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Independence

Independence

Here, the main question is how to weaken the relation

P(AN B) = P(A)P(B) 7
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Independence

Independence

Here, the main question is how to weaken the relation
P(ANB) =P(AP(B) 7

Independence of A € o(P) and B € o(F) is also written as:

Cov(f(P).g(F)) =0,  Vf.g [flewllglle <1
(The variables P and F stand for Past and Future)
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Mixing

Mixing

a(o(P),o(F)) = sup  [Cov(f(P),g(F))|
llo:llglloe <1
X = (Xt)tez : P=(Xs,...,Xs,), F=Xy, - Xs,),
51 < <5yt << ty, r=t; —s,is large
a(r) = sup max a(o(P),0(F)) =r— 0 (Rosenblatt)
uv 5 S Ssu
< Sty
r=1t —s,
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Mixing

Mixing

a(o(P),o(F)) = sup  [Cov(f(P),g(F))|
llo:llglloe <1
X = (Xt)tez : P=(Xs,...,Xs,), F=Xy, - Xs,),
51 < <5yt << ty, r=t; —s,is large
a(r) = sup max a(o(P),0(F)) =r— 0 (Rosenblatt)
uv 5 S Ssu
< Sty
r=1t —s,

See Bradley (1983, 2002), Doukhan (1994), Doukhan, Massart & Rio (1994, 1995), Rio
(2000) for extensive bibliography and sharp results.
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Mixing

Mixing

a(o(P),o(F)) = sup  |Cov(f(P),&(F))|

[Flloosllglloo <1
X = (Xt)tez : P=(Xs,...,Xs,), F=Xy, - Xs,),
51 < <5yt << ty, r=t; —s,is large

a(r) = sup max a(o(P),0(F)) =r— 0 (Rosenblatt)

u,v SIS"'SSU
<<ty
r=1t —s,

See Bradley (1983, 2002), Doukhan (1994), Doukhan, Massart & Rio (1994, 1995), Rio
(2000) for extensive bibliography and sharp results.

Examples of non-mixing models

Andrews-Rosenblatt (1984)'s AR-model, X; =% (X;—1+&), & ~ b(3) iid,
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Mixing

Mixing

a(o(P),o(F)) = sup  |Cov(f(P),&(F))|

[Flloosllglloo <1
X = (Xt)tez : P=(Xs,...,Xs,), F=Xy, - Xs,),
51 < <5yt << ty, r=t; —s,is large

a(r) = sup max a(o(P),0(F)) =r— 0 (Rosenblatt)

u,v SIS"'SSU
<<ty
r=1t —s,

See Bradley (1983, 2002), Doukhan (1994), Doukhan, Massart & Rio (1994, 1995), Rio
(2000) for extensive bibliography and sharp results.

Examples of non-mixing models

Andrews-Rosenblatt (1984)'s AR-model, X; =% (X;—1 +&), & ~ b(3) iid,
Galton-Watson model with immigration, X; = 37" Vi, + &, iid integer valued, EY; ; < 1.
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General formulation

General formulation [Doukhan & Louhichi, 1999]

(Xe)ter (€E), f:EY -RinFandg: EY - RinG:

‘COV(f(X,‘l,...,X,'u),g()g‘l,...,)(jv))| < \U(fvg)é(r)v

dT({il,...,iu},{jl,...,_jv})2!, e(r)LO

Paul Doukhan, Samos, University Paris 1, LS-CREST Weak Dependence, Models and Applications



General formulation

General formulation [Doukhan & Louhichi, 1999]

(Xe)ter (€E), f:EY -RinFandg: EY - RinG:

‘COV(f(X,‘l,...,X,'u),g()g‘l,...,)(jv))| < \U(f,g)e(r),
dT({’.la-~~7iu}:{j17-~~a.jv}) >, E(r)lo
Choices of F,G, V, ¢(r) yield different weak dependence conditions. Now T = Z,
<o i< r < lpf=  sp ) 20

