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Abstract

Wepresentanhybridmodelconsistingof anhiddenMarkov chainandMLPsto
modelpiecewisestationaryseries.Wecompareourresultswith themodelof gating
networks(A.S. Weigendet al. [6]) andweshow than,at leaston theclassicallaser
time series,our model is moreparcimoniousandgive bettersegmentationof the
series.

1 Intr oduction

A hardproblemin time seriesanalysisis oftenthenon-stationarityof theseriesin the
realworld. Howeveranimportantsub-classof nonstationarityis piecewisestationarity,
wherethe seriesswitch betweendifferentregimeswith finite numberof regimes. A
motivationto usethismodelis thateachregimecanberepresentedby astatein afinite
setandeachstatematchoneexperti.e. amultilayerperceptron(MLP). Addressingthis
problem,wepresentaclassof modelsconsistingof amixtureof experts,sowehaveto
find which expertdo thebestpredictionfor thetimeseries.For exampleA.S. Weigend
et al. [6] introducea gatingnetwork to split theinputspace.

However in this study, we useinsteada hiddenMarkov chain,becauseit is a pow-
erfull instrumentto find a goodsegmentation,andis thereforeusefull in speechrecog-
nition. Thepotentialadvantageof hiddenMarkov chainsover gatingnetworks is that
thesegmentationis only localwith gatingnetworks(it decidestheprobabilityof astate
only with it’s inputs),but is globalwith a hiddenMarkov chain(theprobabilityof the
statesat eachmomentdependson all theobservations).Sowe will usethis modelfor
the time seriesforecasting,which hasnever beendonewhenthe modelfunctionsare
non-linearfunctionsrepresentedby differentMLPs.

2 The model

We write ��������	��
 for thevector �
� �����	��
���������� � � � � Let �
� � � ������� beanhomogeneous,
discrete-timeMarkov chainin ��� �"! 
#��������� !�$&% , and �(' � � theseriesobservationsin the
setof realnumbers.At eachtime thevalueof � � determinesthedistributionof ' � .
We considerthe modelat eachtime � : ' �
�)
 �+*�,.-�/�01�2'&��������)
 �4365 ,�-7/�098 �
�)
 where*�,�-7/�0 � �"*.:;0 �<������� *.:>=?% is a p-orderfunction representedby a MLP with @ entries,5 , -7/A0 � � 5 : 0 �<������� 5 : =B% is a strictly positive real number,

5 :DC is the standarddevia-
tion for theregimedefinedby � � , and 8 � ani.i.d normallydistributed EF�(G ��H � random
variable.Theprobabilitydensityof

5 :DC 8 will bedenotedby IKJ .
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The dynamicsof the hiddenMarkov chain � � is characterizedby the transition
matrix L��M�(N�JPO � with QR�2� �
�)
 �F!�JTS#� � �F!�O � �U@��2!�JTSV!�O � �WN�JPO 1. So if we define:XZY �)
\[ �]� �
�)
_^ L�� � , we have thefollowing equationsfor themodel:` � �
�)
 �aLB� � 3 X �
�)
' �
��
 �6*�,.-�/�0#�('b������	��
 �c3d5 ,.-7/A0e8 �
�)
 (1)

Moreover, to estimatethis model(1) we assumethattheinitial distribution of thestate�gf is h�f theuniformdistributiononE.Notethatconditioningby theinitial observations� f ���	��
 will everbeimplicit.

Figure1: modelHMM/MLP
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3 Estimation of the model

3.1 The lik elihood

The parameteri of the model is the vectorof weightsof the j experts k2l_mDn9oqprm
prs ,
the j standarddeviations k(t m n oepZm2pZs of eachmodels,thecoefficientsof the transition
matrix k2u mPv n oqprm
w2v	pZs .
The likelihoodof the seriesxzyP{|k2x�}o n , for a given pathof the hiddenMarkov chain~ y�{ � ~��q��� {F� ���������;�&� is :�4� k
x �;~ n�{ }��
� o

s�m � oK��� m k
x �������Z� k
x ��� o����� n;nD� o��D� �(�����"�2�
� }��
� o

s�m
w v � o�  � k2¡ �;¢ ¡ ��� o	n o��D�2£e¤ � �(�����"�
¥A¦ w �<�(� �¨§�© k
¡ © n
Thelikelihoodof theseriesis then:ª¬« � � k
x � ¡­nD®_{°¯ � � � k2x ��~ n , wherē � is the sumover all the possiblypathsof
thehiddenMarkov chain.

