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Abstract

We presentainhybrid modelconsistingof anhiddenMarkov chainandMLPsto
modelpiecavisestationaryseries We compareourresultswith themodelof gating
networks (A.S. Weigendet al. [6]) andwe shav than,atleaston the classicalaser
time series,our modelis more parcimoniousandgive betterseggmentationof the
series.

1 Intr oduction

A hardproblemin time seriesanalysisis oftenthe non-stationarityof the seriesin the
realworld. Howeveranimportantsub-clas®f nonstationaritys piecavise stationarity
wherethe seriesswitch betweendifferentregimeswith finite numberof regimes. A

motivationto usethis modelis thateachregime canberepresentedly a statein afinite

setandeachstatematchoneexperti.e. amultilayerperceptro(MLP). Addressinghis
problem,we present classof modelsconsistingof a mixture of experts,sowe have to

find which expertdo the bestpredictionfor thetime series.For exampleA.S. Weigend
etal. [6] introducea gatingnetwork to split theinput space.

Howeverin this study we useinsteada hiddenMarkov chain,becausét is a pow-
erfull instrumento find a goodsegmentationandis thereforeusefullin speechrecog-
nition. The potentialadvantageof hiddenMarkov chainsover gatingnetworksis that
the sggmentatioris only local with gatingnetworks (it decideshe probabilityof a state
only with it's inputs),but is globalwith a hiddenMarkov chain(the probability of the
statesat eachmomentdepend®n all the obsenations). Sowe will usethis modelfor
the time seriesforecastingwhich hasnever beendonewhenthe modelfunctionsare
non-linearfunctionsrepresentedy differentMLPs.

2 Themodel

We write y{ ., ; for thevector(y;—_py1, ..., y:). Let (X;), t € N beanhomogeneous,
discrete-timéMarkov chainin E = {ey, ...,en’}, and(Y;) theseriesobsenationsin the
setof realnumbers At eachtime thevalueof X; determineshedistribution of Y; .

We considerthe modelat eachtime ¢ : Y11 = Fx, , (Y} 1) + 0x,,,€+1 Where
Fx,,, € {F.,,...,F.,} is ap-orderfunction representeddy a MLP with p entries,
0x,41 € {0ey,.-,0cy } IS @ strictly positive real number o, is the standarddevia-
tion for theregime definedby X, ande; ani.i.d normally distributed A/(0, 1) random
variable.The probability densityof o., e will bedenotedby ®;.



The dynamicsof the hiddenMarkov chain X; is characterizedy the transition
matrix A = (a,-j) with P(Xt+1 = ei/Xt = 6]') = p(ei/ej) = a,-jl. Soif we define:
Vit := X1 — AXy, we have thefollowing equationdor themodel:

Xt+1 = AXt + W-}-l (1)
Yt+1 = FX:+1 (Y;Stfp+1) + OX,41€t+1
Moreover, to estimatethis model(1) we assumehattheinitial distribution of the state
X is o theuniformdistributionon E. Notethatconditioningby theinitial obsenations
y° 1 Will everbeimplicit.

Figurel: modelHMM/MLP

G
P(Xt+1 / X t)

B, (1) P YO

|

Y+1
\/\

3 Estimation of the model

3.1 Thelikelihood

The parametel of the modelis the vector of weightsof the N experts (w;)1<i<n
the N standarddeviations(o;)1<;<n0f eachmodels,the coeficientsof the transition
matrix (ai]’)lsi’jSN.

The likelihood of the seriesy := (yi'), for a given pathof the hiddenMarkov chain
z:={z, t=1,..,T}is:

N
Lo(y2) = [T T [®itye = Fuu imp] <7

t=11i=1
T N
[T T Po(Xe/ X)) ooy @m0 s g (Xo)
t=1i,j=1

Thelikelihoodof the seriess then:
E[Lg(y,X)] = >, Lo(y,z), where)__ is the sumover all the possiblypathsof
the hiddenMarkov chain.

1Thetraditionalnotationfor a transitionmatrix is rathera;; = P(Xt4+1 = e;/X; = ei) however the
transposedotationusedhereasin Elliott [2] yieldsusa morecornvenientnotationfor themodel.



