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fractional Brownian motions. In this contribution, we give a statistical study of the multiscale fractional
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estimate the different parameters and test the goodness-of-fit. Biomechanical data are then studied with

these new tools, that leads to interesting conclusions.
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1 Introduction

Fractional Brownian motions (f.B.m.) were popularized by Mandelbrot and Van Ness (1968) who suggest
the study of their properties as a typical example of non-Markovian process. F.B.m. are centered Gaussian
processes with stationary increments. These processes are self-similar and their increments are short or
long memory processes and both these properties are controlled by the same parameter : the Hurst index
H. But f.B.m. appears as an ideal mathematical model. In some applications, real data lead to the
modelling by locally self-similar processes with a time-varying Hurst index H(t) (see Cohen (2000) and the
references therein). As a consequence, when the Hurst index is a time-varying function, the increments of

the process are no more stationary.

Here, we consider Gaussian processes having stationary increments with a Hurst index varying with
the frequencies. These kinds of processes have been introduced (implicitly) by Collins and de Luca (1993)
in a statistical study of the position of the center of pressure in upright position, by Rogers (1997) in a
discussion where he rejects the £.B.m. (with a constant Hurst index) as an admissible model for the stock
prices, and by Benassi and Deguy (1999) for image analysis and image synthesis (they have proposed a
model with two different Hurst indexes at low and high frequencies and one frequency of change w.). An

application to finance of the model proposed by Rogers (1997) is developed in Cheridito (2000).

The previous examples have leaden us to propose a model of generalized f.B.m. with a finite number
K of change points of the Hurst index (following the frequencies). We called it (M) multiscale fractional
Brownian motion, and we provide the main probabilistic properties of this model in Bardet and Bertrand
(2003). In this paper, we deal with the statistical study of the multiscale f.B.m. and we focus on the

application to biomechanics.

Our plan will be the following : In the following section, we describe the biomechanical data and the
corresponding statistical problem. In Section 3, after a brief reminder of the definition of the multiscale
fractional Brownian motion and its main probabilistic properties, we show that the variogram method is
not relevant for the estimation of the different parameters of a (Mg )-f.B.m. We develop another statistical
study based on wavelet analysis and we state (and proved in appendix) a functional central limit theorem
for the empirical wavelet coefficients. It leads, in Section 4, to estimations of the different frequency
changes and Hurst parameters and to a goodness of fit test. Finally, in Section 5, the biomechanical data

are studied with the tools developed in Section 4. All the proofs are given in appendices.

2 The Biomechanical Problem

One motivation of this work is the modeling of biomechanical data corresponding to the regulation of the
upright position of the human being. Using a force platform, the position of the center of pressure (C.O.P.)
during quiet postural stance is determined. This position is usually measured at a frequency of 100 Hz
for the period of one minute, which yields a data set of 6000 observations. The experimental conditions

are conformed to the standards of the Association Francaise de Posturologie (AFP), for instance the feet
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position (angle and clearance), the eyes open or closed.

Position following Y axis

Position following X axis

Figure 1 : An example ! of the trajectory of the C.O.P. during 60s at 100Hz (in mm)

The X axis of the platform corresponds to the fore-aft direction and the Y axis corresponds to the medio-
lateral direction. During the 1970’s, these data were analyzed as a set of points, i.e. without taking into
account their order. During the following decade some studies consider them as a process, and Collins
and de Luca (1993) introduced the use of £.B.m. to model these data. Actually, they use a generalization
of f£.B.m. More precisely, the position X; of the C.O.P. is observed at times ¢t; = iA for i = 1,..., N
(A =0.01 s). The study of Collins and de Luca is based on the empirical variogram

N—§ ,
(X(i+6)a — Xin) (1)

VN (0) = ﬁ
=1

where § € IN*. For a £.B.m., we have IEVy(8) = 02 A%2H x §2H and after plotting the log-log graph of the
variogram as a function of the lag time, i.e. (logd,log Vn(6)), a linear regression provides the slope 2H.
Typically, one gets the following type of figure (see Figure 2). It is considered by Collins and de Luca to
be a "f.B.m.” with two regimes : with slope 2H (short term) and with slope 2H; (long term) separated

lthese experimental data were realized by A. Mouzat and are used in [11].



4 Statistic of multi-scale fractional Brownian motion

by a critical time lag . and these parameters are estimated graphically :

4

Logarithms of the Variogram

5
Logarithms of the scales

Figure 2 : An example of the log-log graph of the variogram for the previous trajectories X (-.) and Y (-).

They found Hy > 0.5, H; < 0.5 and a critical time lag 6. ~ 1 s. These results are interpreted as
corresponding to two different kinds of regulation of human stance : at long term H; < 0.5 the process is
anti-persistent, at short term Hy > 0.5 and the process is persistent. This method has been used many
times in biomechanics with different experimental conditions (opened eyes versus closed eyes, different feet
angles,...), but is missing a mathematical model and its statistical study to obtain confidence intervals on

the two slopes 2H, 2H, and the critical time lag J..

3 The multiscale fractional Brownian motion and its statistical

study based on wavelet analysis

3.1 Description of the model

A fractional Brownian motion By = {Bg(t), t € IRy} of parameters (H, o) is a real centered Gaussian
process with stationary increments and IE |Bp (s) — By (t)]* = o2 [t—s|?H, V(s t) € IR? where H €]0, 1]
and o > 0. The fractional Brownian motion (f.B.m.) has been proposed by Kolmogorov (1940) who defined

it by the harmonizable representation
(e 1) =
By (t) = /RWW(df) (2)

where W (dx) is a standard Brownian measure. and W(d{ ) its Fourier transform. We refer to Samorodnit-
sky and Taqqu, 1994 for the question of equivalence of the different representations of the f.B.m. From the
harmonizable representation, a natural generalization is the multiscale fractional Brownian motion with

an Hurst index depending on the frequency. More precisely, we define :

Definition 3.1 For K € IN, a (Mg)-multiscale fractional Brownian motion
X, ={X,(t),t € Ry} (simplify by (Mg)-f.B.m.) is a process such as

o DT e forte m 3)
ez e
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with wy =0 <w;y < -++ <wg < wg41 = 00 by convention, o; € RYX and H; €]0,1[¥.

The (Mg)-f£B.m. was notably introduced in order to relax the self-similarity property of f.B.m. The
self-similarity is a form of invariance with respect to changes of time scale [23] and it links the behavior at

high frequencies to the behavior at low frequencies.

In Bardet and Bertrand (2003), the main properties of such a process are provided : X, is a Gaus-
sian centered process with stationary increments, its trajectories are a.s. of Holder regularity «, for every
0 < a < Hg and its increments form a long-memory process (except if the different parameters verify a

particular relations, i.e., if its spectral density is a continuous function).

3.2 The question of the choice of the estimator

Let X, be a (Mg)-f.B.m. defined by (3). We observe one path of the process X, on the interval [0, 7]
at the discrete times t; = ¢ X Ay for i = 1,...,N and Ty = N x Ay. We consider the asymptotic
N — 00, Ay — 0 and Ty — oo and want to estimate the parameters of the (Mg)-f.B.m. that are

(}107]‘]1,...,]{1()7 (0'0,0'1,...,0'[() and (wl,...,wK).

Even if the model is defined as a parametric model, in the following we prefer to use a semi-parametric
statistics for different reasons. Firstly, the spectral density of X, is not continuous (as a general case) and
thus, the classical results of the consistence of the maximum likelihood or Whittle maximum likelihood
estimators in such a case of long memory process (see Fox and Taqqu, 1986, Dahlhaus, 1989 or Giraitis
and Surgailis, 1990) can not be used. Secondly, the following semi-parametric statistics is more robust
than a parametric one if the model is misspecified : for example, if the function H (&) is a not exactly a

piece-wise constant function, but a constant function on several intervals.

