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Abstract

We prove uniform convergence results such as a law of large numbers and a central limit theorem
for the integrated periodogram of a weak dependent time series. Those probabilistic results are used for
Whittle’s parametric estimation. Using a general weakly dependent frame, we derive results for a large
variety of models; with causal weak dependence, we consider examples as GARCH(p,q), ARCH(o0) or,
more generally, bilinear models. Non-causal weak dependence is also considered yielding for instance
the new case of a non-causal linear or ARCH(00) model.
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1 Introduction

Recall first that the periodogram is an estimate of the spectral density for a stationary sequence; unfor-
tunately its variance does not converge to 0 hence this is not a consistent estimate of a spectral density.
However, once integrated with respect to some L2 function, its behaviour becomes quite smoother and can
allow an estimation of the spectral density. Moreover, a special case of the integrated periodogram is the
Whittle’s contrast. This provides an approximation of the likelihood allowing then parametric estimation
for stationary time series.

A first part of this paper (Section 2) is aimed to get a uniform large number law (see Theorem 1) and
a uniform central limit theorem (see Theorem 2) for the integrated periodogram of a time series. The
uniformity is considered on some Sobolev class. We also prove uniform a.s. results for the law of large
numbers of empirical covariances, as in Doukhan & Ledn (1989). In addition to the usual cases of Gaussian,
linear, or strongly mixing processes, our results hold for causal weakly dependence processes (see Dedecker
& Doukhan, 2003) under weak conditions. The case of non-causal weak dependent time series, introduced
in Doukhan & Louhichi, 1999, requires a different treatment (see Appendix 4). Thus, a minimization of
the rate of convergence for general functional central limit theorems (see Theorem 7) is obtained for these
time series; we essentially assume a condition linking the moment assumption with the decay rate of weak
dependence. A Lindeberg blocking method is used to prove this very general result.

*This author aknowledges the program ECOS-NORD of Fonacit, Venezuela, for its support.
T Author for correspondence.



We prove asymptotic normality of Whittle’s estimate of parameters for weak dependent time series (see
Section 3) by using these uniform central limit theorems. The usual conditions on the regularity of the
spectral density are required, except with regard to the regularity of the spectral density in frequency which
is weakened thanks to the uniformity in our central limit theorem. Those general results for parametric
estimation are new; they extend Hannan, 1973, and Rosenblatt, 1985.

We give several examples of time series verifying the asymptotic normality of Whittle’s estimate. A first class
of examples includes causal time series like GARCH(p,q), ARCH(oc0) or, more generally, bilinear processes
(Xk)kez defined by

Xk = fk (a() + Zank*j) +co + chXk*j’
j=1 j=1

with where (£x)kez are i.i.d. random variables with zero mean and such that E(|{|™) < oo with m > 4
and a;, cj, j € N are real coefficients verifying certain conditions. Nevertheless, if the study of the case of
bilinear models is a new one, we have to remark that the cases of GARCH(p,q) and causal ARCH(c0) were
already treated by Giraitis and Robinson, 2001, whom have obtained better conditions. The second class
of examples includes non causal time series as two-sided linear and ARCH(oo) (introduced in Doukhan et
al., 2005) processes, respectively defined by

Xk = Zajfk_j, and
§#0

Xy = §k(ao+zank—j),
J#0

with (§x)kez ii.d. random variables with zero mean, and aj, j € N real coefficients verifying certain
conditions. The present use of this general weak dependent frame is thus not always optimal but it yields a
unified treatment for the asymptotic properties of the Whittle estimate as well as the uniform limit results.

2 Uniform limit theorems for the periodogram

2.1 Notations and assumptions

Let X = (Xk)kez be a centered stationary time series with real values and such that E (X}) < +o0. Denote
(Rs)s the covariogram of X, such that :

Rs; = Cov (X0, Xs) =E (XoX;) for seZ,
and the fourth cumulants of X, (k4(Xo, X, X;, Xx))i .k such that (V(i,j, k) € Z3) :

ka(Xo, Xi, Xj, Xp) = EXoXiX; Xy
— EXoX:EX;X; — EXoX;EX;X; — EXoX,EX, X,

Moreover, we will use the following assumption on X :

Assumption M : X is such that :

7:2R5 < oo and /<;4:Z|/<;4(X0,Xi,Xj,Xk)\ < o0. (1)
LeZ 1,9,k



Let g : [-m, m[— R a 2m-periodic function such that g € L*([-m,7[) (i.e. [7 |g(A)[>d\ < o0). For X
verifying assumption M, we define :
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1

n
§ Xkefik)\
2r-n
k=1

ne = | " gL ) A,

—T

;1
~—
>
~—
Il

and I(g)

/ " g)FN) dA,

—T

with f the spectral density of X (that exists and is in L?([—m, 7[) from Assumption M) defined by :

1 ik
=5 > Rye™ for A€ [-m, 7.