3.2 Maximization of the lik elihood

It is easyto shav thatthe exactcalculusof thelog-likelihoodwith this methodhave a
compleity of O(NT) operationsput the E.M. algorithm (Demsteret al. [1]) is well
suitedto find a sequencef parametersvhich increasahelik elihoodat eachstep,and
socorvergeto alocal maximumfor a very wide classof modelsandfor our modelin
particular Firstwe recallthe definitionof the E.M. algorithm.

3.2.1 E.M. (Expectation/Maximization) algorithm
1. Initialization: Setk = 0 andchoosé&,
2. E-Step: Setd* = 6, andcompute)(., 6*) with
Q6,6%) = Epe [in (F2420)]
3. M-Step: Find:
0 = argmax Q(6, 6%)

4. Replacéy1 with 6, andrepeateginningwith step2) until astoppingcriterion
is satisfied.

Thesequencéd;,) givesnondecreasingaluesof thelik elihoodfunctionto alocalmax-
imum of thelik elihoodfunction. We call Q (4, 8*) aconditionalpseudo-log-lilelihood.

3.2.2 Maximization of the conditional pseudo-log-likelihood

Calculusof Q(0,6*) (E-Step) for fixed6* we have:
Eg- [logLg(y, X) — log Lo+ (y, X)]

T N
= Eg* Z Z ].{ej’ei}(xt_l,.Z't)lOg.Pg(IL't |.’L‘t_1)

t=1 4,j=1

+ 221{6 (z¢) [log®i(y: — Fu, (yi_,))] | + Cte
t=1 =1
So,let: wy(e;) = Py« (X = e; |y) andwi(ej, e;) = Po« (Xi—1 =€, Xy = € |y).
We have:
Ey- [lOgLo(y,X) —logLg-(y, X)]
N

T
= Z Z Wt e]aez lOng(Z‘t |$t 1 +Zzwt ez lo.qq) ( ( ) Fw,(yizgl)))] + Cte
j=1 t=1 i=

1

The conditionalpseudo-log-lilkelihoodis the sumof two termsUy andVj, with
T N

U9 = Z Z wt(ej,ei)logpg(Xt |Xt71)

t=14,j=1



T N
Vo= wile:) [log®i(y(t) — Fo,(v; )]
t=1 i=1
wherelU, dependnly on (a;;)1<s, j<n » andVy depend®nly on (w;)1<i<n and

(Ui)lgigN .
To calculatel/y andVy, we computew; (e;) andwy (e, e;) with theforward-backvard
algorithmof Baumet Welch (Rabiner{5]).

Forward dynamic Let: ay(e;) = Lo+ (X; = e;, yt) bethepropability densityof the
statee; andof theobsenationsyt. Thentheforwardrecurrences thefollowing :

N
ak+1(e;) = (Z ak(ej) X Po-(Xpy1 = €; | Xy = ej)) X ®F (Ye+1 — Fuz (Y{_p11))
i=1

Backward dynamic Let: Bi(e;) = L(yf,|X: = ;) the backward recurrences
thefollowing :

N

Br (ej) = Z Q7 (Y1 — Fw;‘ (y£7p+1))ﬂk+1(€i) X Pps (Xg41 = €; | Xy = ej)
i=1

Thenwe getresults:

N — v (ei)Be(ei)
and e S aeles)Biles)
_ ai(ej)Ppe (Xep1 = i | Xy = €)@ (Yer1 — Fur (yf_pi1))Brrr(es)
wt(eja ei) =

E?fj:l at(@j)P&* (Xt+1 =€; |Xt =é€; )(I);k (yt+1 — Fw: (yz—p—i-l))/gt-l-l(e’i)

Maximization of the conditional pseudo-log-likelihood (M-step) To maximizethe
pseudo-log-likelihood,we have to separatelynaximizeUy andVj .

Maximum of Uy, Wefind:

T —
N Zt:ﬂu(eg:e;' 1)

i T—1
>0 wi(ej)




Maximum of V3  Sincethe noiseis Gaussiawe have:

T N _ t—1yy2
%:Zzwt(ei) (e F;u;gyt—p)) -I-log(\/ﬂai)]

t=1 i=1

And it is easyto optimizeeachexpertF,, , by minimizingthecostfunctionweighted
by the probabilityat eachtime t of the statee;, sowe get

T
W; = arg minz wi(es) [(ye — Fui (i—p))?]
t=1

and

67 = m Yoy wiles) [ — Fau (wi—p))?]