A semi-parametric method of estimation built on the variogram was developed from the seminal paper
of Istas and Lang (1997) and gave good results in case of the £B.m. (see Bardet, 2000) or of the multi-
fractionnal f.B.m (see Benassi et al., 1998). But there are difficulties to identify the model (Mg )-f.B.m.
with such a method. Indeed, it is obvious to prove that for § > 0 :

K @i+t (1 — cosv
V(8) = B (X,(t+6) — X,(t)° = 4 *i o7 /6 (Uwiﬂ) dv. (4)
j=0

wi

The principle of the variogram’s method ensues from the writing of log (V((S)) as an affine function of log 4.

(o]
1
For a (Mk)-f.B.m. and with C(H;) = log (4022/ (1 —cosv)
0

TooH. 1 d”) for ¢ = 0,1,..., K, three situations
’l] 7

could provide such a relation :

1. for 6 — oo, log (V(5)> = 2Hylog 6 + 10g03 + C(Ho) + 0(572Ho);
2. for § — 0, log (v((s)) — 2Hy log 6 + log 0% + C(Hy) + O(62=2Hx);

3. if K > 2, and if there exists j € {1,..., K — 1} such as Yirt oo and more precisely such as
Wy

*** Changem
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: H,/H, : :
j<£2111(1—1 ( Yit1 ) i 0% j<£2111<171 ( JJF{H ) e h
='= — o0, for == CHA /(1 H. , then
max (w('lin)/(lij)) § X max (w( Hi)/(1 HJ)) -0
1<i<j \ J 1<i<j \J

log (V(é)) =2H;logé +logo; + C(H;) + O (522Hﬂ' X max (w?_H")> +--

1<i<j
1
-+ 0 o : 0 (5)
O J<itR-1 (wj“l)
oo 1 _
(the proofs of those three expansions come from / %slv) dv = 0?2 for e — 0 and / % dv = O(z=21)

for x — o0). In those three situations, if one can show that there is a convergent estimator Vy (0) of V(9),
then a log-log regression of log (VN (5)) on logé could allow an estimation of the different parameters.
However such a method should have a lot of drawbacks. At first, the estimation of ”intermediate” parame-
ters (H;)1<j<kx—1 and (o )1<j< K_1 Tequires very specific asymptotic properties between all the frequency
changes (w;)1<j<x—1 that translate a lake of generality of the method. Moreover, concretely, the frequency
changes are fixed and one obtains rough approximation instead of asymptotic properties (and numerical
simulations show that the log-log plot of the variogram does not exhibit any intermediate linear part).
Secondly, when the model is misspecified the variogram model could lead to inadequate results. For exam-
ple the following picture gives the case of a (Mz)-f.B.m. where the variogram method would detect only
one frequency change and could not precisely estimate its value. Finally, the variogram’s method could
peharps be applied in the two first previous situations 1. and 2., i.e. for the estimation of (Hp,o3) or
(Ho,038). But in such cases, § will have to be a function of N (number of data) and its choice of function
will depend on the unknowns parameters Hy or H; for obtaining central limit theorems for log (VN((S))

os Changements  (see the same kind of problem in et al., 2002).

log(v(d)

-6 -4 —2 2 4 6

Figure 3: An example of a theoretical variogram for a 8M2 -f.B.m, with Hy = 0.9, H; = 0.2, Hy, = 0.5,

—10 L

and og = 01 = 02 = 5 and w; = 0.05, wy = 0.5 (in solid, the theoretical variogram, in dot-dashed, its

theoretical asymptotes for 6 — 0 and § — 00).

We deduce from the definition of the model that an interesting method to estimate the parameters of



J.M. Bardet and P. Bertrand 7

a (Mg)-f.B.m. could be a spectral domain method. We chose a method based on a wavelet analysis. This
method has been introduced by Flandrin (1992) and was developed by Abry et al. (2002) and Bardet et
al. (2000). We also use here the same results of the wavelet analysis obtained in Bardet and Bertrand
(2003).

3.3 A statistical study based on wavelet analysis

We consider a “mother” wavelet i such as:

Assumption (Al): ¢p: R~ IR is a C*™ function verifying:

o forallm € IR, / [t(t)] dt < oo,
R

e its Fourier transform @(5) is an even function compactly supported on [—f, —a]U[a, f] with 0 < a <
8.

These conditions are sufficiently mild and are satisfied by famous wavelets (in particular, Lemarié-Meyer

wavelet). As a consequence of the second condition , for all m € IN,

/ ()t = 0. (©6)
R

Note that it is not mandatory to choose ¥ to be a “mother” wavelet associated to a multiresolution analysis
of IL?(IR) and the whole theory can be developed without resorting to this assumption : the choice of v

is then very large.

1
Let (a,b) € IR% X IR, define A = (a, b) and the family of functions (1x)x defined by 95 (t) = NG P (Z - b).
a

Parameters a and b are so-called the scale and the shift of the wavelet transform (here we consider a con-
tinue wavelet transform). Let dx(a,b) be the wavelet coefficient of the process X for the scale a and the
shift b, with

dx(ad) = = [ 00Xt =< 00 X >

If 4 verifies Assumption (Al) and X, is a (Mg)-f£B.m. the family of wavelet coefficients verifies the
following properties (see Bardet and Bertrand, 2003) :

1. for a > 0, (dx,(a,b))ver is a stationary centered Gaussian process such as :

IE (dgfp(av -)) =Zi(a) = a/JR |9 (aw)|? p~2(u) du. (7)
; : . a f
2. foralli=0,1, -, K, if the scale a is such as [—, =] C [w;,w;+1], then
a’ a
~ 2
2 2H;+1 2 . ‘1/}(’&)’
FE (pr(CL, )) =a""" "o KHL(w), with KH(w) = - |u‘2H+1 du. (8)

The property (8) is very interesting for the estimation of the parameters of X,. Thus, if we consider a
convergent estimator of log (E (dg(p (a, ))), it provides a linear model in loga and logo?. This natural

estimator is log Iy (a) with
1 [N/a]—1

IN(G)ZW ; %, (a, kAy). (9)

We have a functional central limit theorem for (logIn(a))a,.in<a<ama.. (S€€ the proof in Bardet and
Bertrand, 2003) :
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Proposition 3.1 Let X, be a (Mg)-f.B.m., 0 < Gmin < Gmaz and ¢ verify Assumption (A1). Then :

VNAy (log In(a) —logTi(a)), . P (Z(a))amin <azaman (10)

Amin <0<Amagx N—oo

with (Z(a)) a centered Gaussian process such as for (a1, az) € [amin, Gmaz)?,

2

con(Z(a). Zlar) = ozt | ( / Wlf “25) —iuédg> du (1)

Then, if we precise the localization of scales, i.e. frequencies, we obtain the following consequence :

P wit1

Corollary 3.1 Leti € {0,1,--- , K} and assume that — < . Then,
« W

V NAN (log IN(l/f)+(2H1+1) log f*lOg Uizflog KHZ (w))wi/aﬁfﬁwwﬂ/ﬁ

= (201 s jaz <o (12)
with the centered Gaussian process (Z(.)) such as for (f1, f2) € [— i wiglf,
2
con(201/70, 201/ ) = 2T / ( ¢ f{g];H UELHOE/T) ”“%) du. (13)

For Ay small enough, this result shows that all parameters H; and o7 could be estimated by using a
linear regression of log Ix(1/f;) versus log f;, when the frequencies w; are known. Moreover, this central
limit theorem shows that a graph of (log f, log In(1/f)) for f > 0 exhibits different areas of asymptotic
linearity : it suggests the procedure of the following section to estimate and test the frequency changes

(see for instance figures 4 or 6).

3.4 The discretization problem

But before, we have to solve the discretization problem. In fact, the definition of wavelet coefficients
of X, needs the knowledge of a continuous path of X,. But we suppose here that only a time series
(X,(0), X,(AN), - , X,(NAy)) from X, is provided. Thus, there is a difference between the previous
theoretical wavelet coeflicients and the empirical wavelet coefficients. A similar problem was considered in
Bardet (2002). We follow the procedure and the results of this paper. So, the following empirical wavelet

coefficients ex, (a,b) have to be considered, with

Zw (AN b X, (pAn).

