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1. Aggregation: from “random” Markovian short memory towards

“nonrandom” long memory

e Long memory and heavy tails are among the most widely discussed “styl-

ized facts” of financial time series

e see e.g. Mikosch (2003): Modelling dependence and tails of financial time

series
e Economic reasons for long memory (LM) are not clear
e LM can be partly explained by regime shifts and/or aggregation

e Granger (1980): (contemporaneous) aggregation of N random-coefficient

AR(1) processes:

Xit = a; X1+ €ir, i=1,2,--- N

o {cit,t € Z}: standardized i.i.d.; a; € (0,1): random, independent of {g;}

o {Xu},i=1,---,N: “micro-agents”; random parameter a: heterogeneity

of micro-agents

e idiosyncratic innovations: {e;}, i =1,2,---: independent (and identically
distributed) = {X;;}, i = 1,2,--- independent (and identically distributed)

e common innovations: {e;} = {es}, i=1,2,--- = { X}, i=1,2,--- mutu-

ally dependent



e Aggregated process:

N
N—1/2 Z Xt dad, X, (idiosyncratic scheme)
i=1

N
_ fdd o
N1 E Xy — Xi (common scheme)
i=1

e spectral density of {X;} (idiosyncratic scheme):

1
11 — ae'?|?

} = (27T)1E[ ! }, z € [—m, ]

fx(2) = (2m) B 1= ) + dasin’(=/2)

e If the (mixing) distribution ®(da) := P(a € da) has a regularly varying at
a = 1 (= the unit root) probability density:

¢la) ~ ¢1(1—a)’, a1l (30<b<1, ¢ >0), (1)

then fg(z) is unbounded at z = 0 and has a power behavior with exponent
b—1¢e(—-1,0) as z — 0:

) ¢ (1 (1 —a)bda
Tx(z) ~ %/0 (1—a)? + dasin®(z/2)

01 /1 v’ dv
21 Jy 02 + 4sin’(2/2)

¢1 /I/QSin(z/Q) wbdw
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e The above behavior of spectral density is characteristic to LM
e By the classical CLT, {X;} is Gaussian

e Granger (1980): Beta-distributed a; Gongalves and Gourieroux (1988),
Zaffaroni (2004)

1=2d (corresponding to

e particular mixing density ¢(a) < a® (1 +a)(1 — a)
b=1—2d) leads to FARIMA(0, d,0) process {X;} (Celov et al., 2007)

e Oppenheim and Viano (2001): aggregation of AR(p), p > 1 and seasonal
LM

e singular mixing density (1) with b < 0: nonstationary LM (Zaffaroni,
2004)

e Common innovations: similar results
e Related problems:

- disaggregation: statistical estimation of the mixing density from observed
sample X1, ---, X, (Celov et al., 2007)



- aggregation of conditionally heteroskedastic models: Ding and Granger (1996),
Zaffaroni (2007a, 2007b), Giraitis et al. (2010)

Giraitis et al. (2010): aggregation of random-coefficient GLARCH(1,1) with

common standardized innovations {e;}:

X = &V, Vi = (1—ai) 4+ a;Vig—1 + cain /1 — a? X1, i=1,---,N

0 < ¢ < 1: parameter; a; € (0,1): i.i.d. random coefficients, a; ~Beta(p, q), p,q >
0.

Then N
NN Xy S X
i=1

where {X; = &;V}} is a stochastic volatility process with LM (for 0 < ¢ < 1/2)

e For 0 < ¢ small enough and 0 < ¢ < 1/2

g—1 Ut V2 _Ey2
Ve BV Lo gy (o), @)
n? Zs:l (Xs - EXS)

where

Ya(t) = /_;{/0; G(W(H(S)) - j;ﬁ(l/Z) }dW(s), t>0

o {Yi(t)} is a stationary increment self-similar process with index H :=
1—qe(1/2,1)



o {Yi(t)} is well-defined for any G : R — R with EG*(Z) < oo, Z ~ N(0,1)
and any 0 < ¢ < 1/2, as a backward It6 integral