kEZ
Recall that
_ 1 Z e with Rn(s) = ~ nim X, X4
2m sl<n ' " imiV(i-s)

and the summation contains n — |s| terms, hence this estimate of R, is biased. We intend to work in a
Sobolev space H of locally .2 and 27—periodic functions defined from a non-negative sequence (s¢)scz such
that :

1
VO EeZ: sy < m, 8¢ 2> S+(|¢+1), and Zsz < 0.
LeZ

Then, with g a 27-periodic function such that g € L?([—m, 7[) and the representation g(\) = > ez 9 etr,
denote

H={g € L*([-m ) /llgll < oo} with |lgll5 = s gel*
LET

This space H is included in the space C* of continuous and 2w—periodic functions. In this case, we have
l9lloc = supp_r ~(l9] < Ve [lgll3 with

Cc = ZSg. (2)

LEL
As usual H' denotes the dual of H; it is defined from the identity ||Tl% = supyg, <1 |T(g)|, hence if
TeH : -

ITI3, = sup [T(9)* =D selT(er)P?,
llgll=<1 (€T

with eg(\) = e for £ € Z. We study the behavior of I,, — I in the function space H or equivalently in the
Hilbert space H'.

2.2 Uniform Law of Large Numbers

We did not find a reference for this result which seems quite standard. This is why we develop a Law of
Large Numbers (LLN) for the integrated periodogram (I,,(g))s. An important feature is that the results
are only stated here in terms of cumulant sums; thus we need no additional mixing assumption. Afterward,
we shall use the random variables (Y} k), kez such that :

Yir=X;Xjir — Ri, forall (j,k)e€Z?

and thus EYj; = 0. Now we use the lemma



Lemma 1 If X verifies Assumption M, then :
™+ max (Var(R (¢ ))) < kg +27.

Proof of lemma 1. To prove this result, we use the identity
Cov (Yo,0, Y;0) = ka(Xo, Xe, Xj, Xjy0) + RS + RjeR;j
and deduce from the stationarity of (Yj¢);ez when ¢ is a fixed integer :

(n—=)An  (n—€)An

n-Var(I%n(ﬂ)) < % Z Z |Cov (Yie, Yy o)

G=1v(1-0) j'=1v(1-0)

< Z|Cov (Yo,0, Yj.0)l

JEL
Z(|I€4(X0,X£7Xjan+f)|+2R§)
< ni+2%

IN

with Cauchy-Schwarz inequality for £2-sequences. N

Then, we can show the following lemma :

Lemma 2 If X verifies Assumption M, then :
3
E|lL, — Il < = (7 + elra +27)).
Proof. Let g(A) = Y ,c; 90 €"* € H. As in Doukhan & Leén (1989), we use the decomposition :
In(9) = 1(9) = =T1(9) — Ta(9) + Ts(g) with
Ti(g) = Y. Reg,

jt>n
) = R
|[e|<n
and Ty(g) = Y (Ru(f) —ER.(0)) gu. (3)
[£|<n

We also remark that T3(g) = I,,(g9) — EI,(g). Thus, we obtain the inequality :
E| L, — I3 < 3(IThll3 + | T2/l + B[ T5]17)-

Cauchy-Schwarz inequality yields, with |[¢]. =1V ||,

”TlH%—(' < Z SzR? < s, Z Rg S% Z R,%,

le|zn le|zn le|=n
1 1 1
2 2 2 2 2
T2l < o) Z 1€]" s¢ Ry < - Z €] s¢ Ry < - Z Ry.
le]<n £ <n le|]<n
Hence : |T1 |7, + [|T2]|7, < T Lemma 1 entails
n
ITalfe < 37 se(Ra(0) — ERA(0)),
[|<n
~ 1 c(ka + 27)
E 2, < L(0) < = < 7l
ITsly < 0 seVar (Ra(0) < = 7 s (ma+27) < 420,
[ <n [ <n
with ¢ defined in (2). We combine those results to deduce lemma 2. [ |



Theorem 1 (Uniform SLLN) If X verifies Assumption M, then :
[0 = Il =5 0.
n—oo

Proof of Theorem 1. We prove this strong law of large numbers from a weak L2-LLN and lemma 2. The
scheme of proof is analogue to the one in the standard strong LLN. Set ¢ > 0. First, we know that for all
random variables X and Y, we have P(X +Y > 2t) <P(X >¢) +P(Y > ¢). Thus:

— /> < — ’>
P (=Tl 22) < Y B~ Tl 21

k=[vN]
o
P I, -1 ;>
b Y (gm0 Dl > )
k=[VN]
< An + By. (4)

From Bienaymé-Tchebychev inequality, Lemma 2 implies that :

Ch 1
k>VN

with C; € Ry. Now set R, (£) = R, (¢) —ER,(¢). The fluctuation term By is more involved and its bound
is based on the same type of decomposition than (3), because for k? < n :