We canthenapply the E.M. algorithm, usingthe calculationandthe maximizationof
the conditionalpseudo-log-liklihood.

4  Application to the lasertime series

We use herethe completelasertime seriesof “SantaFe time seriespredictionand
analysiscompetition”. The level of noiseis very low, the main sourceof noiseare
errorsof measurementWe use11500patternsfor the learningand 1000 patternsfor
out-of sampledatasetto validatethe estimation. The transitionmatrix will always
be initialized with equalcoeficients at the beginning of the learningand we use10
iterationsof the Levenbeg-Marquartlgorithmto optimizethe ponderateostfunction.

4.1 Estimation with two experts

We chooseto use?2 expertswith 10 entries,5 hiddenunits, onelinear output,and hy-
perbolictangentactivationfunctionsare. Thereforewe assumehatthe hiddenMarkov
chainhastwo statese; andes . Theinitial transitionmatrixis :

05 0.5
Ao = ( 0.5 0.5 )
We proceedwith 200iterationsof theE.M. algorithm. Thegoalof thelearningis to

discovertheregimesof the seriesto predictthe collapsesandthe next valueprediction
of thetime series.



4.1.1 Estimation of the conditional probability of the state:

After learningthe estimatedransitionmatrix s :

A— ( 0.994 0.025 )

0.006 0.975

Figure2: Thevalidationseriesandthe conditionalprobability of states
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Figure 2 shaws the serieswith the probability of the statesconditionally to the
obsenations.We canseethatthe segmentations very obvious. Thefirst statematches
to the generalregime of the series,but the secondmatcheswith the collapseregime.
Figure3 dealswith the previsionsof the stateat eachtime

Qi1 = A(Qr)

where()y, is theforward estimationof the stateis (with notationof section3) :

N = i (7)
WO =N el

Figure3: Thevalidationseriesandthe forward predictionof statesprobability
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This prevision is not the sameasthe conditionalprobability becausénerewe only
useherethe datauntil time t to predictthe stateattime t+1. The forecastof the state



probabilityis clearly not sogoodthanthe conditionalprobability, however we canstill
predictthatwhenthe secondstatebecomesnoreprobablethe serieswill collapse.The
forecasbof the next pointy, 1 (singlestepprediction)is givenby :

N

f’t+1 = Z Qk+1 (i)Fi(yf—pH)
i=1

Thenormalizedmeansquareerror (E.N.M.S)is then0.0033.

4.2 Estimation with 3 experts

Thearchitectureof expertsremainghe same After learningwe have above thefollow-
ing resultson the validationset.

Figure4: Thevalidationseriesandthe conditionalprobability of states
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Herethe segmentatioris still obvious: the secondstategivesthe generalregime,
thethird matchego the pre-collapsesandthefirst to thecollapses.

Figure5: Thevalidationserieswith theforward predictionof stategprobability
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Theestimatedransitionmatrix is now :
. 0.9548 0.0002 0.0204
A= 0.0356 0.9955 0.0000
0.0096 0.0043 0.9796

The E.N.M.S. of the modelon the validationsetis now 0.0046,it is a little bit more
thanwith two experts.soit is uselesso usemoreexpertsfor the estimation.

5 Conclusion

If we comparewith theresultsof the gatingexpertof Weigendet al.[6] appliedto the
lasertime series,we canseethanwe obtaina comparableE.N.M.S., but with mary

fewer parametersindeedthe bestE.N.M.S.on thevalidationsetis 0.0035in their case
with 6 expertsand0.0033with 2 expertsin our case Moreoverour modelgivesamuch
bettersggmentatiorof the series.Thatis to say the sggmentatiorwith the gatedexpert
oscillatesalwaysfrom onestateto another(seeWeigendetal. [6]), butis very obvious
with our model. Finally this modelseemso bevery promisingnot only for forecasting
but alsoto predictthe changeof trendsin awide classof processesk e financialcrack
or avalanchesincethepredictionof thenext stategivesaninsightto thefuture behavior

of theprocess.
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