e For G = const, {Yu(t)} is a fractional Brownian motion

e In (2), G is a special function expressed via the degenerated hypergeometric

function

- aggregation of autoregressive random fields: Lavancier (2005), Azomahou
(2009)

e Conclusion: aggregation of simple dynamic AR(1) equations can lead to
well-studied Gaussian or linear fractionally integrated I(d) models with long

memory



2. Aggregation of infinite variance AR(1): common innovations
Puplinskaité & S. (2009):
Xit = a; Xip-1+ &, i=12--- N (3)

{er,t € Z} @ iid. in the domain of (normal) attraction of a—stable law,
l<a<?2; Ee; =0

a; € (0,1): i.i.d., independent of {&;}; E[W] < oo (Ip < )

A:=0cf{a;,i=1,2,---}

Then there exist stationary solution {X;} of (3) given by X; = 32 ale, ;

7=0""
and
N o0 N , - %)
NI X = AN dl e Y%= ae
i=1 j=0 i=1 j=0

where a; := Eda’.

e Assume the mixing density satisfies
pla) ~ ¢p1(1—a)™ a1l (3d<1, ¢ >0) (4)

Then the @;’s decay as j%' as j — oo (>°j=0laj| = co when 0 < d < 1):
1
C_LJ ~ ¢1/ Clj(l — a)_dda
0
1 .
_ ¢1/ (1 —v)lv v
0
1 .
~ ¢1/ e Yy ddu
0

~ de_l, C:=¢1 [, e P w dw



e The case of Beta-distributed a ~ Beta(p,1 — d) leads to FARIMA(0, d, 0)

process:

e Under (4), {X;} is a well-defined MA process in i.i.d. innovations {g;} €
D(«) iff
0 <d< 1—(1/a). (5)

e LM properties of such moving averages with regularly decaying coeffi-
cients are well-studied: Astrauskas (1983), Maejima (1983), Astrauskas et al.
(1991), Avram and Taqqu (1992), Samorodnitsky and Taqqu (1994)

e Under (4), (5), partial sums of {X;}, normalized by n'/**? tend to

a—stable fractional motion, which is self-similar with index H = (1/a) +d €

(1/a,1)
e 1—(1/a) <d<1 = nonstationary aggregated process {X;}

o o = 2: Zaffaroni (2004)



3. Aggregation of infinite variance AR(1): idiosyncratic innova-

tions
AR(1) equation:
Xt = CLXt_l + &4, t e’ (6)

{et,t € Z} : iid. in the domain of (normal) attraction of a—stable r.v.
Z, 1<a<?2 Eg=0

a € (0,1): random and independent of {&;};

1
1—a

E[—] < o0 (7)
{Xit}, i =1,2,---: independent copies of {X;} in (6)
Then

N 1
NS X = Y [ a) ®)

1=1 s<t

where { M, s € Z} are i.i.d. copies of an a—stable random measure on (0, 1)

with control measure ®(da) := P(a € da) (the mixing distribution)

The characteristic functional of M,:

B! SR 0MLA) = oxp (= S 101%w(0)8(A4)} = exp{~ Y 0°w(0)P(a € A)},
=1 =1

A; € (0,1): any disjoint Borel sets, Ee'?? = e~ 101%(0) g ¢ R



e If & =2, then (8) is Gaussian and

t

cov(Xo, Xy) Z/ d(da) = El_a2 = cov(Xp, X))

s<0

e (8): particular case of mized stable moving averages (S., Rosinski, Man-
drekar, Cambanis (1993))

e (8) is different from usual a—stable moving average except when ® is

concentrated at a single point
e different mixing distributions ® lead to different processes {X;}

e condition (7) is precise: if (7) is not satisfied, the limit aggregated process

can be degenerated and o/ —stable, for o/ < «

o {cs:=M;(0,1),s € Z}: i.i.d. sequence of a—stable r.v.’s. Then

E[;/O a’ M;_;(da)

