On the second moment of the number of crossings by
a stationary Gaussian process

Marie F. Kratz * José R. Leén T

Abstract

Cramér and Leadbetter introduced in 1967 the sufficient condition

S 0 /i
/Mds<oo, d >0,
0

to have a finite variance of the number of zeros of a centered stationary Gaussian
process with twice differentiable covariance function r. This condition is known
as the Geman condition, since Geman proved in 1972 that it was also a necessary
condition. Up to now no such criterion was known for counts of crossings of a level
other than the mean. This paper shows that the Geman condition is still sufficient
and necessary to have a finite variance of the number of any fixed level crossings.
For the generalization to the number of a curve crossings, a condition on the curve
has to be added to the Geman condition.

1 Introduction and main result

Let X = {X;, t € R} be a centered stationary Gaussian process with covariance r and

spectral measure pu. The function r can be expressed as r(t) = / e p(d)N), and is
supposed to be twice differentiable. B

Let consider a continuous differentiable real function ¢ and let define, as in Cramér &
Leadbetter ([3]), the number of crossings of the function by the process X on an interval

[0,t] (t € R), as the random variable

Ntw = Nt(w) = #{S <t:X;= 7~ps}
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N} can also be seen as the number of zero crossings N} (0) by the non-stationary Gaussian
process Y = {Y;, s € R}, with Y, := X, — 9, i.e.

Ny = NJ(0).

Note that Y is non-stationary, but stationary in the sense of the covariance, since it has
the same covariance function as X.

On what concerns the moments of the number of crossings by X, we can recall one of
the most well-known first results obtained by Rice in 1945 (cf. [10]) for a given level =,
namely

E[N,(z)] = te " /? \/=1"(0) /x.

Two decades later, 1to ([8], 1964) and Ylvisaker ([12], 1965) provided a necessary and
sufficient condition to have a finite mean number of crossings:

E[Ni(z)] <00 & l<oo & —r"(0) < oc.

Also in the 60’s, following on the work of Cramér, generalization to curve crossings and
higher order moments for N;(.) were considered in a series of papers by Cramér and Lead-
better and Ylvisaker.

A generalized Rice formula was proposed by Ylvisaker (1966, [13]) and Cramér & Lead-
better (1967, [3]), when considering the number of crossings of :

BNG) = V=) [ o(0() [290< Yi) ) IO <2<1> <M>O)> - 1)] ay,

—’I"”(O) —’I"”(O) —7’"(

where ¢ and ® are respectively the standard normal density and distribution function.
Concerning the second factorial moment, an explicit formula for the number of zeros of
the process X was given in Cramér &Leadbetter (see [3], pp. 209), from which can be
deduced the following formula for the second factorial moment of the number of crossings
of the function ¢ by X:

t t
My = / / / |1 = P [|T2 — Vo |Pry o (Vs 1, oty B2)d@r diy dibydis (1)
0 Jo Jre

where py, 1, (21, &1, T2, T2) is the density of the vector (th,th, X,,, X,,) that is supposed
non-singular for all ¢; # t5. The formula holds whether M;l’ is finite or not.

Cramér and Leadbetter proposed in 1967 a sufficient condition on the correlation function
of X in order to have the random variable N;(0) belonging to L*(2), namely

i L) = =0 - (0

then E[N?(0)] < oco.

e L'([0, 6], dz)
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This last condition is known as Geman condition, since Geman proved in 1972 that it
was not only sufficient but also necessary:

" "
M € LY([0,8),dx) < E[N2(0)] < co. 2)
Note that this condition held only when choosing the level as the mean of the process.
Generalizing this result to any given level x and to some differentiable curve v has been
the object of some investigation and we could mention some nice papers, as for instance
the ones of Cuzick ([5], [6]), proposing sufficient conditions. But to get necessary condi-
tions remained an open problem for many years.
The purpose of this paper is to solve this problem; the solution is enunciated in the fol-
lowing theorem.

L(t) =

Theorem

1) For any given level x, we have
MY —
E[N2(z)] <0 & L(t) = M € L'([0,6],dz) (Geman condition).