(V15w Yu) A (X100 Xu) lyr = »all 4+ -+ [lyu — xll ’
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General formulation

General formulation [Doukhan & Louhichi, 1999]

(Xe)ter (€E), f:EY -RinFandg: EY - RinG:

‘COV(f(X,‘l,...,X,'u),g()g‘l,...,)(jv))| < \U(f,g)e(r),
dT({’.la-~~7iu}:{j17-~~a.jv}) >, E(r)lo
Choices of F,G, V, ¢(r) yield different weak dependence conditions. Now T = Z,

F(V1y e ya) — Fxty s
W< <iy<iy+r<j<---<j, Lipf= sup 0, u) = -],
(V15w Yu) A (X100 Xu) lyr = »all 4+ -+ [lyu — xll

V(f,g) = vLipg, e(r)=6(r), F={llfllo <1},G = {Lipg < o0},
- ulipf + vLlipg, e(r) = n(r),
- uvLlipf - Lipg, e(r) = (r),

ulipf + vLipg +uvlipf-Lipg, €(r) = A(r).
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General formulation

General formulation [Doukhan & Louhichi, 1999]

(Xe)ter (€E), f:EY -RinFandg: EY - RinG:

‘COV(f(X,‘l,...,X,'u),g()g‘l,...,)(jv))| < \U(f,g)e(r),
dT({’.la-~~7iu}:{j17-~~a.jv}) >, E(r)lo
Choices of F,G, V, ¢(r) yield different weak dependence conditions. Now T = Z,

F(V1y e ya) — Fxty s
W< <iy<iy+r<j<---<j, Lipf= sup 0, u) = -],
(V15w Yu) A (X100 Xu) lyr = »all 4+ -+ [lyu — xll

V(f,g) = vLipg, e(r)=6(r), F={llfllo <1},G = {Lipg < o0},
- ulipf + vLlipg, e(r) = n(r),
- uvLlipf - Lipg, e(r) = (r),

ulipf + vLipg +uvlipf-Lipg, €(r) = A(r).

(symmetric W, F = G) fit to non-causal processes.
We restrict to G a set of Lipschitz functions
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General formulation

General formulation [Doukhan & Louhichi, 1999]

(Xe)ter (€E), f:EY -RinFandg: EY - RinG:

‘COV(f(X,'l, s 7Xiu)7g()<jl7 cee )<Jv))| < \U(f,g)e(r),

dT({’.la-~~7iu}:{j17-~~a.jv}) >, E(r)lo
Choices of F,G, V, ¢(r) yield different weak dependence conditions. Now T = Z,

F(V1y e ya) — Fxty s
W< <iy<iy+r<j<---<j, Lipf= sup 0, u) = -],
Gt Y2 =Xl e = x|

V(f,g) = vLipg, e(r)=6(r), F={llfllo <1},G = {Lipg < o0},
- ulipf + vLlipg, e(r) = n(r),
- uvLlipf - Lipg, e(r) = (r),

ulipf + vLipg +uvlipf-Lipg, €(r) = A(r).

(symmetric W, F = G) fit to non-causal processes.
We restrict to G a set of Lipschitz functions
Other causal cases including dynamical systems are considered with sharp limit theorems in Prieur’s talk
(see also Merlevede talk).
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General formulation

Causal coefficients (F is the set of bounded functions)

o 0 coefficients: V(f, g) = v||f||Lip (g),
0,(M. X) = sup{[E(g(X)|M) — Eg(X), /Lipg < 1},
(Xi)iez in LP, (My)kez o-algebras (o(X;,j < k)).