(9) establishes a link between the aggregated processes in the idiosyncratic

s, S € Z} = ZE[aj]at_j. 9)
=0

and common innovations schemes

e (9) follows from general interpolation formula (S., 1979)
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4. Mixed stable moving averages and SaS stationary processes

A mized SaS moving average (0 < o < 2) is a stationary process

Z/ ot —$)Mo(dv), tez (10)

SEZ

where:
W is a measurable space with o—finite measure y;
g € Lo(W x Z);

{Ms,s € Z} are i.i.d. copies of a SaS random measure on W with control

measure U.

e mixed SaS moving averages generalize usual SaS moving averages and

their sums
e finite-dimensional distributions of mixed SaS moving averages are SaS
e mixed SaS moving averages are ergodic and mixing

e The triplet (W, g, u) determines the distribution of {Y (¢)} uniquely. The
interesting question is to find conditions on (Wi, g1, 1) and (Ws, ga, i12) such

that the distributions of the corresponding mixed SaS moving averages co-
incide: {Y1(t)} "€ {va(¢)}

11



e S.etal (1993): there is a 1-1 correspondence between the distribution of
a mixed SaS moving average and a certain measure m on the unit sphere of
the factor space L,(Z)/ ~ (with the equivalence up to sign and shift) (7 is
defined from (W, g, u))

e mixed SaS moving averages play important role in the general theory of

stationary SaS processes (Rosinski, 1995):

Any SaS stationary process {Y(t),t € Z} (0 < a < 2) admits a stochastic

integral representation

Y (1) = /E Ji()M(dz),

where:

M is a SaS random measure on a measurable space E/ with o—finite control

measure U; i )
o 1/a
file) = a@)| T @] (oo p)e)
where
f() S LQ(E7 N’):

{¢¢} is a nonsingular flow (a flow is a family of mappings ¢; : E — FE such

that Pti+t, = Pt © Pty and %0 1S 1dent1tY)7

{a;} is a cocycle (a family of mappings a; : E — {—1,1} such that a;, 14, =
ity (a’h © 90752))'
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Using Hopf’s decomposition (of a given flow into conservative and dissipative
parts), Rosinski (1995) showed that any SaS stationary process Y can be
written as a sum of two independent SaS stationary processes Yo (”conser-
vative”) and Yp ("dissipative”): Y = Yo + Yp.

Furthermore, any “dissipative” SasS stationary process is a mixed SaS moving
average (Rosinski, 1995)

13



5. Long memory properties of the aggregated process

The aggregated a—stable process (mixed a—stable moving average):

X; = Z/o a'*M,(da), (11)

s<t

where

{M;} are i.i.d. a—stable random measures on (0,1) with control measure
®(da) = P(a € da)

Assume that ® has a probability density ¢ regularly decaying at a = 1 with
exponent b > 0:

ola) ~ ¢(1—a),  all (I >0, b>0) (12)

We expect that for some values of the parameters « and b, the process in

(11) will exhibit long memory, in a certain sense

14



5.1 Partial sums and self-similarity

DEFINITION 1 (Cox, 1984) A strictly stationary time series {Y;} is said to
have distributional long memory or distributional short memory if there exist
some constants A,, — oo (n — 00) and B,,, and a stochastic process {J(t),t >
0} # 0 with dependent increments or, respectively, independent increments
such that

[nt]
AN - By S (). (13)
s=1

e Lamperti (1962): under mild additional assumptions, constants A, in (13)
grow as n*! with some H > 0 and the limit process {J(t),t > 0} is self-similar
with index H.