2) Suppose that the continuous differentiable real function 1 satisfies

Yt +71)=0()+(t,T), for T€[0,0], 0<d <1,

d
A -
/ Tds < 00, where F(7) is the modulus of continuity of .
0
Then

EN2(y)] <00 & L(t) € LY([0,4],dx).

The method used to prove that the Geman condition keeps being the sufficient and nec-
essary condition to have a second moment finite in these different cases, is quite simple.
It relies on the study of some functions of r and its derivatives at the neighborhood of 0,
and the chaos expansion of the second moment.

Finally let us mention the work of Belyaev ([1]), and Cuzick ([4], [5] and [6]) who pro-
posed some sufficient conditions to have the finiteness of the kth (factorial) moments for
the number of crossings for k > 2. When k£ > 3, the difficult problem of finding necessary
conditions when considering levels other than the mean is still open.

2 Study of the second moment

Let us give another formula for the second factorial moment M given in (1).
First we compute

](tla t2) = / ‘jjl - ¢t1H‘7}2 - 7vbt2‘ptl7t2(wtlv‘7}17 ¢t27 x.2>dj"1d:t2
R2
- ptl,tg (¢t17¢t2) E |:‘th - ¢t1||Xt2 - ¢t2| | th - ¢t1 7Xt2 - ¢t2] ) (3)
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where py, 1, (21, x2) is the density of vector (Xy,, X3,).
Notice that I(t1,ty) = I(ts,t1), so that we can write

t t t t t t
M;":/ / [(tl,tg)dtgdt1+/ / [(tl,tg)dtldt2:2/ / I(ty, to)dtydty.  (4)
0 t1 0 to 0 t1

Hence from now on, we put to, =t; +7, 7 > 0.
We will be using the following regression model:

(R) { 'th =(+aq (1) Xy, + ao(7) Xy, 4r
Xt1+7' =("— 61(7—)th — 52(7')th+7_

where (¢, (") is jointly Gaussian such that

r 2(7)

Var(¢) = Var(¢*) = o*(t) = —"(0) —

Cov(¢.¢*) = —r"(r) -

_ Co¢) _ 1) (L= ()
o) = S = ey ey o

= (1) = ,(?;((TT))

;

_ _ ()
and where { %2~ az(7) = 1-r2(r)

B = 51(7) = 042(7)
| B2 = Bo(T) = au(7).
Note that ay + as = (1 + Ps.

We will mainly work in the neighborhood of 0, that’s why we will study the behavior of
some functions on this neighborhood.
Suppose that the correlation function r satisfies on [0, ], § > 0,

r(r) = 1-=02400(r), 0(r) >0,
Pr) = (=) + () (7)
() = =(=r"(0)) +0"(7),

() 0,9(7) 0and 0" — 0 as 7 — 0.

Let us mtroduce the nonnegative function L such that

0" () := 7L(7),



then 9’(7’):/ uL(u)du and 6(7 / / uL(u)dudv.
0

In all what follows, the notation f(7) ~ ¢(7) means % —C>0as7—0.
g(T
On a neighborhood of 0, we have
a(T) ~ g ar(r) ~ — (1),
o' 0
o*(1) ~ 2 <—(T) — g)
T T
and 0(r)
-
p(t) ~ 1— = -
(- 5)

Let p4 denote the fourth spectral moment of u, i.e. 4 := / Ndu(N).

(10)

We introduce now three lemmas useful to prove the T heo;Oem, but which have some
interests on their own. Indeed, Lemmas 1 and 3 show that the behavior of the Geman
function L is closely related to the existence of uy or to the behavior of the variance
of the r.v. (¢ (introduced in the regression model (R)), respectively, whereas Lemma 2
provides some study on the correlation function p of the r.v. ¢ and on the function " in

the neighborhood of 0.

Lemma 1
. L(r)
(i) If pa = +o0, then llir(l)T lim L( ) = 0.
L(r)  [* . ~r™(0) T
(i) If 4 < +o00, then llir(l)T —/0 Adu(N) = s or lllr(l) I 7“”—(0)
Remark: This lemma could also be formulated as
) T r(0)
or . ’
lli%m:O < r'(0) = 400



Proof.