1Thetraditionalnotationfor a transitionmatrix is rather ±<² ³\´�µK¶�·_¸º¹r»�´�¼T³<½9· ¸ ´�¼;¾
¿ however the
transposednotationusedhereasin Elliott [2] yieldsusamoreconvenientnotationfor themodel.
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3.2 Maximization of the lik elihood

It is easyto show that theexactcalculusof the log-likelihoodwith this methodhave a
complexity of Àg�2ÁÃÂ � operations,but the E.M. algorithm(Demsteret al. [1]) is well
suitedto find a sequenceof parameterswhich increasethelikelihoodat eachstep,and
soconvergeto a local maximumfor a very wide classof modelsandfor our modelin
particular. First we recallthedefinitionof theE.M. algorithm.

3.2.1 E.M. (Expectation/Maximization) algorithm

1. Initialization : Set Äg�aG andchooseÅ f
2. E-Step: Set ÅAÆB�6Å Y andcomputeÇR� ��� ÅAÆ � withÇR�
Å � ÅAÆ � �6��ÈeÉbÊ7Ë�ÌÎÍbÏ�ÐeÑ�Ò�Ó ,_ÔÏ Ð É Ñ�Ò�Ó ,_Ô	Õ×Ö
3. M-Step: Find :ØÅb�aÙVÚ9ÛÝÜRÙ#Þ?ÇR�
Å � ÅAÆ �
4. ReplaceÅ Y �)
 with

ØÅ , andrepeatbeginningwith step2) until astoppingcriterion
is satisfied.

Thesequence�
Å Y � givesnondecreasingvaluesof thelikelihoodfunctionto alocalmax-
imumof thelikelihoodfunction. Wecall Ç¬�
Å � ÅAÆ � aconditionalpseudo-log-likelihood.

3.2.2 Maximization of the conditional pseudo-log-likelihood

Calculus of ÇR�2Å � ÅAÆ � (E-Step) for fixed ÅAÆ wehave :�ßÈqÉáà â2ã"äæå4È#�2� � � � ^ â2ã"äæå4ÈeÉ#�2� � � ��ç
�6� È Ééèê Âë �
ì)


$ëJ Ó O ì)
 H�í :�îTï�:DCTð �
ñ ���ò
V� ñ �
� â2ã"äæQ È �
ñ �òó ñ ���ô
 �

3 Âë
�
ì)

$ë J ì)
 H#í : C ð �2ñ �

�Kõ â(ã"ä�I J �
� � ^ *�ö C �
� ���ò
����� �;�D÷qø¬3úù � !
So,let : û � �(!�J � �aQ�ÈeÉ1�
� � �]!�J ó � � and û � �(!�O � !�J � �aQ�ÈeÉ1�
� ���ò
 �]!�O � � � �a!�J ó � � .
We have:� È ÉÝà â2ã"äæå È �
� � � � ^ â2ã"äæå È ÉV�
� � � �Dç� Âë �
ì)

$ëJ Ó O ì)
 û � �2!�O � !�J

� â2ã"äæQ.È1�2ñ � ó ñ ���ò
 �c3 Âë �
ì�

$ë J ì)
 û � �2!�J

� õ â2ã"ä�IKJ;�2�ò� � � ^ * öZC �
� ���ô
����� ��� ÷ 3dù � !
Theconditionalpseudo-log-likelihoodis thesumof two terms ü�È and

X È , with

ü�È�� Âë �
ì)