THEOREM 1

(i) Let 1l <a<2and0<b<a—1. Let H:=1—"b/a. Then

[nT]
1 = fdd
72 X — Z1),
t=1
where:

Z(t) = /R . (f(z,7—3s)— f(z,—s))v(dz,ds), (14)

f(z,t) —e N1(z > 0,t > 0),

I
—~
—

v a—stable r. m. on (0,00) X R with control measure ¢r2°~“dads
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(11) Let 0 < aw < 2 and b > max(a — 1,0). Then

[n]
1 _
Z X 4 — stable Lévy process

1/«
n
t=1

e 3 different behaviors of the AR(1) aggregation scheme:
l<a<?2, 0<b<a-—1: distributional long memory
0<a<2, b>max(a—1,0): distributional short memory

O<a<?2, —-1<b<O: degenerate: a(1 + b)—stable constant

o {Z(t)} of (14) is H—sssi with H = 1 — (b/a) € (1/a, 1), has a—stable

distributions and a.s. continuous paths
o {Z(t)} of (14) is different from fractional stable motion

e Related a—stable H—sssi processes: S. et al. (1992), Cioczek-Georges et
al. (1995), Cioczek-Georges and Mandelbrot (1995) (“fractal sums of pulses”)

16



5.2 LRD(SAV) property
LRD(SAV) = Long Range Dependent (Sample Allen Variance)

DEFINITION 2 (Heyde and Yang, 1997)

(i) A strictly stationary zero-mean process {Y;} is called LRD(SAV) if

(X, Y
> Y7

tends to co in probability as n — oo.

(ii) A strictly stationary zero-mean process {Y;} is called SRD(SAV) if the

above ratio is bounded in probability.

e applies to finite and infinite variance processes
e requires finite mean (case o > 1 only)

o If {V}} areii.d., Y; € D(a), the ratio has a proper limit (Chistyakov and
Gétze, 2004)

e applicable to a—stable moving averages and some other classes of LM

processes (Leipus et al., 2006)

17



THEOREM 2
(i) Let 1 <a<2and 0 <b<a—1. Then {X;} is LRD(SAV).

(ii) Let 1 <a <2 andb>a—1. Then {X;} is SRD(SAV).

e Thm 2 agrees with Thm 1

18



5.3 Codifference

Codifference (between Yy and Y;) is defined (Samorodnitsky and Taqqu, 1994)

cod(Yy, ;) = logEel=0) _og Eel*t — Jog Ee 110
cov ettt el?0) )
EelYtEe~iYo

= log (1 +
e applies to finite and infinite variance processes (e.g., infinite variance mov-
ing averages)
e can be used to characterize the long memory of {Y;} and its intensity
e if {V;} is a standardized Gaussian process then cod(Yy, Y;) = tcov(Y), Y))

e related measure of dependence: bivariate characteristic function (As-
trauskas et al., 1991)

THEOREM 3 LetO<a <2 and0<b< 1. Then
cod(Xo, X;) ~ Ct7°, t — o0,
where

C = da! / (e 4 D1 — (1 — e )yt dy,

19



o > 7, |cod(Xp, X;)| =00 for 0<b<1: “long memory”?

e For 0 <b< a—1: Thm 3 agrees with the LM characterizations in Thms
1 and 2

e For b > max(0,a—1): Thm 3 disagrees with the LM characterizations
in Thms 1 and 2 7

e Contrary to distributional LM and LRD(SAV), the codifference measures
the dependence in {1} rather than in {X,}

e We conjecture that for max(0,o — 1) < b < 1, the process {€} has

distributional short memory, more precisely, that

[nt] ) B
nl/(1+b) Z(eixt — Ee'¥t) tdd, (14 b)-stable Lévy process
i=1

with 1+ b > o (1 < a < 2), despite the fact that the covariance of {e¥*} is

not summable

e the above conjecture is based on corresponding results for bounded func-

tionals of usual infinite variance moving averages (S. (2002), Honda (2010)):

20



Let Y, = > 2 cierj, where {g;} iid, ¢ € D(a), ¢ ~ 77, and
l<f<2/a

Then

cod(Y),Y;) ~ const.t17 hence Z lcod (Y, Y3)| = oo.
t=0

At the same time,

[nt]
nt/(ab) Z(eth — Ee't?) dad, (aB)-stable Lévy process
i=1
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5.4 Ruin probability