(i) Let us remark that

1) =" OO L gy = [T g,

T T T

—00

Under the hypothesis py = 400, Fatou lemma implies

lim inf 27 > / Jim inf L= 25T COS(TA Ndpu(\) / Ndu(N)
0

T—0 T 7—0
2

and the result follows.

(ii) If gy < 0o, the dominated convergence theorem implies

00 (iv)
lim 27) _ / tim £ yag 0 / Ndu(\) = = (0) >0. O
0

™0 T 7—0 2)\2/2

Lemma 2  For 7 belonging to a neighborhood of 0,

(1)
a(7)

(i) p(1) <0

Proof.

18 bounded.

(i) It is a direct consequence of the previous lemma, (i) and (i7).

Indeed, ﬁ having always a limit, we can use L’Hopital rule and then write
T

()2 e 7
2 " 20— (@) - (0P " L)

equivalence and the non vanishing property of o%(7) for 7 > 0.

The result follows from this last

(ii) The sign of p(7) is determined by the sign of S(7) := —r"(7) (1 — r*(7)) —r' *(7)r(7).
But S(r) < — [2¢"(7) (L —r(7)) + 7" *(7)r(7)] and

[217(7) (0 = r(r) +17 200 ()] ~ (=170 (#0) +20000) = 70/ + D)

2
Let consider two cases depending on the existence of the fourth spectral moment.

- If py = o0, then

7_2(9//(7_)+ (T,/(QO)) 7_4 — 7_2(9//(7_> <1+ (T/,(20)> LLT))

~ 720"(1), because of (i) of Lemma 1.




Hence [27’"(7) (1—=r(1))+7 2(7)7‘(7)} ~ 720" (1) = 2(70' (1) — 6(7)).
We can show that this last quantity is positive, when writing

20'(7) +2(0(r) — 70'(1) = 2( /O ' /0 "0 () dvdu + /0 i /0 "0 (o) dudu /0 ' /0 Té’”(v)dvdu)
_ ( / ' / "0 () dudu — /0 ' / Té’”(v)dvdu)
_ / / (0"(7) — 0"(v)) dudu
_ / / ") = " (v)) dvdu,

and by noticing that the function (—r") is decreasing in a neighborhood of 0.
Therefore we have that S(7) <0, and so is p(T).
- Suppose now that py < co. We have

7_29//(7_) +2 (0<7_) . 7_9/(7_)) + (7“”(0)) 4 _ ,7_4 <L(T) . 29(7—) B 7—0,(7—) + (7”’(0)) )

T

2 T T4 2
and, since lim () 4_ 6(r) _ (O>, then
70 T 8
) L(7) O(t) —70'(t)  ("(0))? 1 (r™(0)
4 _ _ 1t " 2
111%7' ( . 2 = + 5 =5 + (r"(0))* | >0,

2
: 2 ! (T”(O» 4 4
from which we deduce that 720" (1) + 2 (6(7) — 70'(7)) + T T
Therefore S(7) < 0 for all 7 belonging to a neighborhood of 0. O

Lemma 3 For 7 belonging to a neighborhood of 0,

gpaz )

(ii) For d >0,

< L(r) < (2+0)

, with C' > 0;

T)dT < 0o (Geman condition).

/ \/ﬁdr <00 & /
Proof.