As a consequence, we have to consider Jy(a) instead of Iy(a) with

1 [N/a]—1 ,
JN(a):W k; ek, (a, kAy). (14)

The empirical wavelet coefficients ex, (a,kAxn) converge to theoretical one dx,(a,kAx) when Ay — 0
(convergence of a Riemann sum) and for k such as kAy — oo and N — kAy — oo. More precisely, we

have the following property:

Property 3.1 Let ) verify Assumption (A1) and X, be a (Mg )-f.B.m. Then, for a >0
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1. for allm e IN,

E (eg(p(a, kAN)) - FE (d}p (a, k)) +0 (AN + (kAlN)m o ;Aw)m) . (15)

2. ]EIN(LL) = ]EJN((L) + O(AN)

Remark 3.1 When H > 1/2, we could approzimate d(a,b) by the trapezoid method which would lead in
Property 8.1.2 to an error in O(A%)).

Now, it is possible to provide the functional central limit theorem for (log Jn(@))a,..n<a<ama. computed
from (Xp(o)a XP(AN)v T 7Xﬂ(NAN)):

Proposition 3.2 Under assumptions of Proposition 3.1 and with Ay such as NAy — oo and N(Ay)? —

0 when N — oo. Then, with the same process Z than in (10),

D
VNAN (log Jy(a) —logZi(a)), . coca,.. P (Z(a))amin<a<amas- (16)
. . LB wip1
As a particular case, fori € {0,1,--- K} and if — < , then
o .

?

V NAN (10g JN(l/f)+(2H2+]-) log f_IOg U?_log KHi (¢))w¢/a§f§wi+1/ﬁ

o (2O D) jaz w5 (17)

A consequence of the discretization problem is that the convergence rate of the central limit theorem (16)

that is v/NAy and thus the maximum convergence rate is o( N'/?) from the previous conditions on Ay.

4 Identification of the parameters

First, let us describe the method at an heuristic level. From Proposition 3.2, Formula (17), we have

log Ty (1/f) = ~(2H; + 1) x log(f) + log (o7) +log (K, (¢)) + ey, (1)

for the frequencies f which satisfy the condition
log () — log(a) < log (f) < log (wi+1) — log(8). (19)
Moreover we have (NAy)"/? (5%”) Liem N%OO (Z(1/f))1<j<m. Formula (18) and condition (19) mean

that for log(f) € [log (w;) —log(w),log (w;y1) —log(B)], we have a linear regression of log JJn(1/f) onto
log(f) with slope —(2H; 4+ 1) and intercept

log o2 +log Ky, (1) and for log(f) € [log (w;+1) — log(a), log (wit+2) — log(B)] a linear regression with slope
—(2H;41+1) and intercept log O'z-2+1 +log K, (1). This is a problem of detection of abrupt change on the

parameters of a linear regression, but with a transition zone for log(f) € Jlog (wi+1) — log(8), log (wi+1) — log(a)|.

Remark 4.1 Condition (19) implies that w;41 > é X wi. Therefore we could only detect the frequency
o
changes sufficiently spaced. For instance, if we choose the Lemarié-Meyer wavelet, we get 3/a = 4 which

leads to the condition w;11 > 4 X w;.
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In this section, we describe the estimation of the parameters and a goodness of fit test. Both of them are

based on the following assumption :

Assumption (Bg) : The process X, is a (Mg )-multiscale fractional Brownian motion. This process is
characterized by the parameters Q*, H* and o* where Q* = (v}, - ,w}) with H* = (H{,Hy,..., H},)

and o* = (0§,07%,...,0%). Moreover the following conditions are fulfilled

ow;‘+1>éxwffori:17...)K_1;
@
. . A2 § N2
* ogigl(lzr(l_l) {(Hﬂrl B Hz) + (Ui+1 - UZ-) } > 0 and

e there exists a compact set K C]0,1[x]0, 00| such as (H},0}) € K for alli =0,1,--- | K.

)

4.1 Estimation of the parameters

Let X, be a (Mg)-f.B.m. satisfying the assumption (Bg) with K a known integer number. We observe
one path of the process at N discrete times, that (X,(0), X,(An), -+, X,(NAN)). Let [fmin, frmaz), with
0 < fmin < fmaz, be the chosen frequency band (see section 5, for an example). We discretize a (slightly

modified) frequency band and compute the wavelet coefficients at the frequencies (fx)o<k<ay Where

— fmin
B

For notational convenience , we assume here that NAy is an integer number. By definition, we have

fmamé

f min &

fr

1/an
(CIN)k fork=0,---,an, qn = ( > and ay = NAy.

fo = fmin/B and foy = fmas/c, then, using the wavelet coefficients at the frequencies (fx)o<k<ay, We

could detect all frequency changes (w;}

) included in the band | finin, fmaz[- To simplify the notations, we

use the following assumption :
Assumption (C) : w} €]fmin, fmaz| foralli=1,... K.

In this framework, the estimation of the different parameters of X, becomes a problem of linear regression
with a known number of changes; thus, we follow the same method as in Bai (1994), Bai and Perron
(1998), Lavielle (1999) or Lavielle and Moulines (2000) and define the estimated parameters (7)), A(V)
as the couple of vectors which minimizes the quadratic criterion :

K+1 tj+1—7N

QW(T,A) = Z Z IY; — X;\;|°, and thus
J

=0 =1+t

(j\ﬂ(N)JAX(N)) = Argmin {Q(N)(T7 A); T e A%V),A € BK}

with

Y; =log (Jn(1/f:)), X; = (log f;,1) for i =0, ,an;
_ [log(ﬁ/a)
N =

} , where [z] is the integer part of x.
log gn

T = (to,t1, - ,tk+1) € A%V) where

N .
Al ):{(t07“' tr41) € INFF2tg = 0.tk = an + 7w, b —t; > 7y for j =0, (K}
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—(2Hj +1)

7 J

) and then

BK:{()\O,~-~,)\K) with (Hj,02) € K for all jE{O,l,---,K}}.

The integer 7 corresponds to the number of frequencies in the transition zones and log fiy,, = log fi +
log(/c). Obviously, for j =0, -, K, the vector XgN) provides the estimators ﬁJ(N) of H and 8§N) of o}
_(2ﬁj('N) +1) N TN
N . For a given T € A! ), each AV

log ((5§")2) + log K v (1) & K J

from a linear regression of (Y;) onto ( i) fori=t;+1,--- ,tj41—7n. Thus, with T=(t t:)o<j<r+1 obtained

by the relation Xg-N) = is obtained

from the minimization in T' of Q)(T, A), we define the different estimators of the change frequencies as

7N

J
~(N) o fmzn fmazﬂ “N .
W; faf?gmep 3 <fmma> forj=1,---, K. (20)

We have the following convergence :

Proposition 4.1 Let X, verify Assumptions (C) and (Bg) with a known K, (Xay, -, Xnay) be a
discretized path, and v verify Assumption (A1). Let Ay be such as NAy — oo and N(Axn)? — 0 when
N — oco. Assume that (H(N) CIa yeK foralli=0,--- K. Then for all e > 0, there exists 0 < C < 00
such as for all large N,

P ((Nay)/ ‘w

)ga forj=1,--- K. (21)

Remark 4.2 The proof of this proposition shows a more general result, i.e. for (p,q) € [3/4,1] x [0,1],
for e >0, there exists C' > 0 such as

P(}VP

with ay = (NAN)?. For numerical considerations and convergence rate of the following estimators of the

B _
]

)SE forj=1,--- K

parameters, we are going to fix now on p =3/4 and ¢ =1 and then any = NAy.

