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1 RANDOM BALLS MODELS

1 Random balls models

1.1 Mathematical description

We start with a family of grains X; + B(0, R;) in R? where
(X, R;); is a Poisson point process in R x R,

with intensity measure n(dzx,dr) = deF(dr) where F' is a o-finite

non-negative measure on R™ such that
/ r?F(dr) < 4o0.
R+

Let N be the associated Poisson random measure on R? x R,
For A € B(R* x RT) with n(4) < oo

N(A) = #1{7; (X, Rj) € A} ~P(n(A)).
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Associated shot-noise random field

One can define the random field X on R? by

X (1) / 15 ()N (dz, dr)
R4 xR+

— # grains containing t € RY.
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Examples

d=1 — X(¢t) = numbers of connections to a server at time ¢
d=2 — X(t) = discretized gray level at point ¢ in a picture

d=3 — X(t) = mass density of a 3D granular media in ¢

Main properties

e X is stationary and isotropic
o EX(t) = [paypt 1B, (t)dzF(dr) = ca 5 r¢F(dr)
o Cov(X(1),X(t) = fy: |B(t,r) N B, r)| F(dr)
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1.2 Generalizations

0 For V a Borel set of R?,

X(V) = / 'V N B(z,r)| N(dz,dr) = weighted coverage of V.
R xR+

0 For p € M = {signed measures p on R%; |u|(R?) < 400},
X(:UJ) — fRde+ /L(B(CL’, T)) N(dxa d’l“)

¢ E(X(1) = fuayns #(B(x,r)dzF(dr) = i (R?)cq [, v F(dr)
o Var (X() = faayps #(B(x,7))*dwFdr < |u| (RY) ey [o, r*F(dr)

Prop: X is a continuous random linear functional on M ie
X : M — L?*(Q) is continuous

Remark: X (t) = X(6;) for any t € R?
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2 Scaling behavior

Let us multiply the radii by p > 0 and the intensity measure by A(p) > 0:
n(dz,dr) = dzF(dr) ~ nx),,(dz,dr) = A(p)dzF,(dr)

F,(dr) = image measure of F'(dr) by the change of scale r — pr.
Xo(p) = fRd it M(B(z, 1)) Nxgpy,p(de,dr)

zoom-in: p — +0o (small grain assumption)

zoom-out: p — 0 (large grain assumption)
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We are looking for a normalization term n(p) s.t.

Xp() —E(X,(.)) fad
n(p)

W(')?

when p — 0 (zoom-out) or p — +oo (zoom-in). By linearity, it holds if

. (exp (Z-XM B )) B (exp (iW ().

for all 1 in a convenient subspace of M. Let us write

E (eXp (iXp(“) ;ig){p(“)))) = exp (/R+ A(p)sop(T)Fp(d?“)) ~

with

0, (r) = /Rd xp (“(i({;’)r))) dz and U(v) = ™ — 1 — iv.

e Gaussian limit: n(p) — 400, @,(r) ~ —W Jra 1(B(z,7))*da.

U (MB(m,r))) dr.

e Poisson limit: n(p) — no, ©p(r) ~ |

R no
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2.1 Power law assumptions
Intensity A(j3) : for 8 # d, assume F(dr) = f(r)dr with

r — +00, > d (zoom-out
f(r) ~ Cgr_ﬁ_l ,as r — 097 F = & ( )
r — 0, B < d (zoom-in)

We consider F satisfying A(8) and [, r*F(dr) < +oo.

Lemma: Under A(3) if g is a continuous function on R* such that
lg(r)] < C'min(r?,r?), for some 0 < p < 3 < g, then

/R IWF) ~ Ol / g

p—)OIB—d
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Finite energy measures

To(p) = Jgaypa 12— 2147 u(dz)p(dz’)

o For 3>d Mg={peM; Ja>pF, Z.(|p|) < +oo}
eFor B<d Mg={peM; Ja<p, Zo(lp|) < +ocoand [ =0 }

Prop: for g € (d —1,2d) with 8 # d, when u € Mg
st H(B(@,7))r = 1drds = caT () < +oc.

Remark: -cg > 0for d < < 2d and cg <0 ford—1< B < d;
-for any t € R?, the Dirac mass §; ¢ Mg;
for any t € R when d—1 < 3 < d, §; — do € Mg.
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2.2 Gaussian limit

Theorem: Assume
e d— 1< (3 < 2dsuch that 8 # d

e A(B) : F(dr) ~ Car "t drasr — 0% F
e \(p)p’— + o0 as p— 0°7¢

0, > d -out
Then for all u € /\/157 as p — 08—d — p — 6] (Zoom ou )
p— +oo [ <d (zoom-in)

Xp(w)—E(Xp(w)) fdd
%4
o a(1)

The limit field W3 is the centered Gaussian continuous random linear

functional on Mg with

Cov (Ws (1), Ws (1)) = c5 / 12— 219 u(d2)p(d?)

R4 x R4
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Properties of Wy
Notations: For u € M,

o for a > 0: pa(A) := pu(a='A) for any Borel set A;

o for s € R*: 1,u(A) := p(A — s) for any Borel set A.
Definition: A random field X, defined on & C M is said to be

o [ self-similar, for H € R, if

Ve S, Va>0, puo € S and X (ia) fidaHX(,uJ).

e translation invariant, if

VeSS, VseRY, rueS and X (top) 2 X (1) .