Classical problem of insurance mathematics is the asymptotics of the ruin
probability:

n

Y(u) = P(sup(ZYt —cn) > u), as u — 00, (15)

n>1 =
where:
{V;}: random stationary (independent or dependent) sequence (“claims”)
¢ > 0: constant deterministic premium rate (¢ > EY; =: )
u > 0: the initial capital (of the insurance company)

{sup@l(z:f:l Y; —cn) > u}: ruin occurs at some moment n > 1

e The “classical” result in the i.i.d. claims situation is that ¥(u) =
O(u=@ 1), If P(Y] > 2) ~ cov™® (r — o0), a > 1 then (Embrechts and
Veraverbeke, 1982)

e (16) “remains valid” for weakly dependent claims

22



e Mikosch and Samorodnitsky (2000): strongly dependent stationary SaS
claims {Y;}. See also Alparslan and Samorodnitsky (2007), Alparslan (2009)
e Mikosch and Samorodnitsky (2000) associate the ‘classical’ decay rate
Y(u) = O(u~*"Y) with short-range dependence and the decay rate ) (u) =
O(u™") with exponent v < a — 1 with long-range dependence of the claim

sequence {Y;}

e For stationary increments of linear a—stable fractional motion with self-
similarity parameter H € (1/a, 1), Mikosch and Samorodnitsky (2000) ob-
tained a decay rate 1)(u) ~ (constant) u~*1=H) (different from (16)

e A natural problem is to extend the last result to the mixed a—stable

moving average process { X;}

THEOREM 4 Let0<b<a—1, 1 <a <2 and {X;} be symmetric. Then

wu) ~ POy g
where:
K(ob) = (/o) [ 9" (eds + (onfa) [0 g (i,
H = 1- g € (é, 1) (the asymptotic self-similarity index),
g(w) := sup L-e” (a continuous function with g(0+) =1, g(w) = O(1/w))

>0 W+ 2
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e The proof of Thm 4 uses the equivalence ¥ (u) ~ 1y(u) in Mikosch and
Samorodnitsky (2000, Thm 2.5) to the heavy-tailed large deviation functional

bo(u) = _Z/Wn>1 (> Lffni) 5)) b (do)

SEL
(i [t =9))2 ,
+ _sezszi@f (a1 nc)? p(dv);

where Y; = >, [, f(v,t—5)M(dv) is a general mixed SaS moving average

e Samorodnitsky (2004) associated long memory with the rate of growth of
maxima and partial maxima of a stationary a—stable process. Theorem 4.1
of the above paper says that partial maxima of an SaS process generated by
a dissipative flow always grow at the rate n'/®. Therefore, the rate of growth
of the sequence of partial maxima is incapable of discriminating between
long memory and short memory in the aggregate process in (8), since this
process is a particular case of the class of mixed moving averages generated

by dissipative flows.
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6. Concluding remarks

e Aggregation of simple AR(1) process with heavy-tailed noise leads to a
natural class of “AR(1)” mixed stable moving averages [= limits of sums
of independent a—stable AR(1) processes|. The dependence in the aggre-
gated process is completely specified by the mixing distribution of the ran-
dom AR(1) coefficient. If the mixing density has a power decay at the unit
root a = 1, the aggregated a—stable process displays long memory which can

be characterized according to several definitions.

e There exists a notable “1-1 correspondence” between dependence proper-
ties of the aggregated process {X;} with mixing density ¢(a) ~ ¢1(1—a)’, 0 <
b < a—1 and the corresponding properties of a—stable moving average

o0

. 1
Yt:chgt_j, cj~cj P, a<ﬁ<1
=0

The correspondence is effected through the equality of the asymptotic self-
similarity indices:

b 1 1
l—— = Hy = Hy =1——=+—
Q 0 «

In particularly, the above correspondence between the parameters b and [ is

preserved in the decay rates of the codifference and the ruin probability.
e Limits of subordinated (nonlinear) functions?

e Invertibility?
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