For j =0,---, K, the natural estimates of H; and Uj* are given by the regression of (Y;) onto (log f;) for
1€ {Z;-N), e ,AEJ_\Q 7n }. But the probability that -N),ZEI_\Q —7n] C [t},tj41 — 7n] does not increase

fast enough to 1 as N — oo, in order to obtain a sufficiently fast convergence rate for these estimators.
We address this difficulty as follows. We fix an integer number m > 3 and for j = 0,--- , K, we consider
[U’;N), Vj(N)] an interval strictly included in [f;N),AEJ_Q — 7], such as

AN)  HAN) AN) 7N
- t — ) — Ty - tiy =ty — TN
U;N) _ Z;N) n JHWLJJFI] and Vj(N) _ %;N) +m m‘| (22)

J
provides the following estimator )\ ) from a regression of (Y;) onto (X;) fori € {U’;N), e, ‘%(N)} = { 7 4 (k—1) [ e

By this way, define
!

J

5 - ~ (N
AV (—(QHJ(N)+1),1Og02; )+10gKg<_N>(¢))

(V)

X \ 1o \/ j = (logfz 5 )z F(N) ()
= ((XJ(N))IXJ(N)) (X](N))/Y'j(N) with ~€ e{TMN ... . vy
Y <Y)1€{U(N) . ‘"/j(N)}
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; i\ H D o [ fe \ R/
and for all k = 1,--- ,m, define g(k) = 224" ( ) L g (k) = & ( mw) and

B fmin fmin
wi [ aw k/(m+1)
gf(k) - <ﬁ(j}+1> forallje{l,"wK—l},.
N
We get the following central limit theorems for the corresponding estimators (H (N) ( ))
Proposition 4.2 Under the same assumptions as in Proposition 4.1, for all j =0,--- | K,
(NA )1/2 ()\ /\*) L N(O,Fi\j) (23)
N—)OO

o */ * -1 * Ok */ %/ * -1 . * * * *J
where Ty = (X' X7) X357 (X)X;), with X; = (log g} (k) , 1), _,,, and 55 = (s h1<hism

the following matriz :
2
N S -~ 3 —(2H;+1) —iug ”
A (/ﬂﬂ’ <g;(k)>¢ <g;<z>> A dﬁ) !
2
([ [df ju-e5+0au)
R

Remark 4.3 Another possible choice would be to consider the regression for all the available frequencies in
N) g )]
g

(24)

skl =2 ( (k;)gj(l))zH; )

the interval [ﬁj( . The number of considered frequencies increases then with the rate ay = NAy.
However, it does not improve significantly the convergence since the remainders of the regression are very

strongly dependent.

4.2 Goodness of fit test

It is also possible to estimate parameters H and o7 from an feasible (or estimated) generalized least

squares estimation (for more details, see Amemiya chap. 6.3, 1985). Indeed, we can identify the asymptotic

covariance matrix X7 for j = 0, , K : this matrix has the form ¥} = X(H},w},w; ) and, from the
S N) ~ . .
previous limit theorems, ZgN) = E(H ( ),wj(N) ]( +i) converges in probability to X%. Thus, it is possible

to determine an estimation AgN) of A7 with a feasible generalized least squares (F.G.L.S.) regression i.e.

by minimizing
~ (N (N (N S (N s\ e S (N
/
(—(2E§-N) +1),log £§N) + log K ;) <w>)
-—J

First, we give asymptotic behavior ofA§N)= (V) (SO L SV -1 SNy (S o)
<(Xj ) (Ej ) X; ) (X5 (ZJ ) Y;

Proposition 4.3 Under the same assumptions as in Proposition 4.2, for all j =0, -+ | K,
N . D by
NAW2 (A =x5) B NI (25)

. Aj * ) ~1 3% -1
with Ty = (X7 (27 %)
Forj =0,---, K, the vectors %(N) and X;N)AE-N) are two different estimators of the vector (—(QH;k +1)log f; + log 0?* +lo

It suggests to define the following goodness of fit test. The test statistic is a distance ™) between those
both estimations for all j =0, --- | K :

T™ = (NAy)- Z RAAED SR VA I
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This distance is the F.G.L.S. distance between points (log f;, Y;)

(K +1) F.G.L.S. regression lines. As a consequence, we get

ie{UMN - Iy for j =0,---, K and the

Proposition 4.4 Under assumptions of Proposition 4.1, we have

T 2o 2K +1)(m —2)). (26)

N—o0

Remark 4.4 Proposition 4.4 may be explained with heuristic arguments. Remainders are turned white,
thus it is only natural for the sum of the second regression remainder squares to asymptotically form a x?
process. The number of freedom degrees is (K + 1)(m — 2) because one loses two freedom degrees after the

twice estimation of the (K +1) vectors A (we also show that these vectors are asymptotically independent).

4.3 Estimation of the number of frequency change

Throughout the previous study, the number of frequency change, K, is assumed to be known. But the
previous test provides a way for estimating K. In fact, it can be recursively done by beginning with K =0
and continuing till the assumption “X, is a (Mg)-f£.B.m.” is accepted. The following applications in
biomechanics provide different examples of the power of discrimination of such a procedure. However, this
estimation of the number of frequency change must be carefully applied : from numerical and heuristic

arguments, it does not seem reasonable to work with K > 2.

4.4 Procedure of identification and discussion about the choice of parameters

Thus, for identifying a (M )-multiscale fractional (with K unknown) from a time series (Xo, XAy, - s XnNAy)

we suggest the following procedure:
1. Begin with K = 0.

2. Choose a mother wavelet 1 (and thus « and ), a frequency band [fin, fmaz] and m (see below for

these different choices).
3. Compute the different frequencies (f;)o<i<ay -
4. Compute the vector (Y;)o<i<any = (log IN(1/fi))o<i<an-
5. Minimize Q™) (T, A) and thus compute the different values of @;N) forj=1,---,K.

6. Compute the different regression moments {U;N), e ,‘N/j(N)} and then the estimators X;N) (for j =
0, -, K).

7. Compute the different matrix §§N) and then AE»N) (for j=0,--- ,K).

8. Compute T™Y) and compare its value to the 95%-quantile of a x2((K + 1)(m — 2)). If the test is
rejected then go back to step 2. with K = K + 1.

How to chose the function ¥ and the parameters fin, finaz and m 7

1. Choice of ¢ : The mother wavelet ¢ has to verify Assumptions (A1) but as we say previously
it is not mandatory to associate this function to orthogonality properties. However, the Lemarié-
Meyer wavelet is a natural choice with good numerical properties of asymptotic decreasing but a

too large ratio 3/« which implies a too large transition zone of frequencies. The function ) can
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also be deduced from an arbitrary construction of its Fourier transform ; for instance, we propose

~ —1
V1(d) = op (<|A| — (-]

transform of the Lemarié-Meyer function to [—2mw, —x| U [m, 27] (thus the ratio is now 3/a = 2). The

) 1o<|r<p and the function 1, built from a translation of the Fourier

results obtained from those functions v¥; and 1 are essentially the same than with the Lemarié-
Meyer mother function, they appear more precise for the detection of frequency changes w; (because
log 3/ and thus the transition band, could be as small as wanted) and less precise for the estimation

of parameters H (because 11 and 95 are not concentrated as well around 0).

. Choice of fii, and fra. @ (we assume here that the frequencies are given in the inverse of

(X1,X5-+) time unity). The choice of fyin and finqe is first driven by the selection of a frequency
g oa

) in (9). Formally one only needs

band inside which the process has to be studied; the inspected frequency band is then |

Secondly, N x f”;"

B

should be large enough for computing Iy (

B
fmin

to have N x > 1 but numerically N x > 10 seems to be necessary to use correctly the

central limit theorem. Finally, the discretization problem implies that f,,,, cannot be too large
1

max
< —

S Ay

for providing a good estimation of pr(fL7 kEApN) by exp(fi, kApN). In practice
max max

appears as a minimal condition.