$ëJ Ó O ì)
 û � �2!�O � !"J

� â(ã"ä�Q.ÈV�2� � ó � ���ô
 �
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X È � Âë �
ì)

$ë J ì�
 û � �(! J

�Kõ â(ã"ä�I J �
�ò� � � ^ * È C �2� ���ô
����� ����÷
where ü È dependsonly on �(N JPO � 
qý J Ó O ý $ , and

X È dependsonly on �
þ J � 
eý J ý $ and� 5 J � 
qý J ý $ .
Tocalculateü È and

X È , wecomputeû � �(! J � andû � �2! O � ! J � with theforward-backward
algorithmof BaumetWelch(Rabiner[5]).

Forward dynamic Let : ÿ � �(! J � �aå È É#�2� � �]! J � ���
 � bethepropabilitydensityof the
state! J andof theobservations���
 . Thentheforwardrecurrenceis thefollowing :

ÿ Y ��
 �(! J � ���� $ëO ì�
 ÿ Y �(! O ��� Q È É �
� �
�)
 �a! J ó � � �a! O ������ I ÆJ �
� �
�)
 ^ *�ö ÉC �2� ��������)
 �;�
Backward dynamic Let : 	 � �2! O � � åß�
� Â�
�)
 ó � � �a! O � the backward recurrenceis
thefollowing :	 Y �2! O � � $ë J ì)
 I ÆJ �2� �
�)
 ^ *)ö ÉC �
� ��������)
 �;� 	 Y �)
 �2! J �
� Q È É1�2� �
�)
 �6! J ó � � �a! O �

Thenwegetresults:

û � �2! J � � ÿ � �2!�J � 	 � �(!"J �� $J ì)
 ÿ � �(!"J � 	 � �2!�J �and

û � �(! O � ! J � � ÿ � �(! O � Q È É �2� �
��
 �6! J ó � � �a! O � I?ÆJ �2� �
�)
 ^ *�ö ÉC �2����������)
 �;� 	 �
�)
 �2! J �� $J Ó O ì)
 ÿ � �2!�O � Q.È É �
� �
�)
 �a!"J ó � � �a!�O � I ÆJ �
� �
��
K^ * ö ÉC �
� ������	��
 ��� 	 �
��
 �(!"J �
Maximization of the conditional pseudo-log-likelihood(M-step) To maximizethe
pseudo-log-likelihood,we haveto separatelymaximize üáÈ and

X È .

Maximum of ü�È We find :

ØN JPO � � Â�
ì)
 û��(!<�J � ! ���ô
O �� Â �ò
�
ì f û � �2!�O �
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Maximum of
X È Sincethenoiseis Gaussianwehave :

X È � Âë �
ì)

$ë J ì)
 û � �2! J

�
� �2� ��^ * ö×C �
� ���ò
����� �;���� 5 �J 3 â(ã"ägÍ�� � h 5 J Õ ø
And it iseasytooptimizeeachexpert *.: C , byminimizingthecostfunctionweighted

by theprobabilityat eachtime t of thestate! J , sowe get

Øþ J �6Ù1Ú�Û�Ü���Ì Âë �
ì)
 û � �2! J � õ �
� � ^ *�ö C �
� ���ò
����� �;� � ÷
and Ø5��J � 
���-��A0�� - Ñ : C Ô � Â�
ì)
 û � �2!�J �_õ �
� �)^ *��ö×C �
� ���ò
����� �;����÷

We canthenapply the E.M. algorithm,usingthecalculationandthemaximizationof
theconditionalpseudo-log-likelihood.

4 Application to the laser time series

We useherethe completelaser time seriesof “SantaFe time seriespredictionand
analysiscompetition”. The level of noiseis very low, the main sourceof noiseare
errorsof measurement.We use11500patternsfor the learningand1000patternsfor
out-of sampledataset to validatethe estimation. The transitionmatrix will always
be initialized with equalcoefficientsat the beginning of the learningandwe use10
iterationsof theLevenberg-Marquartalgorithmto optimizetheponderatecostfunction.