1
9P7V(r) = Mmax — sup 0p (Ml‘a(Xju""st))v 9(!’) :Hl,OO(r)

SSV S jpr<ji<--<s
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General formulation

Causal coefficients (F is the set of bounded functions)

o 0 coefficients: V(f, g) = v||f||Lip (g),
0p(M, X) = sup{||[E(g(X)|M) — Eg(X)||, /Lipg < 1},
(Xi)iez in LP, (My)kez o-algebras (o(X;,j < k)).
1
Op,v(r) = max — sup O, (M, (Xj,, ..., X)), 0(r) = 01,00(r)

SSV S jpr<ji<--<s
o 7 coefficients:
(M, X) = sun { [ 0Prina(@0) - [ e(aPx(a) Lipg <1
Op(M, X) < 75(M, X),

Tpv(r) = maxs<y % SUPjr<ji<-<ji Tp (M, (X -+, X))

)
p
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General formulation

Causal coefficients (F is the set of bounded functions)

o 0 coefficients: V(f, g) = v||f||Lip (g),
0p(M, X) = sup{||[E(g(X)|M) — Eg(X)||, /Lipg < 1},
(Xi)iez in LP, (My)kez o-algebras (o(X;,j < k)).
1
Op,v(r) = max — sup O, (M, (Xj,, ..., X)), 0(r) = 01,00(r)

SSV S jpr<ji<--<s

o 7 coefficients:
(M, X) = ||sup { [ 6t0Pxaa(@) ~ [ g(px(on) |Ling < 1}
GP(M7X) S TP(M’X)'

Tpw(r) = maxs<y % SUPjr<ji<--<js TP (M, (Xjys -5 X3,))
@ v coefficients (projective measure):
Vp(M, X) = [[E(XIM) = E(X)| (< ,(M; X)), 7p(r) = sup7p(Mi, Xir)-

i€Z

)
p
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Hereditarity properties

Hereditarity properties (Y, = h(X,))

(Xn)nez m, k or A-weakly dependent=- (Y},),cz, for h Lipschitz.
(Xn)nGZy Rk-valued, p > 1, E|C, C > 0,8 S [17[3]1 maxi<i<k HXIHP < C,
h: Rk =R, h(0) =0,

[h(x) = h(y) < clx = yl(IxI*" + 1y[*™)  Vx,y €R"

o (Xp)nez n-weak dependent, then (Y})nez also, and

ny(n) = O (n(m)>1) ;
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Hereditarity properties

Hereditarity properties (Y, = h(X,))

(Xn)nez m, k or A-weakly dependent=- (Y},),cz, for h Lipschitz.
(Xn)nGZy Rk-valued, p > 1, E|C, C > 0,8 S [17[3]1 maxi<i<k HXIHP < C,
h: Rk =R, h(0) =0,

[h(x) = h(y) < clx = yl(IxI*" + 1y[*™)  Vx,y €R"

o (Xp)nez n-weak dependent, then (Y})nez also, and
ny(n) = O (n(m)>1) ;

o (Xp)nez A\-weak dependent, then (Y,)nez also, and

Ay(n) =0 (A(n)ﬁ) .
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Hereditarity properties

Hereditarity properties (Y, = h(X,))

(Xn)nez m, k or A-weakly dependent=- (Y},),cz, for h Lipschitz.
(Xn)nGZy Rk-valued, p > 1, E|C, C > 0,8 S [17[3]1 maxi<i<k HXIHP < C,
h: Rk =R, h(0) =0,

[h(x) = h(y) < clx = yl(IxI*" + 1y[*™)  Vx,y €R"

o (Xp)nez n-weak dependent, then (Y})nez also, and
ny(n) = O (n(m)>1) ;

o (Xp)nez A\-weak dependent, then (Y,)nez also, and
Ay(n) =0 (A(n)ﬁ) .