. Choice of m : Formally, m could be chosen such as 3 < m < minj(t;f 11— TN — t;‘) Theoretically,

the larger the m, the closer to 1 the power of the test. But numerical considerations imply that if m
is too large then the different matrix f]g»N) are extremely correlated and the quality of the test is very

dependent to the quality of the different estimations of X}‘ As a consequence, we chose 5 < m < 10.

Applications in Biomechanics

We apply our statistics to different trajectories with the following parameters :

e N =6000 and Ay =1/20.

e The choice of the frequency band is f,,in = 0.8 and f4, = 12.5 which corresponds to the band

[0.16,2.5] in Hertz and a detection frequency band [0.02,1.2] Hz (with the Lemarié-Meyer wavelet).

First, we study the Y-trajectory for the Ocm clearance and Odegree angle. Here there is the double loga-

rithm plotting (log Jn (fx) by log fx ) of this trajectory :
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Logarithm of IN (eOx)
)
T

_5 - | -
log (w/B) :

6 log (B/a)=2log2 | 7
>

7k | log (w/a) n
I

-8 ! ! ! ! ! | ! ! !
-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 0.5

Logarithm of the chosen frequencies (Hz)

Figure 4 : The double logarithm plotting of the variance of wavelet coefficients of Y-trajectory (Ocm,

Odegree) and and its corresponding regression lines

()
In figure 4, we observe two different bands of linearity ~ [0.02,0.08] Hz (= [frgn, wlﬂ ]) and ~ [0.30,1.2]
oM f
Hz (= [1—7 “M%1) for the Y-trajectory, those two bands are spaced by a frequency band of length
o

~ 2log 2 as expected by theoretical results. The estimation of the frequency change (from our algorithm)
is

QgN) ~ 0.61 Hz.

We also observe for this graph the beginning of a change of behavior for low and high frequencies (see the

previous explanations). For the Y-trajectory, we obtain the following different estimators of Hj and HY :

HN ~0.29 HN ~0.32 H ~0.32
AN ~0.37 Y ~0.39 H™N ~0.39

Finally, the value of the test statistic is :
TN ~ 3.7 < x250,(6) ~ 12.6,

and thus the hypothesis “the Y-trajectory is a (M;)-m.f.B.m.” is accepted. Moreover, the hypothesis “the
Y-trajectory is a (Mp)-m.f.B.m.”, is rejected because then TN) ~ 42.4 with HWN ~0.73, HM ~ 0.82
and H™) ~ 0.76. The modelling by a (M;)-m.f.B.m. rather than by a f.B.m. seems completely justified.

The following figure represents the double logarithm plotting for a trajectory of a f.B.m obtained from a
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simulation with the circulant matrix algorithm, with a Hurst parameter H = 0.3 :

Logarithm of IN
1
o
T
|

_10 | | | | | | | |
-4 -35 -3 -25 -2 -15 -1 -0.5 0 0.5
Logarithm of the chosen frequencies (Hz)

Figure 5 : The double logarithm plotting of the variance of wavelet coefficients of Y-trajectory (0 cm 0

degree) and its corresponding regression lines

In figure 5, we observe the linearity of the graph for the f.B.m trajectory for frequencies in the band
~ [0.02, 1.2] Hz. Moreover, the estimation of H is HW®™) ~ (.27, close to the theoretical value H* = 0.3 and
the hypothesis “the Y-trajectory is a £.B.m.” is accepted by the test (as a consequence, for this trajectory,

the modelling is without frequency change and H®M provides an estimator of H*).

We also study this Y-trajectory with two different mother “wavelets” (as described previously) : ; such as

@1(/\) = exp (— = 5)210 — |)\|)) 15<x<10 (thus @ = 5 and 3 = 10) and v, such as 122()\) = 12)\(|)\| - 4%)

(thus @ = 27 and § = 47) with ¢ the Lemarié-Meyer mother wavelet. The following figure shows the

results of this study :
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6 5

5+ g s 1
‘.

4t - 3F 1

3t E 2f 1

Logarithm of IN
-

T
Logarithm of IN
o
T

-2 -3r log (w/ B) I 1
log (B/a) =log'2
-

-3k -4 ‘ log (w/ o) B

| /
_4 1 -5 Il Il Il I Il Il Il
245 4 -45 -4 -35 -3 -25 -2 -15 -1 -05
Logarithm of the chosen frequencies (Hz) Logarithm of the chosen frequencies (Hz)

Figure 6 : The double logarithm plotting of the variance of wavelet coefficients of the Y-trajectory and

its corresponding regression lines (left i1, right, 1)

The estimations of wj are @%N)(l) ~ 0.55 Hz with v; and cAugN)(2) ~ 0.52 Hz with 9, very close to
the previous estimation (.AugN) ~ (.61 Hz obtained with the Lemarié-Meyer mother wavelet ¢. On the
other hand, the estimations of Hj and H{ are a little bit different from those obtained with ¢ : with
1, QE)N) ~ (0.42 and ﬁgv) ~ (.51, with o, ﬂ(()N) ~ (0.43 and ﬂgN) ~ (0.49. It appears that when the
transition band is small , the estimation of logZ; is less precise. So, ¥; could be prefer for the estimation

of wi and the Lemarié-Meyer mother wavelet 9 for estimating parameters Hj and Hf.

Finally, Figure 7 provides a comparison of the previous graphs and, first, the graph of the X-trajectory (for
the 0 cm clearance and 0 degree angle), and second, the graphs of Y-trajectory with different clearances
and angles between the feet, respectively (2cm, 0degree), (10cm, 15 degree) and (20cm, 40 degree) (the

mother wavelet is 1) :

4 4

1r 1 0 B
z z
5 Or 1 s
H 5
B-1r 1 )
3 K]
ok i " ]
b i
" ]
b i
-5 L L L L L L L L -8
-4 -35 -3 =25 -2 -15 -1 -0.5 0 05 -4 0.5

Logarithm of the chosen frequencies (Hz) Logarithm of the chosen frequencies (Hz)
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Logarithm of IN
-
Logarithm of IN
~
I

- - = = - = - - — -2
4.5 4 35 3 2.5 2 15 1 0.5 s 3 35 3 5 2 15 By 05
Logarithm of the chosen frequencies (Hz) Logarithm of the chosen frequencies (Hz)

Figure 7 : The double logarithm plotting of the variance of wavelet coefficients (up and left, X-trajectory
(Ocm, 0degree), up and right, Y-trajectory (2¢m, 0degree), down and left Y-trajectory (10cm, 15 degree)
and down and right Y-trajectory (20cm, 40 degree))

We observe the “perfect” linearity of the X-trajectory log-log plot and find H ~ 051 : the X-trajectory
seems to be a classical Brownian motion trajectory. The test justifies the (Mp)-m.f.B.m. modelling for
the Y-trajectory (2cm, 0°) with T(N) ~ 6.7 < ng,% (6) ~ 12.6) and reject the hypothesis “the Y-trajectory
(2em,0°) is a £.B.m “ (then H™) ~ 0.78 and T™) ~ 28.3 > Xaso (3) = 7.81); we find a frequency change
fugN) ~ 1.01 Hz and ﬂéN) ~ 0.60 (for low frequencies), ﬂ(lN) ~ (.15 (for high frequencies). Both other
Y-trajectory, respectively, (10cm, 15degree) and (20cm, 40 degree), accept the f.B.m. modelling with,

respectively, H™) ~ 0.55 and H®) ~ 0.53.

In conclusion, all these results allow us a to give new interpretations on the upright position. First,
the X-trajectory (the fore-aft direction) seems to be a white noise. The upright position appears as auto-
stabilized in this direction. For the medio-lateral direction (Y-trajectory), when the clearance and the
angle between the feet are small, two different mechanical behavior take place at the same time. The same
auto-stabilization that for the fore-aft direction for high frequencies, and another type of biomechanical
control for low frequencies. The change of behavior is between 0.5 and 1 Hz. But if the clearance or
the angle between the feet increase, the second type of behavior (for low frequencies) seems to disappear,
because the upright position is better stabilized. A good knowledge of these behaviors and their can allow

a better detection of certain pathologies and to help in their cure.

