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Superlinear Processes and Why

Notation

® T isan MPT of (2, A,P)
@ Fi is afiltratrion for which F 4 = T 15
@ J is a countable set

@ VjelJ, &, i€ Z,is astationary sequence of martingale

differences for which E(¢7;) = 1.
*] éiyj 1L éilvj/ when j, # ]

® ¢, i €Z, )€ J, are square summable
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Superlinear Processes and Why

Superlinear Processes

Then

Xe =D Y Cijbkij= [Z Civifk—ivi]

jed i€z jed Liez
is called a super-linear process. Then
@ &, i €Z,j<cJ,areinnovations
@ Independentinnovations & ; ~ Fj,i € Z,j € J
@ The process is causal if ¢;j =0 fori <0

@ The process is linear if J is a singleton
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Superlinear Processes and Why

Herndorff’'s Example

There is a strongly mixing super linear process with

independent innovations for which X, are orthogonal and

lim P[X;+ -+ X,=0] >
n—oo

NI -

In the construction

@ ¢ have large values for large j
@ ¢;; have a finite range for each j

® > ..,Cij=0foreachj
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Superlinear Processes and Why

Regular Processes

A stationary process is Fi-regular if
@ Each Xy is F,-measurable a

@ E(Xk|F_oo) = E(Xk).

Proposition

Any mean 0 finite variance regular process is a super linear

process.
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Superlinear Processes and Why

From the Proof

Let
Hi = LZ(Qa'Ha P) © LZ(Q7‘E_17 P)7

the orthogonal complement, and let
QY = E(Y|F) — E(Y|Fi-1),

the projection Y on #; for Y € L?(P). Then
X =) QiXk
i€Z

Letej, j € J, be an o.n. basis for Ho, and & ; = ejo T',j € J.
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Superlinear Processes and Why

Example

Let---€e_q,€p,€1,--- beiid. 0or 1 with probability 1/2 each,

[e.e]

1.
Wy = Z(E)'Hﬁk—i,

i—0
and X = g(Wk), where g € L3()). If

g(w) — ZareZMrW’

rez

and Fx = of -+ ex_1, € }, then

Qog(W) — Z are27rzrw.

reOdd
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A Central Limit Theorem

Write
Xk = ZZCk—i,jii,j,
jed ieZ
Then
Sn=_ > [bnij—bijlé
jed ieZ
where b, = —(Cny1j + - +Coj), 0,0rcyj+---+cpj for

n<0, =0,or>0.
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A Central Limit Theorem

So,
oa =E(SR) =) [bnij—b_ij]°.
jed iez
Suppose
. 2 o
n||_>mOO o = 00.
Let
_ b—n,j 44 bn,j
bn’j == n .
Then

bn = (bnj 1] €J) € £2J).
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A Central Limit Theorem

A Central Limit Theorem

Suppose that 02 — oo. If

Z Z[bn i — boijl? +Z[bn+hj bij]*| =o(o7) ()

jed Li=1

and the sequence

Tl

n

1|’

Un = n>1,

is precompact in ¢2(J), then

i
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A Central Limit Theorem

A Central Theorem: Continued

Theorem 1: Continued

Sn

On

=7~ ()

Conversely, if (*) and (t) for all F; in the independent case, then

Un, N > 1, is precompact. (Recall: & ; ~ F;)

A\

Notes
@ Conditions only restrict the coefficients c; |

@ Best possible among such conditions

A\
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A Central Limit Theorem

From the Proof

Let

Dnk = Z bn jék s
jed
Mn,k = Dn,l +--+ Dn,ka

If on — oo and (*) holds, then
max||Sx — M = 0(o
k<r3(” k n,kHZ ( |"I)7

and, therefore,
S
L
On On
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A Central Limit Theorem

From the Proof

So, Sn/on = ¢ if Dy satisfy the conditions of the Martingale

CLT:
M, 52 Z E(Dfk|Fi1) =1 (stbl)

and
M, 52 Z E (DAL, 4l >eonFi—-1) = (If)

From (*), 02 ~ ||bn||?> x n and, therefore,
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A Central Limit Theorem

From the Proof

and
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A Central Limit Theorem

From the Proof

u= lim uyin?(J),
n—oo

then

lim Dy = D U inL3(P),
jed
and the conditions of the Martingale CLT are easily checked.

For the relatively compact case, consider subsequences.
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The Independent Case

A NASC for the CLT

Now consider a superlinear process with independent

innovations. If 02 — co and

Z [Z[bn ij—boijl? + Z[bn+u i,j]2] =o0(dd), (%
jed Li=1
then Sp /oy = @ iff

Li( z?Fi{dz} — 0
CRE L AL

jed [bn jz[>€ [[bn|lvn

for each € > 0. )
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The Independent Case

Examples

Suppose that 02 ~ [|bp||2 x n — oo.

1. If &, j € J, are uniformly integrable, then we need

lim max‘ ni| =0.
n—oo jed On

2. If §; = 4221 with probability 271~ each and & = 0

otherwise, then we need
jim Y Jbyf=0
n—oo o'rZ] . n
[bnj|>€e2” 2)on
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The Independent Case

From the Proof

Observe:

S i —b_
TS (P ) 6= S Y
JjEJ I€Z JEJ I€Z
say. The Lindeberg Feller Condition is
ZZ/ Y2,,dP 0
jed iez [Yn,ijl>e
and n — oo. Itis necessary to relate L,(¢) to

Ln(e ||b ||2Z 71/ 2?Fi{dz}.

jed njz‘>E |b [vn
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The Independent Case

From the Proof

That s, it is necessary to related the distribution of D, y =

2_jes Pnjék j to the Fj. Apply the following to Zj = by j& ;.

A Baum Katz Inequality

Let Zj,j € J, be independent random variables with means 0
and variances b2,j € J, for which 37, b; b? < oo; and let

Y =3 csZandb = (bj :j € J). Then, for all x >0,

2
PIV|> 3x] < <”b! ) +5°P 7] > x]
jed

-
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The Independent Case

Conditional Normality

The CCLT
Suppose that 02 := E(S?2) — oo and let

On(w: 2) = P [i—: < z|]-'o] ().

Then the conditional central limit theorem holds if &, =P ¢ (in

the Levy Metric say).
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The Independent Case

Conditional Normality:Continued

Known Result

For a causal linear process (J = {0}), the CCLT holds iff
IE(Sn|---€_1,%)ll2 = o(on), or equivalently

> [bizn —bi* = 0> _b?].
i=0 i=1

Note: Here & = & o and bp = by o.
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The Independent Case

For a causal superlinear process with independent innovations:

If 72 — oo then the CCLT holds iff

o0 n
S Ibysn —bil3 = o [z ubiu%]
i=0 i=1

and

Ln(e 2?Fj{dz} -0
= T 28 g s

jed bn,jz|>€ [[ballvn

for each € > 0. )
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The Independent Case

About the Proof

@ Theorem 2

@ NASC of Wu and W. (2004, Ann. Prob.)

___THEEND
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