This condition is satisfied by polynomials with degree a.
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Examples

Examples

@ Having in mind linear processes, we set:

Xe = H((&t—j)jez), HeLYR* p) &~p
E|H () € Z) — H(§1y<j €Z)| < & 10(r1o0)
n(r) = 20y
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Examples

Examples

@ Having in mind linear processes, we set:
Xe = H((§t—))jez); HelL'(R" pu) &~p
E|H(&,j€Z)—H(§1j<j€Z)| < 610 (rT )
n(r) = 20,2
o If H(xj,j € Z) does not depend on x;, j < 0, it is f-dependent and 6(r) = J,.
Wu makes use of those models, however the main problem is perhaps to find such

functions H ?
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Examples

Examples

@ Having in mind linear processes, we set:

Xe = H((&t—j)jez), HeLYR* p) &~p
E|H () € Z) — H(§1y<j €Z)| < & 10(r1o0)
n(r) = 20y

o If H(xj,j € Z) does not depend on x;, j < 0, it is f-dependent and 6(r) = J,.
Wu makes use of those models, however the main problem is perhaps to find such
functions H ?

@ Gaussian or associated processes are weakly dependent,

k(r) = (’)(sup,Z, |Cov(X0,X,-)|)
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Examples

Examples

@ Having in mind linear processes, we set:

Xe = H((&t—j)jez), HeLYR* p) &~p
E|H () € Z) — H(§1y<j €Z)| < & 10(r1o0)
n(r) = 20y

o If H(xj,j € Z) does not depend on x;, j < 0, it is f-dependent and 6(r) = J,.
Wu makes use of those models, however the main problem is perhaps to find such
functions H ?

@ Gaussian or associated processes are weakly dependent,
k(r) = (’)(sup,Z, |Cov(X0,X,-)|)

We now come to an unformal Botanic of the models
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Examples

Vector valued LARCH(oc0) models

Xi = ft(a + i ant,j) (1)

=1

o0 [e o]
o Bilinear (Giraitis, Surgailis, 2003) X, = C¢(a+ Y X ;) +b+>_ bXe
j=1 j=1
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Examples

Vector valued LARCH(oc0) models

Xi = ft(a + i ant,j) (1)

=1

o0 [e o]
o Bilinear (Giraitis, Surgailis, 2003) X, = C¢(a+ Y X ;) +b+>_ bXe
j=1 j=1

P a
o GARCH(p, q) (Engle, Granger) r; = ose;, 02 = Zﬁjafﬂ- +7 + Z'yjrfﬂ-
j=1 j=1
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Examples

Vector valued LARCH(oc0) models

Xi = ft(a + i ant,j) (1)

=1

o0 [e o]
o Bilinear (Giraitis, Surgailis, 2003) X, = C¢(a+ Y X ;) +b+>_ bXe
j=1 j=1

P a
o GARCH(p, q) (Engle, Granger) r; = ose;, 02 = Zﬁjafﬂ- +7 + Z'yjrfﬂ-
j=1 j=1

o ARCH(co) (Surgailis et al. 2001) re = over, 07 = fo+ »_ Bire;

j=1
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Examples

Vector valued LARCH(oc0) models

Xi = ft(a + i ant,j) (1)

=1

o0 [e o]
o Bilinear (Giraitis, Surgailis, 2003) X, = C¢(a+ Y X ;) +b+>_ bXe
j=1 j=1

P a
o GARCH(p, q) (Engle, Granger) r; = ose;, 02 = Zﬁjafﬂ- +7 + Z'yjrfﬂ-
j=1 j=1

o ARCH(co) (Surgailis et al. 2001) re = over, 07 = fo+ »_ Bire;

j=1

It ¢ = llSollm >_; lajll <1, A(s) = lIollm 2> [|3l| @ solution of (1) in L™ is

Xe = & (a + Z Z ajlgt_jl T ajkﬁt_jl_'“_jk a) (2)

Jk=1

o(t) < C'/tb, if As) < GCs b,
0(t) < C'(qvo)Vi, if A(s) < Cg°

Paul Doukhan, Samos, University Paris 1, LS-CREST Weak Dependence, Models and Applications



Examples

General nonMarkov nonlinear models

o Processes with infinite memory: X; = F(Xi—1, Xe—2, Xt—3,...: &)
(ée)ez iid, F: (RN x RP - R If A= HF(0,0,0,...;ft)Hm <oo,m>1
and HF(XI;X2»X3,~~ gt) (ylay2a)/3a" ft)” P aJHXJ yJ” with
e~ = ZJ 1 3j < 1 then existence in L., statlonarlty and weak dependence

hold with: 6(r) < C |nf ZajJre L
Jj>N
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Examples