A  Proofs

A.1 Proofs of section 3

Proof. [Property 3.1] First, we prove that for all m € IN, and by such as (Ty — byAy) — oo and
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byAn — oo when N — oo,

2
E (dg(p(a,bNAN)):]E (;ﬁ /OTN w(;—bNAN)Xp(t)dt> +O (TN—;NAN+bN1AN) . (27)

We have:

Ty 2
E(d%(p(a,bNAN)) = ]E(\}&/O w(ZbNAN)Xp(t)dt> 4.

2 oo !/ , ,
..gE </R /TN_abNAN ¢(g)¢(%)Xp(u+abNAN)Xp(u +abNAN)dudu) + ..

a

a

abNAN /
ZE </]R /m zp(Z)zp(‘;)Xp(u+abNAN)Xp(u'+abNAN)dudu') .

But for all m € IV, for all u € IR,

o0 /
/ (VB (X, (u+ aby An) X, (W + abyAx))| du' <
Tn—abNyAN a
0 "1 ! bnA
C?lu+ aby A p| um ¢(u*> 4/77@ +a,N N|du»
TN—(J.bNAN a um U

because it exists C' > 0 such as [[EX,(t)X,(t")| < C|tt'|for |t| > 1 and || > 1. Thus,

E(/ /OO w(u)z/}(u/)Xp(u—kabNAN)Xp(u’+abNAN)dudu’) <
R JTNy—abnAN a

a

1 U
<’ (Ty — abyAN)™ /IR‘QME)’ |u+ aby An|du
1

(TN — abNAN)m ’

< O//

when Ty — abyAn — 00, from the first condition of Assumption (A1), and with C’ > 0 and C” > 0. The
second part of the integral (between —oo and —abyAp) is obtained from the same trick. Thus, (27) is
proved. We just have now to compared the integral and the sum. We use the relation (27) and:
2 N 2
1 Tn t AN pAN
F|— - —kAN)X,(O)dt | =F | — — —kAN)X,(pA oA

<\/6/0 dj(a N)X,(1) ) (ﬁpz_%dj( " N)Xp(PAN) | +O(Ap),
from a classical comparison of a Riemann sum and integral and because the function EX,(t)X,(t') is C*!
on IR? except on the diagonal line ¢ = ¢'. It finishes the proof of the first part of Property 3.1.

The second part of Property 3.1 is a consequence of the first part with a good choice of by and m € IN.
|

A.2 Proofs of section 4

Proof. [Proposition 4.1]

In this proof, we generalize the number of chosen frequencies by considering ay = (NAy)?, with ¢ >
0.
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For a given N, denote T = (tj = 0,t7,--- ,t%,t},, = an) such as :

*

wr
ft"_‘ < 2 < ft’f+17 for all ]: 17...,K
J o J

and for T = (0,t1,--- ,tx,an) € A(I?]), we denote Z(N) VNANY; =1ogTi(1/fi), YVie, b, = Va1,

N N N
Xitjtj0] = (log ft;+i, 1)1§i§(tj+1—tj)7 Z](tjjtﬂl] (Zt( Jr)l7 a Z(J+)1 TN)/'
First step : We would like to prove : @;N) 7, wiforallj=1,..., K.
N—oo
Denote Q(N) = QM) (¢*, A(t*)) where A(t*) is obtained from a linear regression of (Y;) on (log f;) for
i =141t —Th. Lete > 0and | T — T || o= ot~ tfor T = (0,1, ,tx,an) € AQ
and 77 = (0,¢}, -+ ,th,an) € A%V). Then, we get,

P(Hf*t* lloo> saN) SP( min  QU(T, (T))SQiN)>’

TEVsaN

where V.o, = {T € A(Iév), | T =t ||oo> saN}. We want to show that for all T € V.,
QM) = o(QW)(T,A(T))). In fact,

K+1

n_ 1 (N) / - Z(N)
Q" = a2 G, {Id = X)g5.54) (XJt]*',t;Hlet;’t;Hl) X5, tm} 1655 40)
j=0
LSS (N)
N N
S NAn 2% (Zs ) P25,
iz
(V) \/ (V)
< NAy (Z[l aN]) Z[l an]’

From Proposition 3.1, we deduce

L Ny v, ,N) D _ o B ([ fmin\"
E(Z[LQN]) Z[LaN] N:o Iz = Z Fomin \ Bfmaz du, (28)

which is a positive and IL*° random variable because Z is a continuous Gaussian process. Afterward, for

a sequence (¢;)r € IRTY and a sequence of random variables (£;)repv, we will write éy = Op(¥n) as
N — o0, if for all € > 0, there exists ¢ > 0, such as

P(\§N|SC'¢N) >1-—g¢

for all sufficiently large N. Here, we obtain :

QﬁN)=Op< an ) (29)

NAy

Now, let T € V., , we want a lower bound of QN) (T, K(T )). We use the following decomposition

K4+1tj+1—7N

QV@AM) = Y Y M- loaT(1/f)F + [XA 105 Ti(1/5)] +

Jj=0 i=t;+1
2[Y; —log Zy (1/ f3)] x [Xi}:k - Ingl(l/fi)}
= Q1+ Q2+ Qs.

Then :
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K+1
. 1 .
1. Since Q1 = NAn JE:O (Z(N) )’Z(N) as previously we get

Itjt541) “ty,t540]

Q1 =0p (A;ZV]J (30)

2. Let 7 = | log Bfmar )\ min < log O]t . Then, for all j € {0,1,--- K}, t5,; —7n >
t + ran. Since T' € Viuy, we have n = min{e, 7,log(8/a)} > 0 and there exists an integer
j €{0,---, K + 1} for which there are no estimated abrupt change in the interval [t} — nax, ;] or
[t; —7n,t; — 7~ +nan]. Thus there exists k € {0, , K+ 1} verifying [t] —nan,t}] C [tk tk+1 —7n]
(we follow here a similar proof than Bai and Perron in Lemma 2, p 69) and
t

Q: > Yoo XA —log Ti(1/ i)

i:t;f —nan+1

£ , N
~(N) ~(N ? F(N) ~(N ¢
> Y M) L s o (D)) (31)

i:t;f —nan+1

with :
e A(H,o0) =log <02 . KHW)) —(2H +1) -log (
ﬂf’max

afmin

i ) ) ﬁ 5fmaz —i/an
oy (CLN> = log (Il(l/fi)> = log (Il (fmm <04fmin> ))
2

Since for all (H,o) € K, the function x — Ly ) (z) = (A(H, o)+x-B(H, o) — g(ac)) is an in-

finitely derivable function on IR, we know from the theory of Riemann sums that :

ng”) for all (H,0) € K;

. B(H,a):—(2H+1)-log< ) for all (H,0) € K;

*

tj 2

A(H, o) + i -B(H,0) - g <GZN>

— u(H,a)z/si (A(H,U)+x~B(H,U)—g(a:))2 dz,

verges uniformly to u(H, o) because for N large enough

. * w; afma:c ! . t;
with s = log log = lim ——. Moreover, the sequence (uy(H,o))n con-

*

J

1 ALy o
sup |uny(H,o0) —u(H,o)| < (2—|—77 sj—)-sup sup (H)(x)'
(H,0)ek ay an |) (mo)ex |o0<a<(si+1) | O
— 0,
N—oo

ax(x))} <oo. Asa

ye K foralli=0,---,K, for some

since K is a compact set of [0,1]x]0,00[ and thus sup sup
(H,0)eK | 0<z<(s5+1)
consequence, from (31) and since we assumed that (I;i(N),/U\EN)

sufficiently small, fixed £ > 0 and for all sufficiently large NV,

85 ~ ~ 2
Q2> an ( / (A(H,gNka,gN)) +o-BEN M) g (x)) dz — g) . (32)

*

,-*77
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But it is impossible that there exists (a,b) € IR? such as g(x) =a+b-x for all z € 85 —m,s}], i.e,

co = log (gﬁmi" ), which can also

Ty (e e7) =t e for all a € [55 — 1,53] with ¢1 = %
be written as :

Ti(z) = ar-2” forall z € [a/w], a/w] +1], (33)
with 7 > 0 and (a1,b1) € R?. Indeed, assume now (33) is true. But, for all z € [a/w}, a/w} + 1],

. . T [gh(u >|2 \ 1 [P )P
Il(l‘) = 2 (szl . I2HJ—1+1/ 2H* 1 d + O' 2 2H.7+1 2H;+1 du .