(i) We can write
L (1) —r"(0) r2(7)
S G R e G2 G)
and since —1 < p(1) < 0, we get

r2(7) (1) —r"(0) r2(7)
IO ST 2 S T e <2 Y

by applying (i) of Lemma 2. The definition of 8" allows then to conclude.
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(ii) This result can be easily deduced from the result (i), since /1 — r2(7) ~ 7.
It is also interesting to notice that we can get this result by a direct computation,

() <9'(7) 0(7)

= (1) PR ) and, by integrating by parts,
0 ! / 6 6 gn
/ () 60\, _[ 60 ¢ +1/e(7)d7. -
0 T2 3 272 T lg 2Jo T

To work on the necessary condition of the Theorem, the main tool will be the expansion
into Hermite polynomials.
Recall that the Hermite polynomials (H,,),>o defined by

since

2 dTL 2
H, — (—1)"e® /2 2 —x?/2
(@) = (1) e
constitutes a complete orthogonal system in the Hilbert space L*(R, ¢(u)du).
In what follows, we will need the Hermite expansion of the function |- —m|, m being some

constant. We have -

[ —m| =7 a(m)H(x)

=0

where
ap(m) = E|Z—m|, Z being a standard Gaussian r.v.,
2 e 2 mopu
= m[2®(m) —1]+4/—€e 2 =4/ = [1 +/ / e_2dvdu] : (11)
T T o Jo
2 [™ .2 2 [ w2y
aj(m) = (1 —-2®(m)) = — —/ e zdu=—m —/ e 2 dy, (12)
T Jo T Jo
and
21 w2
a;(m) = ;ﬁHl_2(m)e T, [>2. (13)

Note that a;(m) = 0 if and only if m = 0, that

mai(m) = m[®(—m) — &(m)] <0, Vm, (14)

S

m

since |may(m)| and e~ 2 can not be or tend to 0 simultaneously.



We are going to consider different cases of interest.
C will denote a positive constant which may vary from equation to equation.

e Suppose s = 0 and s = x, Vs.
By using the regression (R), I(t1,t; + 7) can be rewritten as

I:=p(z,2)B ' (C 1 i(:()T)x) (C* - %x) ' '

We can consider two subcases, one well known when z = 0 and the other when z # 0.
i) Case when x = 0.
In this particular situation, we have

dr.

I= p7(07 0) E |C€*‘ and M2 = 2/ (t - T)pT(O, 0)02(T> E
0

o?(7)

We obtain, by using Mehler’s formula,

1
My =~

t
7T/O(t WZOL% (2k)!

where the coefficients ag, correspond to the Hermite expansion of the function A(.) = |.|
given in (11)-(13). Hence the following inequalities can be deduced:

t 2 All?, t 2
© "4 Z0 4 < pgy < M) “0)/(15_7)7" @4,
0

T Jo Vi-r2r) — T o« 1—r2(7)

which implies

Qk dr,

(1)
V1=rr
The study of this last integral on [0,¢] reduces to the one on [0,6], 6 € V(0), because of
the uniform continuity outside of a neighborhood V(0) of zero.

Combining (16) and (i) of Lemma 3 allows to conclude that a necessary and sufficient
condition to have My < oo is that L € L'[0,d]. Thus we find back Geman’s result ([7]).

M2<oo<:>/ dT<OO. (16)

ii) Suppose now that x # 0.
Then M3 can be written as

M3y = 2/0 (t — 7)p.(z, 2)0* () A(m, p, T)dT,

where A(m, p,T) ::E‘( ¢ + r(r) x) ( < r(r) ( )x)‘

o(t)  (+r(r))o(r) o(t)  (14r(r))o(r
Note that

)
ME > MO = 9 /0 (t = D)o (z, )02 (F) A(m, p,7)dr,  S€l0.7.  (17)
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Now, by using Mehler’s formula, we have
m y Py T Za'k k' ( )

where ai(m) are the Hermite coefficients of the function |- —m| given in (11)-(13) and

r'(T)z
(L+7r(r))o(r)’

|m| = |m(7)| being bounded because of (i) of Lemma 2.

m=m(T) :=

- Let us show that M < oo under the Geman condition.
Since by Cauchy-Schwarz inequality

|A(m, p, 7 |<Z\ak —m)[k! < (BIY —m)?]E[(Y +m)*])"?,

with Y standard normal r.v., it comes

My <Iy:= 2/0 (t = 7)pr(z,2)0%(7) (ag(m)ag(—m) + 1 + m?) dr.

t
Hence, m? being bounded, we obtain I, < C’/ (t — 7)p- (2, 2)0*(1)drT,

0
and we can prove in the same way as we did for the case x = 0, that this integral is finite
if L e LY0,4].