General nonMarkov nonlinear models

o Processes with infinite memory: X; = F(Xi—1, Xe—2, Xt—3,...: &)
(ée)ez iid, F: (RN x RP - R If A= HF(0,0,0,...;ft)Hm <oo,m>1
and HF(XI;X2»X3,~~ gt) (ylay2a)/3a" ft)” P aJHXJ yJ” with
e~ = ZJ 1 3j < 1 then existence in L., statlonarlty and weak dependence

ar

hold with: 6(r) < C |nf Zaf L e W
Jj>N

@ Random fields with infinite interactions: X; = F((Xt,j)jezd\{o}; &)

K
Causal set C C Z¢: Ogéz—{Zn;j,-/ngC,ng>0,1§€§k<oo}
i=1

(improves on the usual quadrants condition!)
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Examples

General nonMarkov nonlinear models

@ Regression models Xe = F(Xeeoyye oo s Xe—t) + Ce8(Xe—tys oo oy Xe—t) + &t
1FCxs o) = Fns o)l <0 S0 billxi — il
lg(xa, . ox) — gl < i il —
C(efﬁ)r if e = Zle(b,- + |1¢olloci) < 1 or
e =K (b +||Collmei) < 1if {£1,..., 0} is causal.

=n(r) <
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Examples

General nonMarkov nonlinear models

@ Regression models Xe = F(Xeeoyye oo s Xe—t) + Ce8(Xe—tys oo oy Xe—t) + &t
1FCxs o) = Fns o)l <0 S0 billxi — il
lg(xa, . ox) — gl < i il —
C(efﬁ)r if e = Zle(b,- + |1¢olloci) < 1 or
e =K (b +||Collmei) < 1if {£1,..., 0} is causal.

o Linear fields ~ Xe =Y AlXej + &, ((Aft)jec,gt)tezd iid, |
jec
Yjec IAlloe <1, X e [Apllm < 1is enough for C causal

=n(r) <

gOHm < 00,

Xe =&+ Z Z AJ;IAJt'Z*jl o Aji;(*jl*---*ji71§t701+“'+j")'

=1 j1,...Ji€A
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Examples

General nonMarkov nonlinear models

o LARCH(oc) random fields — X; = &(a+ > X, ) exists if

jec
1€olloo 2 jec llajll < 1
[[€ollm > jec llajll < 1 is enough if C is causal
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Examples

General nonMarkov nonlinear models

o LARCH(oc) random fields — X; = &(a+ > X, ) exists if

jec
1€olloo 2 jec llajll < 1
[[€ollm > jec llajll < 1 is enough if C is causal

@ Non linear ARCH(c0) fields {t(a—i— ng Xi_s )

llgs(x) — &)l < asllx =yl 1olloc D scc as < 1 implies 7 weak dependence,
l€ollm > _scc @s < 1 also for C causal.
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Examples

General nonMarkov nonlinear models

o LARCH(oc) random fields — X; = &(a+ > X, ) exists if

jec
1€olloo 2 jec llajll < 1
[[€ollm > jec llajll < 1 is enough if C is causal

@ Non linear ARCH(c0) fields {t(a—i— ng Xi_s )

llgs(x) — &)l < asllx =yl 1olloc D scc as < 1 implies 7 weak dependence,
l€ollm > _scc @s < 1 also for C causal.