* U
z-w
J

oI . orab
Then W(Oz/wj) =1 o

207Ky (1) (here, we use the equality ()

Tw} 2 wy 2
oty wiant [T IR 4 e [P,

(a/w ) for n = 0,1, what implies that b = (2H; + 1) and a; =

0). Thus, for all € [a/w], a/w} + 1],

J WRH T W2 AT
* *2 *2
J A g g
Jj—1 J _
= / (z -yl <y2HJ 1 yzH;H) dy =0,
0_*2 — %2
and hence { Ij* ! IJ{* But this condition is impossible from Assumption (B ) and consequently
j—1 =

there is no (a, b) € R? such as g(z) =a+b-x for all v € [s] —n,s]].

The function g belongs to the Hilbert space IL*([s} — n,s}];dx). Since L = {A+ B -z, z €
[s5 —n, s3], (A,B) € IR?} is a closed linear subspace of IL*([s} — n,s}];dx), there exits a distance
between g and £ in IL*([s] — 1, s}];dx), i.e. there exists (A, B) € IR? such as

55 ~ - 2 ) s3 )
[ (ArBamaw) a= e [ B e d=co

because g ¢ L. Then, by choosing £ such as 0 < £ < C/2, the inequality (32) implies :
C
Q2 > 5 an (34)
for all sufficiently large N, with C' a real positive number only depending on n, s}, H;_, H, 07_;,
of and 1.

J

The previous evaluations of @1 and @2 provide an upper bound of Y3.We get
K+1tg+1—7TN R 1/2
Qs < 2(QY? (Z > (X - logL(l/fi)V)
k=0 i=tg+1
1/2
< 2@)" x (ave s {2supllog ) AP 4208 na/N )
fm'ingfgfnzam )\E

or ()

We deduce from (30), (34) and (35) that Q1 = o(Q2) and Q3 = 0(Q2), which implies

"

min  Q™)(T,A(T)) > % -aN> — 1 and thus

Te VsaN N—o0

lim ]P(Hf—T* lloo> EaN) =0 = O — W
N—o00
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Second step : For j =1, --- | K, we want to prove that if 3/4 <p <1land 0 < ¢ <1, for all ¢ > 0, there

oM 2()) <e.

exists 0 < C' < oo such as for sufficiently large N, IP (a}\,_p i

.
Wi

Mutatis mutandis, we follow the same method as in the proof of the convergence in probability. Now,

1 ~
let0<p<1,0<n= 3 min{z,log(8/a)} and consider minTeWg . QW(T, A(T)) with
N

wg%:{TeAgka@gnT—ﬁuwgmN}
Then, as previously, for T € Wgap and N large enough, it exists j € {1,--- , K} such as
N
t; + CCLI;V < t; <tjt1 — TN (36)

(the following proof is even if one considers the alternative t5 < t; — Cal). Then

tjt1—7TN

QWIT,AMT) > > (Yi—logZy(1/f;))* + (Xih; —log Ty (1/f)* +
i=ti+1

+2(Y; — log 7y (1/£:))(XiAj — log 1 (1/ i)
> QL+ QL+ Q5.

1. First, we have again,

/ an
= . 37
@ =0r (4= ) (37)
tjt1—TN N
2. Secondly, Q5 = X\ —logZi(1/f:))?. But we know logZ(1/f;) = X;\* for i € {t* +
2 J J J
i=t+1

1.+ ,tj+1 —7n}. Moreover, for a; = 1/f;, i € {t; +1,--- ,#;} and N large enough, a; ~ a/w}, and

2
Ti(ai) =T <a> + <ai - a) I <a> +0 <ai — a) :
wj wj wj wj

. T NN . B \ah(a)]2
But Il (az) — 2 (O_*Z G,2H]71+1 / M du + O';QG?HJ +1 / ) l:gi;;:)-‘,l-l du) and
@ ;W

j—1% W2H

Kt
/ « _ *2 * o

2H
> ; thus for i € {t; +1,--- 7},
J J

o8 1( /fZ)_ ' j+ ( j+ ) ﬂ 8 Oéfmin . an - W . ( )
Then, with :\\j = (Zij,?)\j)’, one gets for i € {t; +1,-- ,tj41 — T~ },
(X:%; — 108 T1(1/1;)) = (log fi — logf) @; — a}) + 7, (39)

XXX indicates the empirical mean of XXX between t; 4+ 1 and ¢;41 — 7. Thus,

tjt1—7TN ’
Q> 3 ((mgfilogf)(aja?)*\/NlTNZ)' Y

i=t;f+1
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We also have :

tj+1—7N .
> (log fi —Tog f) (Y; = Y)
st
4 = tjip1—7TN )
> (log fi —Tog f)
i=t;+1
tjiy1—7TN 1 ) 1
log f; — 1 log T, (1/f; zZN) _logT; — Z
i;:ﬂ (log fi ogf)<og W+ o ~loehi - e )
_ =tj
a tj41—TN ) ’
> (log fi —log f)
i=t;+1
and thus,
t;
> (log f; —Tog f) (log Zy(1/ f;) — X{\})
~ * i:tj-'rl
aj; —a; = ti1—TN
— 2
> (logfi —log f)
i:tj+1
Lj+1—TN
3" (log fi —Tog f) (Z}NL?)
1 i=t;+1
+ 7Y J — 2 . (41)
> (log f; —logf)
i:tj+1
From the definition of (log f;),
tj+1—TN
> (towsi—Tou ) = [ tos (22| 10—y - 1) = Ofaw). (12)

i=t;+1
Expansions (42) and (38) imply there exist two constants C; > 0 and Cs > 0 such as for N large enough :

.
2

) Z (log fi —log f) (log Z1(1/ fi) — X{A}) )
<t; —tj> i=t;+1 (t; —tj)
Ch < <Cy| — | .

an tjt1—TN 9 anN
> (log fi —log f)
i:t]‘Jrl
Moreover
ti1—7TN
3 (log f; —log f) (ZfN) —7)
1 i=t;+1 _0 1
NAN tji+1—TN ) - P ,7NAN .
> (log f; —Tog f)
i:thrl

Thus, we deduce from (41) that :

* 2
o (25 fop (L) < a; — a
1 aN P NAN >~ aj aj .
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th—1;\2
As a consequence, for (p, q) such as 4¢(1—p) < 1 (for instance, p = 3/4 and ¢ = 1), then ( 2 ]> V/NAyx > C?,
an
and thus for all € > 0, for N sufficiently large, we can chose C' > 0 such as :

C? ——2 (=1 4 — R
P el (log fi — log f) Tan < ((log f; —log f) (a; — aj)) >1-—c. (43)
Now, from (40), (43) and with P(t;1 — v —t; > gaN) — 1, for (p,q) € [3/4,1] x [0, 1], for all € > 0,
N —oc0

for N sufficiently large, we can also chose C' > 0 such as :

02 ot 4 tj+1—7TN )
P 1(”) > (ogfi-logf)" <Qy| = 1-¢

4 an =t +1
— P(c‘*-cg-aj*g*?’gcgg) > 1-e¢, (44)

with C5 > 0 a real number not depending on C, N and .