- Let us look now at the reverse implication.

Suppose that Mg < oo, and so, via (17), that M® < oo.

Let us compute A(m, p,7) and bound it below.

By using the parity of the Hermite polynomials, the sign of p given in (ii) of Lemma 2,
and finally (15) and (14), we obtain

A(m, p,7) = aj(m) + |p(r)|ai(m) + Z%k )+ |pl Za2k+l )(2k +1)!p?

> al(m) = (—mal(m) - @)

2
> Ze™ >, since [m| < oo.
m

Hence

M§’5 > C’/ (t — 7)py(z, 2)0?(T)dT

> C/ 1_2( )dr.

10
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An application of Lemma 3, (ii), yields that M ¥ < 00 implies the Geman condition.

e Suppose now the general case, i.e. zp # 0.
In this case, we consider that the function 1 satisfies

vt +71)=0(t)+(t, 1), forT€[0,0], 0<d<1,
and that the modulus of continuity of ¥ defined by 7(7) := sup sup |¢(u + s) — ¢ (v)]

u€e(0,t] |s|<T
verifies 5
/ LS)als < 0. (18)
0

s
We have trivially |y(¢,7)| < 3(7), as well as |y(t,e7)] < (1), V0 <e < 1.

Remark: This smooth condition is satisfied by a large class of functions which includes in
particular functions whose derivatives are Holder.

Recall that MY satisfies (4).
As for the previous cases, the study of M;ﬁ requires only to consider the case when 7
belongs to a neighborhood of 0.

- Let us bound the term I(t1,t; + 7).
We have

I(tla tl + 7—) == pr(¢t1a¢t1+7—) E (‘Xh - ,IvbtlHth-i-T - ,[Ltl-i-T‘ ‘ th = ,l/}tla Xt1+T = wtl-i-T)

= pr, Vs B (1K = dul 1Ko e = b =2t 7] | Xy = W, Koy e = Y1)
< p7(¢t17¢t1+r)(E1 + E2)7

with . ' . ‘
El =E <‘Xt1 - ¢t1“Xt1+T - ¢t1‘ | th = 'l/}tNth-i-T = 'l/}t1+7'>

and
E2 = "7(15177')| E <‘Xt1 - zptl‘ | Xt1 - ¢t17Xt1+T = ¢t1+7> '

But, by using the regression (R), we have

E,=E ‘(C + oy, + oty 4 — ¢t1)(c* — Bitby, — Botbyy1r — ¢t1) =

E (C + a1(¢t1 - wtl-i-T) + (al + a2)¢t1+7’ - wtl)(c* - ﬁl(¢t1 - ,l/}tl-i-T) - (ﬁl + /82)¢t1+7’ - l&tl) .
Note that, by using Taylor expansion, there exists 0 < ¢ < 1 and 0 < €* < 1 such that

g + 041(1% - ¢t1+7’> + (al + a2)wt1+7 - ¢t1 -

C — T <w - Qj}tl) + (al + a2)wt1+7’ - (1 + alT),’vbtl =

-
¢+ (o1 + )y 47 — army(ty,e7) — (1 + alT)@btl,

11



and, in the same way,

C*_ﬁl (¢t1 —¢t1+7)_(5l +ﬁ2>¢t1+7_¢t1 - C*_(O‘1+O‘2)wt1+7+617—7(t17 5*7—)_(1 - 617—> ¢t1‘

Hence

By < ENCH (a1 + ag)ty 17) (€7 — (4 a2) Py, 11)|
+ |yt em) + (L + an )y, | E ¢ — (o + a2) iy 4]

+ 6177(t175*7—) - (1 - 517—) ,ébtl E |< + (al + a2)wt1+7’|

(ot en) + 1+ aim)d ) (=Bt en) + (1= Bim) i, )|
E (¢ + (1 + )ty 4r) (¢ = (1 + )y, 1)
+C (‘04177(751757) + (1 + an )y, | + ‘5177(151, e ) — (1= Bi7) Uy,