@ Mean fields type model Xe = f(ft,Zath_s)
seC
sup, [[f(u,x) = f(u, )l < bllx—yll, bXinllaill < 1,
(€0, %) = f(So, V)Im < blix=yll, bXis,llaill < 1, for C causal.
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Examples

Models with dependent innovations

Xe = H((ﬁt—j)jeZ)a
13 stationary, 7 or A\-weak dependent
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Examples

Models with dependent innovations

Xe = H((ﬁt—j)jeZ)a
13 stationary, 7 or A\-weak dependent

° IfIE|§0|’"' < 00, and x; = yj for j # s,
|H ((x))jez) — H ((vj)jez)| < bs(s.;p x;|° V 1)[xs — ys| then 3, sbs < oo, implies
Jj#s

existence in L™, if im+1 < m’.
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Examples

Models with dependent innovations

Xe = H((ﬁt—j)jeZ)a
13 stationary, 7 or A\-weak dependent

° IfIE|§0|’"' < 00, and x; = yj for j # s,
|H ((x))jez) — H ((vj)jez)| < bs(s.;p x;|° V 1)[xs — ys| then 3, sbs < oo, implies
Jj#s

existence in L™, if im+1 < m’.
o If by < Cs°,

m' —2

ne(r) < Cr" = n(r) < ' (-55) =

M) <G = A < o D)

Paul Doukhan, Samos, University Paris 1, LS-CREST Weak Dependence, Models and Applications



Examples

Models with dependent innovations

Xe = H((ﬁt—j)jeZ)a
13 stationary, 7 or A\-weak dependent

° IfIE|§0|’"' < 00, and x; = yj for j # s,
|H ((x))jez) — H ((vj)jez)| < bs(s.;p x;|° V 1)[xs — ys| then 3, sbs < oo, implies
Jj#s

existence in L™, if im+1 < m’.
o If by < Cs°,

m' —2

775(") S Crin = n(r) S C‘/r777(].7ﬁ)m/77£71
()< G = A < 0D

This applies e.g. to linear processes, H symmetric polynomial, non causal LARCH(0),
etc.
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Examples

Integer valued models

Setfora>0and X €Z X
X

aoX = sign(X)Z Yi
i=1

with Y; independent of the context and iid with mean a.
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Examples

Integer valued models

Setfora>0and X €Z X
X

aoX = sign(X)Z Yi
i=1

with Y; independent of the context and iid with mean a.

@ The first example is the Galton-Watson process with immigration

Xe=aoXe—1+&:
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Examples

Integer valued models

Setfora>0and X €Z X
X

aoX = sign(X)Z Yi
i=1

with Y; independent of the context and iid with mean a.

@ The first example is the Galton-Watson process with immigration
Xe=aoXe—1+&:

@ It was extended in various papers by Alain Latour (D., Oraichi, 2006) for
bilinear type extensions X; = ao X;_1 + bo (e;—1Xt—1) + £+ and a paper is in
preparation with Latour, Truquet and Wintenberger for integer LARCH(c0)
models.
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Examples

Integer valued models

Setfora>0and X €Z X
X

aoX = sign(X)Z Yi
i=1

with Y; independent of the context and iid with mean a.

@ The first example is the Galton-Watson process with immigration
Xe=aoXe—1+&:

@ It was extended in various papers by Alain Latour (D., Oraichi, 2006) for
bilinear type extensions X; = ao X;_1 + bo (e;—1Xt—1) + £+ and a paper is in
preparation with Latour, Truquet and Wintenberger for integer LARCH(c0)
models.

@ Such models also provide a wide class of nonmixing processes.
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Some Applications

Some Applications

Due to the complexity of our models, a main problem is how to fit them 7

@ VLMC are infinite memory systems (Antonio Galvez et alii work)
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Some Applications

Some Applications

Due to the complexity of our models, a main problem is how to fit them 7

VLMC are infinite memory systems (Antonio Galvez et alii work)

moment estimators for bilinear, LARCH(o0) or INLARCH(c0) models (D.,
Latour, Truquet, Wintenberger)

asymptotic Gaussian behavior of parametric Whittle estimate is based on limit
theorems for the empirical periodogram (Bardet, D., & Leén)

kernel estimation (Ango Nze, Ragache, Wintenberger, Louhichi, Dedecker & Prieur)

subsampling (see below) or resampling (Ango-Nze, Bardet, Biilhmann, D., Léon,
Neumann)

functional thresholded estimation (Gannaz, Wintenberger)
stochastic algorithms with dependent inputs (D., Brandiére)
censored data spectral analysis (Bahamonde, D., Moulines)

random fields (reliability of large multicomponent systems) (Lang, Ycart,
Truquet, Bulinskii & Shashkin)
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Some Applications