4.1 Estimation with two experts

We chooseto use2 expertswith 10 entries,5 hiddenunits,onelinearoutput,andhy-
perbolictangentactivationfunctionsare. ThereforeweassumethatthehiddenMarkov
chainhastwo states! 
 and ! � . Theinitial transitionmatrix is :

L�fß��� G �! G �! G �! G �! #"
Weproceedwith 200iterationsof theE.M. algorithm.Thegoalof thelearningis to

discover theregimesof theseriesto predictthecollapsesandthenext valueprediction
of thetime series.
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4.1.1 Estimation of the conditional probability of the state:

After learningtheestimatedtransitionmatrix is :ØL � � G � $%$'& G � G �  G � G G�( G � $*)� "
Figure2: Thevalidationseriesandtheconditionalprobabilityof states

0
0.5

1
1.5

2
2.5

3

0 100 200 300 400 500 600 700 800 900

DATA  

0
0.2
0.4
0.6
0.8

1

0 100 200 300 400 500 600 700 800 900

PROBABILITY E1  

0
0.2
0.4
0.6
0.8

1

0 100 200 300 400 500 600 700 800 900

PROBABILITY E2  

Figure 2 shows the serieswith the probability of the statesconditionally to the
observations.We canseethatthesegmentationis veryobvious.Thefirst statematches
to the generalregime of the series,but the secondmatcheswith the collapseregime.
Figure3 dealswith theprevisionsof thestateateachtime+,.-0/214365879,.-':
where

, -
is theforwardestimationof thestateis (with notationof section3) :, - 7<;�:=3 >@? 7A;�:BDCEGF 1 > ? 7A;�:

Figure3: Thevalidationseriesandtheforwardpredictionof statesprobability
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This prevision is not thesameastheconditionalprobabilitybecauseherewe only
useherethe datauntil time t to predictthestateat time t+1. The forecastof the state

6



probability is clearlynot sogoodthantheconditionalprobability, howeverwe canstill
predictthatwhenthesecondstatebecomesmoreprobabletheserieswill collapse.The
forecastof thenext point � �
�)
 (singlestepprediction)is givenby :Ø' �
�)
 � $ë J ì)


ØÇ Y �)
 �<H � *)J9�
� ��������)
 �
Thenormalizedmeansquareerror(E.N.M.S)is then0.0033.

4.2 Estimation with 3 experts

Thearchitectureof expertsremainsthesame.After learningwehaveabovethefollow-
ing resultson thevalidationset.

Figure4: Thevalidationseriesandtheconditionalprobabilityof states
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Herethesegmentationis still obvious: thesecondstategivesthegeneralregime,
thethird matchesto thepre-collapses,andthefirst to thecollapses.

Figure5: Thevalidationserieswith theforwardpredictionof statesprobability
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Theestimatedtransitionmatrix is now :ØL ���� G � $% �&*I G � G G1G � G � G � G &G � G�J  ( G � $%$% % G � G G1G1GG � G1G $ ( G � G G & J G � $K)�$ ( ��
The E.N.M.S.of the modelon the validationset is now 0.0046,it is a little bit more
thanwith two experts.soit is uselessto usemoreexpertsfor theestimation.

5 Conclusion

If we comparewith theresultsof thegatingexpertof Weigendet al.[6] appliedto the
lasertime series,we canseethanwe obtaina comparableE.N.M.S.,but with many
fewerparameters.IndeedthebestE.N.M.S.on thevalidationsetis 0.0035in theircase
with 6 expertsand0.0033with 2 expertsin ourcase.Moreoverourmodelgivesamuch
bettersegmentationof theseries.Thatis to say, thesegmentationwith thegatedexpert
oscillatesalwaysfrom onestateto another(seeWeigendetal. [6]), but is veryobvious
with ourmodel.Finally thismodelseemsto beverypromisingnotonly for forecasting
but alsoto predictthechangeof trendsin a wide classof processeslike financialcrack
or avalanche,sincethepredictionof thenext stategivesaninsightto thefuturebehavior
of theprocess.
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