3. Finally, from the classical bound of Q%, we obtain,

1/2 1/2

Q5 <2-(Q3) " - (QY)

But, following a similar method as previously, from (43 one can find a upper-bound for @5, i.e. for

p,q) € [3/4,1] x [0,1], for all € > 0, for N sufficiently large, we can also chose C' > 0 such as :
g
P(Qy=C'-Cy-al ™) = 1-¢,

with C3 > 0 a real number not depending on C'; N and e. Thus, for (p,q) € [3/4,1] x [0,1], for all € > 0,

we can also chose C > 0 such as :

2p—2

Plo,<c? o N > 1- 45
(Q3— 4 \/m) el g, ( )

with C4 > 0 a real number not depending on C' and N.

Now, from (37), (44) and (45), one deduces that for (p,q) € [3/4,1] x [0,1], for all € > 0, for N suf-

ficiently large, we can chose C' > 0 sufficiently large such as :
P min QqM(TAT))>C* Z2.a¥ 3| >1--
and thus like Q1) = Op ( NCZVN> from (29),
P min QMTAT) <M | <e,

Tew!
Caljjv

-

that leads to P (a}\fp ]

> C’) < ¢ for sufficiently large C' and N. |

k.
Wi

Proof. [Proposition 4.2] From Proposition 4.1, we deduce that Vj =0,--- , K,

T(N) vr(N kg%
]P([U; )7Vj( )]C[tj7tj+1_TN]) — L

N—o0
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Denote AS-N) the event [U;N), f/j(N)] C [t5, 5,1 — 7n]. Then, Vj =0,--- , K and ¥(z,y) € R?,

+P(@) x P (VNAN (WY = 7)) €] = 00,2]] - o0,y \@).

Now, since PP (\/m (XE-N) - )\;‘) €] — 00, z]x] — 00,y | A;N)) <1and P (@) =1-P (A;N)} we

obtain :

P (Ag.N)) P (\/m (xgm - A;) €] — 00, 2]x] — 00,4] | A;m)
<P (\/m (X;N) — A;) €] — oo, z|x] — oqy})
<P (VNAN (A =27 €] - o0,a]x] = o0,5] | AN} +1- P (4V). (46)

. ~ P % ~ P * ~ ~ P * % P
Since w](-N) il and w](]li e w7, therefore (w§N),w](-ﬂ) e (w3, w3, y), we have (fk)ke{f];m,---,f/j(m} e
and )N(J(-N) NP X7. Thus, from Proposition 3.2 and central limit theorem (17), for all (xx)1<k<m € R™,
we have

(N o (N) \ % N N
P (VNAN (YJ( )—XJ( )Aj> € H] — 00, Tk] | Ag )> <Z € H 00, T 5 )> N 0,
k=1

g5 (k) (1)

¥%). From the equality )\( ((X(N))’X](N)) (X(N)) g ), we deduce that for all (z,y) € IR?, with

- 1 1
with Z; kY N (0, ¥¥) and ¥} = (COV (Z(>7Z(*>>> (it explains the expression (24) of
1<k,I<m

éj ~ NQ(O,Flj) and F1’ = (X* X*) X E X* (X* X*)

P (\/m (X§N> - A;f) €] — 00, 2]x] — 00, 4] | A§.N>) ~P (éj €] — 00, 2]x] — 00, 4] | Ag.N)) . 0.(47)

N—o0

We also have :
P (éj €] — oo, z]x] — oo,y]) +P (Ag-N)) -1<
P (5} €] — o0, z|x] — oo,y])

< P (& €] — co,a]x] —o0,y] | AN < (48)
( J J ) P (A§N))
Now, as P (A;N)> — 1, from (46), (47) and (48), we deduce that for all (z,y) € IR? :
N—oo
P (VNAy (AN = %) e —oc.ax] = o0,y])  — P (§ €] —o0,a]x] = o0,9]).
that achieves the proof. [ |

Proof. [Proposition 4.3] First, from the expression of each sg; given in (24) and with M., (IR) the set
of real m-by-m matrix, the function ¥ : (H,u,v) — 3(H,u,v) € M,,(IR) is a continuous (and therefore
measurable) function of (H,u,v) for H in a compact set included in ]0, 1[ and (u,v) €] fmin, fmaz|>. For

all j =0,---, K, we have :
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1. from Assumptions (Bx) and (C), (H;",5") € k& and @™,0N)) €] frins Frnas %

~(N) P « ~(N P « ~(N P "
2. from (21) and (23), H; o H, wj(» ) LW W j(_d v Wit and therefore

5 (N) _(N) ~(N P "
. w; ),CL);+}) N:;o (H (.U],(J-)]_;’_l)

As a consequence, igN) = Z(ﬁj(N)7@§N),@;ﬁ) 7, %, forall j =0,---, K, and since Y(H,u,v) is an
Nooo
invertible covariance matrix for all (H,u,v) €]0, 1[X]fmin, fmaz[>,
N -1 -1
(ng)) P, (2;) , forall j=0,--, K. (49)
N—o0
) _ () () T D) T e () () T
i= ((Xj ) (Zj) Xj ) (X;7) (Ej)
Secondly, denote — ) (v (A e (VL S (V) g (SN
— / /!
Y = (W (E7) X)) &y ()
The 2-by-m matrix J(N) verifies :
- - 1 -
SO _ Mg _ s 7 S
i i it VNAy 7 7
ith 2" = (2™ (1/5,) 4z 2. 7 = (20/g;(h)) from the central
wi J (1/f) (T 7y and Z;70 = Z; (1/9; (k) e rom the centra

limit theorem (17). In the same way,

1 i~
A = MMYIN = MM ZM,
-J /NAN J J

From (49), we obtain ]\//.T;N) — ]\Z/;N) %, 0, and thus,

N—oo
VNAy (Agm - A;f) Y b/ L)
N—oo

. ~ 5 o . . . . .
with M ;N)Z ](.N) 2N (0,T57) (the same covariance matrix as that obtained with a generalized least
N—oo

squares estimation), and this implies Proposition 4.3. |

Proof. [Proposition 4.4] For each j =0,---, K, one first show that

A 17 = XN g 2 xP(m —2). (50)

— 00

ndeed, | ;™ = XA 300 =) POV I | PAVZM |2, where P = 1, ~ XM 3TN

<N>—

N A
is the matrix of the orthogonal projector in JR™ on the orthogonal of V;, where V; = {X;N))\, A € R?}
is the 2-dimensional subspace of IR generated by X J(-N) (here the notion of orthogonality is based on the

N -1
inner product < u,v >gm=u'- (E;N)) -v for u,v € IR™). From the previous proofs, we know :
J
. ig-N) N ¥z, XJ(N) N X7 and therefore ﬁ(iv) N P}, where
N —oco N—o0 7 N —oco

’ -1 ’
Pl = (Im - X7 (XJ* (Z;)_IX;) X7 (Z;)_l) is the matrix of an orthogonal projector on a (m —

2)-dimensional subspace of IR™;
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P
—  <u,v > for u,v € IR™;

* J U,V >N e
J —00

) P,

N—o0

D
—

I P2y |

Consequently, || ﬁ].(f)Z](N) ||2§(N)

R x2(m — 2) and therefore (50) is proved.

%=. From Cochran’s Theorem, we know || P, Z; |
J

Statistic of multi-scale fractional Brownian motion

2
pI
J

Moreover, with the notations of Proposition 3.2, if log f > log f’ +log 3/« then cov(Z(1/f), Z(1/f')) = 0.

But for all (i,5) € {0,---,K}2 i # j, Yk € {U™), .-

7‘71(N)} and Vk' € {U](N)a 7‘7_7(N)}7 |logfk -

log firr| > log B/a. Thus, we deduce that the different Ag»N) are asymptotically Gaussian and independent.

It provides Proposition 4.4.
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