Limit theorems are fundamental to prove consistencies

@ Donsker invariance principles D., Louhichi (1999) and D., Wintenberger
(2007); for causal cases, sharp results D. & Dedecker (2003), Dedecker &
Prieur (2005) for the coefficient a,
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Some Applications

Limit theorems are fundamental to prove consistencies

@ Donsker invariance principles D., Louhichi (1999) and D., Wintenberger
(2007); for causal cases, sharp results D. & Dedecker (2003), Dedecker &
Prieur (2005) for the coefficient a,

e empirical CLT (D., Louhichi, Lang, Dedecker, Prieur) under causal or
noncausal assumptions,

o for iid rvs, Bernstein inequality writes P(S, > ty/n) < Cexp{ — 204%}
n

* With Louhichi we use moment combinatorics to get < Ce v,

t2
2024+ K(t/y/n)

* Dedecker & Prieur use coupling arguments under causality.

* Cumulant techniques give < Cexp{ - } with Neumann,
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Lindeberg Method

Lindeberg Method (D.,Bardet, Lang & Ragache, 2007)

Apologizes are done to one organizer but | will talk about a joint work he does not like!

Xi = (Xi1,...,Xi,q) is 0-mean, Ay = ZLE(HX;HH‘;) <o00,6<1
for Y; ~ N(0,Var X;) independent and f € C; and k € N*:

A, = ‘E(f(Xl—i-----i-Xk)—f(Y1+"'+Yk))‘ )
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Lindeberg Method (D.,Bardet, Lang & Ragache, 2007)

Apologizes are done to one organizer but | will talk about a joint work he does not like!

Xi = (Xi1,...,Xi,q) is 0-mean, Ay = ZLE(HX;HH‘S) <00,6<1
for Y; ~ N(0,Var X;) independent and f € C; and k € N*:

A, = ‘E(f(Xl—i-----i-Xk)—f(Y1+"'+Yk))‘ )

Lemma 1 [standard Lindeberg Lemma under independence, 1922]

Ax < 3[IFPNES2IFES, - A
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Lindeberg Method

Lindeberg Method (D.,Bardet, Lang & Ragache, 2007)

Apologizes are done to one organizer but | will talk about a joint work he does not like!

Xi = (Xi1,...,Xi,q) is 0-mean, Ay = ZLE(HX;HH‘E) <00,6<1
for Y; ~ N(0,Var X;) independent and f € C; and k € N*:

A, = ‘E(f(Xl—i-----i-Xk)—f(Y1+"'+Yk))‘ )

Lemma 1 [standard Lindeberg Lemma under independence, 1922]

Ax < 3[IFPNES2IFES, - A

Lemma 2 [Lindeberg Lemma under dependence]

k
Set f(X) — el <tx> for t ¢ RY, T(k) _ Z |C0V(ei<t’X1+m+Xj’1>, ei<t,Xj>)| then
j=1

Ay < T(k) + 3|t]|*H A
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Lindeberg Method

Lindeberg CLT

A C.L.T. is proved by using Bernstein blocks
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Lindeberg CLT

A C.L.T. is proved by using Bernstein blocks
Theorem 1 [Doukhan and Wintenberger, 2006]

(Xi)ien stationary 0-mean, with (2 + §)-order moments (6 > 0). If:

@ (Xi)ien is a r-weakly dependent time series satisfying x(r) = O(r—") when
r — oo, with Kk > 2+1/4, or
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(Xi)ien stationary 0-mean, with (2 + §)-order moments (6 > 0). If:

@ (Xi)ien is a r-weakly dependent time series satisfying x(r) = O(r—") when
r — oo, with Kk > 2+1/4, or

o (Xj)ien is \-weakly dependent with A(r) = O(r~*) when r — oo, with
A>4+42/5,
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Lindeberg Method

Lindeberg CLT

A C.L.T. is proved by using Bernstein blocks

Theorem 1 [Doukhan and Wintenberger, 2006]

(Xi)ien stationary 0-mean, with (2 + §)-order moments (6 > 0). If:

@ (Xi)ien is a r-weakly dependent time series satisfying x(r) = O(r—") when
r — oo, with Kk > 2+1/4, or

o (Xj)ien is \-weakly dependent with A(r) = O(r~*) when r — oo, with

A>4+42/5,
1 [nt] 5
then % ;X,- k:; o W, for some o2 > 0.
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Lindeberg Method

Subsampling

Proposition 1

(Xi)iez 0-mean, (2 + §)-order stationary, 6 > 0.
If (m,)nen is such that m, — oo and k, = [n/m,,} — 00,

n—oo o0

k,
IR D
5k,,,n - Xim,, — Nd O,Z 9 Y = Cov XO
T 2 Xim =2, Na(0,) (%)
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Lindeberg Method

Subsampling

Proposition 1

(Xi)iez 0-mean, (2 + §)-order stationary, 6 > 0.
If (m,)nen is such that m, — oo and k, = [n/m,,} — 00,

n—oo o0

k,
IR D
5k,,,n - Xim,, — Nd O,Z 9 Y = Cov XO
T 2 Xim =2, Na(0,) (%)

if moreover
@ (Xj)icz is a 0—weakly dependent sequence and 6(m,)vk, — O.

Weak Dependence, Models and Applications
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Lindeberg Method

Subsampling

Proposition 1

(Xi)iez 0-mean, (2 + §)-order stationary, 6 > 0.
If (m,)nen is such that m, — oo and k, = [n/m,,} — 00,

n—oo o0

k,
IR D
5k,,,n - Xim,, — Nd O,Z 9 Y = Cov XO
T 2 Xim =2, Na(0,) (%)

if moreover
@ (Xj)icz is a 0—weakly dependent sequence and 6(m,)vk, — O.

o (Xi)icz is a A—weakly dependent sequence and )\(m,,)k,% — 0.

n— oo

Weak Dependence, Models and Applications
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Lindeberg Method

Kernel density estimation

(Xi)ien stationary with marginal density fx. K : R — R bounded Lipschitz,
[T K(t)dt=1

:,l, hi (X Xi) for x e R, h, —>Onh — 00
=1 "

n n—oo
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Lindeberg Method

Kernel density estimation

If [[fx]l < 00, sup;; [[fi jlleo < oo (joint marginal densities), then

\/TM(?)((")(X)—E?)E")(X)) 2 N(o, fie(x) /]R K2(t) dt),

Dependence | Condition of dependence | Condition on hj
K k(r) = O(r=") with £ > 6 | h, = o(n=2/("=%
n n(r) = O(r=") with n >5 | h, = o(n=5/(n=%))
A A(r) = O(r=>) with A > 6 | h, = o(n~x7V2x=s)
0 0(r) = O(r=%) with >3 | h, = o(1)

fx € CP(R), p€ N*. If hy = C-n~Y/+1) and, A\ >5p+5,60 >3, k>4p+6,0rn>5p+5

then
~ (P) (5
Vo (B0 — () HN(prf) /RtPK(t) dt fX(x)/JRK2(t)dt)

Here [, K(t)t9dt =0 for 0 < g < p and [, K(t)tP dt # 0.
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Lindeberg Method

Subsampled kernel density estimation
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Lindeberg Method

Subsampled kernel density estimation

Proposition 3

Viaho (B () ~ B ™)) 25 N (0, 5(x) / K2(2) dt)

n—oo

Arbitrary dependence rates are required and they are related to the sampling
window m,,.
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