

Xρ((−∆)−m/2ϕ) − E

(
Xρ((−∆)−m/2ϕ)

)
fdd−→PH(σm

0 ϕσ0
),

where

PH(ϕ) = JβH ((−∆)−m/2ϕ), ϕ ∈ S∞(Rd).
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3.2 Representation

Let H ∈ R
+

r N.

There exists B̃H : R
d → L2(Ω) a representation of BH on S∞(Rd) ie

∀ ϕ ∈ S∞(Rd), BH(ϕ)
L2(Ω)

=

∫

Rd

B̃H(t)ϕ(t)dt

Moreover, for any t, s ∈ R
d,

Cov
(
B̃H(t), B̃H(s)

)
=

kH

∫

Rd


e−it·ξ −

⌈H⌉−1∑

k=0

(it · ξ)k

k!





e−is·ξ −

⌈H⌉−1∑

k=0

(is · ξ)k

k!


|ξ|−d−2Hdξ

= cH


|t − s|2H −

⌈H⌉−1∑

|l|=0

(−1)|l|

l!

(
slDl|t|2H + tlDl|s|2H

)



Rk: there also exists a representation P̃H : R
d → L2(Ω) of PH on S∞(Rd).
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Characterization of B̃H for H > 0

B̃H is the only Gaussian random field that satisfies

• stationary nth increments for n = ⌈H⌉

• self-similar of order H

• isotropic

• DjB̃H(0) = 0 a.s for all |j| < ⌈H⌉

➥ For H ∈ (0, 1),

B̃H =Fractional Brownian field of Hurst parameter H.

➥ For H ∈ (0, 1/2) and βH = d − 2H ∈ (d − 1, d) ,{
B̃H(x); x ∈ R

d
}

fdd
=

{
WβH (δx − δ0); x ∈ R

d
}
.
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