)
+|(amten) + 1+ @i, ) (Bt er) = (1= A7) b, )

E (¢ + (a1 + a2)ths, 1) (¢F = (1 + az)tby, 47)| + C {\OélTW(T) + (1 + o)ty |

# (jorrl3n) + 1+ i)},

IA

IA

because of (8) and of the definition of g; (i = 1,2).
But, by using (7) and (i) of Lemma 3, we have for 7 € [0, ],

1+a7 ~ (02 - %) <o?<C7L(T) (19)
. artitr) ~ (<1 o) |30 ~ 30
therefore

Ey SENCH (an + @)y 40) (¢ = (a1 + o), )| + C (13| + [T+ enr]) . (20)

Moreover, by using Jensen conditional inequality and the fact that the conditional variance
of a component of a Gaussian vector given the other components does not exceed the
unconditional one, we have

1/2

E2 S /7<7> (E |Xt1+T - ¢t1+7|2> (21>

So combining (20) and (21) provides

12



t 6
M;j),cS = 2//](t1,t1+7’)d7’dt1
Ot 05
< 2/ / p7(¢t17wt1+T)El(t1?T)detl
o Jo
t ) . . ) 1/2 ~
+2// <E|Xt1+r—¢t1+r|> pr(¢t1>¢t1+7)7(7)d7dtl
0o Jo
t 6
< 2//pT(¢t1,¢t1+T)EI(C+(041+042)¢t1+7)(4*—(a1+az)¢t1+r)\d7dt1
o Jo
t 6
0 [ [ et () + 1+ )
o Jo
t ) . . ) 1/2 _
22 [ (81 = b)) (w3 (r)drdes.
o Jo
1 1

—, we obtain

< -
T 2m/1—r T

t 6
Mg)’é = 2//](t1,t1+7’)d7’dt1
0 0

SiHCG Dr (wtl ) ¢t1 +7‘)

t d
< 2/ / p7(¢t1a wt1+7’) E |(C + (al + OQ),[vbtl-H’) (C* - (al + a2)wt1+7)‘ detl
0 0

toro . : 172\ A S 114+
+ C // (1+<E\th+7—¢t1+7\2) )@drdtﬁ—(]t/ Lrarl,
0o Jo 0 T

T

t 1
< 2/ / p7(¢t1a wt1+7’) E |(C + (al + OQ),[vbtl-H’) (C* - (al + a2)wt1+7)‘ detl
0 0

+Ct (/j@ d¢+/06L(T)dT).

The first integral on the RHS is finite under the Geman condition by applying the previ-
ous proof for a fixed level and the second one is finite under the condition (18) on 7, and
the Geman condition.

Therefore we can conclude that M;Z’ ¥ < 00 and so that M;Z’ < oo under the Geman con-
dition and the condition (18).

- Let us prove now the reverse implication.
Suppose M;ﬁ < 00, i.e. M;M < 0.
By using the regression (R), we have

t po
M2w75 = 2/ / Pr(Veys Yty 4r) B <‘Xt1 — Y [ Xty 4r — Vil | Xoy = Yy, Xy e = 7vblfl-i-T) drdt
0 JO
t o
= 2 [ [ ol b BIC ) (€ )] dr,
0 JO
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where ny :=ny(t1, 7) = a1y, + aothy, 4 r — ¢t1

and ny 1= ny(ty, 7) = — <ﬁ1¢t1 + Bty 4 + b +y(t, T)).
By using Taylor formula for ¢, we can write

ny = my + ao7y(t1,e7), with my 1= (g + ag)ty, (1) + (a7 — 1)1bt1, and

ng 1= my — Bory(t1,€°7) — ¥(t1,7), with ma = —[(B1 + Ba)tr, (1) + (BoT + 1), ).
The triangular inequality allows to write

E (¢ +n1) (" +n2)| = E[(¢ +m1) (€7 + ma)| — (1),

where

L(1) = |aamy(t1,e7)|E|C* + mo| + |Bomy(t1, " 7)| E|C + my]
+y(t, )| B¢+ ma| + |72 anBoy(t, €)Y (81, €57)| + |aary(t, eT)y(t1, T)]
< C{A(T) E[C* + ma| + 29(1) E|C + ma| + 27%(7)},

because of (8) and the definition of 7.