Prop: Let 8 € (d — 1,2d) ~ {d}. The field W3 defined on M is

o self-similar with index H = “32 € (—d/2,1/2) \ {0}

e translation invariant.
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2.3 Poisson limit

Theorem: Assume
e d— 1< [(3<2dsuch that 8 # d

e A(B) : F(dr) ~Csr Pt drasr — 07

d—f

e \(p)p’—05 © as p— 0774

0 d —out
Then fOI' all v - Mﬁ; as p — Oﬁ_d — P —Y, B > (Zoom ou )
p— +oo [ < d (zoom-in)

Xp(1) = E (X (1)) 2% J5 (1)

The limit field Jg is the centered continuous random linear functional on

/Rd /R+ )) Ny (da, dr),

where ]75 is a compensated Poisson random measure with intensity
Csdx v~ 'dr, and pe, is defined by pie, (A) = p (0ot A).

M defined as
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Properties of Jg
Let 5 € (d—1,2d) ~ {d}. Then,
e Js is not Gaussian, not self-similar.

o Jjs is aggregate similar with index H = 452 € (—d/2,1/2) \ {0}:

vm>1, ) Js(w) = Jp(pa,) for am =m'",

1=1

where (J Eg) are iid copies of Jg.
e Jg is translation invariant.

e Js has the same covariance as W (H second order self-similar).

Remark: Wy is also aggregate-similar with index H.
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3 Self-similar random fields

3.1 Dobrushin’s characterization

Schwartz classes: S(R?) = {p : R* - R, C*™ , rapidely \/}

Sn(RY) = {goesw);/ do(2)dz =0, j €N, [j| < n}

]Rd
= {peSM®R);D'3(0)=0, j €N, |j| <n}

where $(&) = [,4 e " Tp(z)dz € S(RY). Since (Sn(]Rd))n \,, set

So(R%) := S(R%) and S0 (R?) := NS, (R).

n

Identifying ¢ € S(R%) with ¢(2)dz € M, V3 € (d — 1,2d) ~ {d}

Sp(RY) Cc Mg foralln>1, andn >0if 3 > d
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Theorem |[Dobrushin (79)]. Let n > 0 and X be a centered continuous
random linear functional on S,,(R%).
X is translation invariant and self-similar of order I € R

if and only if

+oo =
Cov (X(@). X)) = [ [ @0)do)y " dras (o

+ Y Ajras(@)an(®), Ve, v € Su(R)

l71=1k|=n

where
e 0 =0if H > n;

o (Aj’k) k|=n =0if H # n

71=

o 0;(¢) = fuaplx)aida = iV DIG(0).
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Corollary: Let 3 € (d —1,2d) \ {d} and H = 57 € (-d/2,1/2) . {0}.
Jks > 0 s.t.,

Cov (Ws(p), We(v)) = Cov(Js(w), Js())
= o [ =Pl dd
= ke [ ROV e

Vo, € Si(RY) if 0 < H < 1/2, SR if —d/2 < H < 0.

Notation: Let H € R ~ Z and consider (cf Dobrushin) By Gaussian s.t.

cov(BH(go),BHw)):kH/ PP 6] 21 de, Vo, i) € Sw(RY).

Rd

Remark: By is the only Gaussian generalized random field isotropic,

translation invariant and self-similar of order /. Moreover

By =Wy o forall H € (—d/2,1/2) ~. {0}
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Let HER~Zand m= |H+ 3| €Zst. He|m—1/2,m+1/2).
: Soo (RY) — Soo (RY) by

m
2

Define the operator (—A)™

(—D)E (€)= €] " B(E).

Theorem: For g = d — 2(H — m) assume

e A(By) : F(dr) ~  Car P 1 dr

r—QH-—m

e \p)p™ — oo

p_>0m—H

0, H < -out
Then for all © c SOO’ as p — Om—H _ p — m (ZOOm ou )

p— +oo H > m (zoom-in)

Xp((=A) " 20)—E(X,((=A)""™/?¢)) fdd

VA(p)pPH Bi(e):
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Let HeR~Zand m= |H+ 3| €Zst. He|m—1/2,m+1/2).
Theorem: For Gy = d — 2(H — m) assume

e A(Br) : F(dr) o Cgr PE1 dr;

o Mp)p’n — g™

0, H < —out
Then for all ¢ € Soo, as p — 0™ H = p — m (zoom-out)

p— +oo H >m (zoom-in)

fdd

Xp((=A)7"20) = B (X, ((—=2)7"/%0) ) 25 Prt (05 ),

where

Pu(p) = Ja, ((—A)"™%9), ¢ € Su(R?).
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3.2 Representation

Let H € RT < N.
There exists By : R? — L?() a representation of By on Soo(R?) ie
L2(Q =
Vo €Su(®Y), Bulp) =" | Bu(t)e(t)d

Rd

Moreover, for any t,s € R,

Cov (EZ@),EZ(S)) -
[H]-1 . k [H]-1 ,, k
it it - & i 18- & Cd—
kH/Rd etg_z(k!) . g_z(k!) €21 g
k=0 k=0
2H |—H-|_1(_1)|l| l 1 2H RN 2H
—cu (=5 = Y (sD\t\ + ' DY )
1|=0

Rk: there also exists a representation Py : RY — L2(Q) of Py on Seo(R%).
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Characterization of /B; for H >0

By is the only Gaussian random field that satisfies
e stationary n'" increments for n = [H]
e self-similar of order H
e isotropic

e D'By(0) =0 as for all |j| < [H]

[0 For H € (0,1),

B —Fractional Brownian field of Hurst parameter H. I

0 For H € (0,1/2) and By =d—2H € (d —1,d) ,
{E\;(az);xERd}

2 Wy, (60 — 60);w € R,
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