5 ~
Moreover E | +mq| < C, E|(* +my| < C, / ﬁds < 00.
0 S
Thus we obtain that there exists & > 0 such that

¢ o
2/ / Dr(Ury, Vg, o) L1 (T)dTdly < €,
0 Jo

from which we deduce that

s o [oorton] (Sem) ()|
But

B ‘ (S5 () ' — ap(in ao(is) + ax (n)as (7)) + Ao, p,7), (22)

where m; = %, for i = 1,2, Ay(my, p,7) = Zak ) ag (i) k! p* (7).
Let us study the term As(m;, p,

k p(7)
Since we can write P k(' %) / / *=2dvdu, we have

m1+m2
A (ml,p, / /0 Z k'Hk Hk mg) kdvdu

By using the Hermite expansion for the two dimensional Gaussian density given by (see
Berman ([2]) or Slud ([11], Lemma 5.1))

33 —2uri g

o0

vP - - mim3 1 _MyEmy =20y iy
E k;_ m2) —e 2 e 2(1—v2) ,
k=0
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we obtain that

Ay fﬁﬂ:ﬁg:i;ilfz(i g 2 P p(1) — v Y
79 7 2(1-v=) = — P — 2(1—v .
o= [ g [ B
Hence
9 [le()l ‘p(7->| — oy midimit2ving iy
A2(mi7p77-> = ;/0 7,1_71}26 2(1-v?) dv > 0. (23)

Let us now consider the term

Aor = ag(1ha)aog(ma) + ai(ma)ar (ma2)p(T) = ag(ma)ae(ma) — |p(7)|ar(ma)ar (ma).

1.
Recall that m; = my (1) = a1 + g e + QT b,
o(7) a(7)
1. 1
and m2 = m2(7—) = 1t ¢t1 ()Lwtl ~ thl @r QZ]tm

a(7)

o(7)
since 7 belongs to the nelghborhood of 0.
But, as 7 tends to 0, we have, by using (7ii) of the lemma 3,

<a10(+7)a ) - 027(27) h L<TT>

a(7)

and )
12 (022(7) - %>
QT — T 2
0< ~ —— < 0.
() o =70
Therefore recalling Lemma 1 again,
T
if , 0
‘I ey T T
then |m;(7)| ~ a ?_;12 |thy, |, for @ = 1,2, which implies that
o(t
(Oél + 042)

my(T)me(T) ~ —

I

Hence my(7)ms(7) < 0 and so, because of (14), we have
—‘p(T>|CL1 (ﬁ@l)cm(ﬁh) 2 0, which leads to A()l Z ao(ml)ao(’ﬁlQ).
By using (15), it comes

2 _m
Ap; > max <|m1a1(m1)\, - e_2> X max (\mgal 2)], \/7 ) >C>0; (24)

o if

LZ—T) — 0,as 7 — 0,
then |m;(7)] — 0as7 — 0, for i = 1,2, which implies that
ai(m;) — Oast — 0, fori=1,2,
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and —|p(7)|a1(m;) — OasT — 0, fori=1,2.
Hence by using once again (15), it comes

2 _mi+md ~ ~
Aot > s T — |p(7)|ax(ma)ai (mz) > C >0, (25)

for 7 sufficiently close to 0.

Combining (22), (23), (24) and (25) provides

t 1)
M;/),(S + € 2 C/ / pr(¢t17¢t1+r)g2(7)d7dt1-
0 0

1
Since pr (Y1, , Yy, +r) ~ —=———=—, we obtain that

1 —7r2(7)

M+ >(]/ _ o)
€ \/W

which allows to conclude, by using (ii) of Lemma 3, that M;Z’ ¥ < 00, or M;Z’ < 00, implies
the Geman condition.
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