I.(9) — Li2(g9) = —Ti(9) + Tz(9) — T3(9),

> Reg,

with now 77 (g)

k2<|t|<n
1
T3(9) = - > [ Rege,
k2<|ll<n
and T3(g) = Z §k2(£) 9e — Z ﬁn(ﬁ) ge-
|0| < k2 [|<n
Hence, we obtain as previously : || 773, + | 753, < %
— * /
Set Ji, = kzg{g&gﬂy 1L, — I2||3¢ and Ty = k2gﬁ%?+1)2 IT5]/7. Then,
, E(J?
By < Y by, with by =P(J,>1t) < (tj).
E>VIN
Now 3
* ’y *
E(J7) < 3T 5 + 1 Ts 15 + EITE ) < 75 +3 - EITE -

Then, for k> <n < (k+1)? and / € Z,

~ k2 -

R,(0) = ;sz () + Apn

1 nA(n—2£) nA(n—=~)
Aenp = (XnXnte — Re) = > Yae
(k2A(k2—20))<h (k2A(k2—0))<h



Remark that Ry (¢) = 0 if k2 < |¢| < n and thus R, ({) = Ay in such a case. Also note that

(K*+2k)A((K*+2k)—£)

Aj, = max  |Appkl < — [Y,e
’ k2<n<(k+1)2 k? (k2/\(k§222))<h
1
and thus E(A7)7 < o5 (20)° - max (E(Yi.dl)
4
< AE(x).

Write

_ 2
1o = % e (1-5 )0~ ¥ A

[€]<k2 |2 <n
* 2 53 *
Tela)l = + ST IR @gld+ > Ajylal,
[€] < k2 || <(k+1)2
and we thus deduce
E|TF |2, < 2c- imax (Var (ﬁkz(ﬁ))) + max (E(A} )2) < c-A
kIR = k2 ecz =) Lk = k2

for a constant A > 0 depending on E|Xg|*

c)/(k?t?) is a summable series and

, K4, and v only (but not on the space H). Hence by < 3(y+ A -

Cs 1
k>VN
with Cy > 0. From (4), (5) and (6), we deduce the theorem. [ |

2.3 Uniform Central Limit Theorem

A uniform Central Limit Theorem (CLT) results both from tightness and from the finite dimensional
convergence. First, for g € ‘H, we define :

Zn(g9) = Vn(In(g) — I(g)) for neN".
Now, we obtain :

Lemma 3 (Tightness) If X verifies Assumption M and if n-s, — 0, then the sequence of process
n—oo
(Z)nen~ is tight in H'.

Proof. As in de Acosta (1970), we prove that the sequence is flatly concentrated, this means that
E(llpeZnli3e) — 0,
L—oo

where pr, : H' — FJ, denotes the orthogonal projection on the closed linear subspace F' 7 C H' generated by
(e0)jg>1 with eg(X) = €™ (also F, C H will denote the closed subspace generated by (e¢)|¢>1). Then, for
L >0,

IpLZnlln = sup [ Zn(9)l- (7)
lgll=<1, gEFL

Thus, for g € Fy, and ||g||» < 1, using again the decomposition (3), we obtain

|Za(9)? < 3n- (IT1(9)]* + | T2(9)* + | T5(9) ).



First, we have :

1
n (TP +[T0)F) < neawn D0 BE+ |Tpeny o Do 10750 R
[£|>nVL L<|t|<n
< 7 (- 0n) Mrzmy + (L-an) V (0 50)) Tzem ).

Thus, with the assumption (n-s,) — 0, we obtain :
n—oo

sup - (ITu(g)* +[T2(9))) — 0. (8)

llgll=<1, geFL L—oo

Also note that

ViaTs(g) = Vi Y (Ra() —ER,(0)g

|¢|<n
n|Ta(g))> < n Y se(Ru(f) —ER,(0)
L<|e|<n
IE( sup n\Tg(g)\Q) < Z S¢ - sup (nVar(ﬁMé))) < Z se (kg + 37).
llgll+=<1, gEFL L<|e|<n le|>L

Since ), sy < +00, we deduce IE( sup n|T3(9)\2) — 0. With (8) and (7), the proof is achieved. B
llglln<l, geFy, L—oo

We will also use the following classical lemma :

Lemma 4 (limit variance) If X verifies Assumption M and (¢, k) € Z?* be arbitrary integers, then

n- Cov(Ry(k), Rp(f)) — Ok With

n—oo

Ok, = Z (RnBRhsyo—k + RugoeRp— g + ka(Xo, Xn, Xiy Xnge)) - 9)
heZ

Proof. See for instance Rosenblatt (1985) [25], p. 58. N

Finally, a functional central limit theorem for (Z,(g)), will thus result from the finite dimensional con-
vergence of the process (Z,,(91), .-, Zn(gr)). Since g — Z,(g) is a linear functional such a theorem follows

from a central limit theorem for empirical covariances. In the sequel, for ¢ € Z, we will point out by M(()e)
a o-algebra such as

M((Je) D U(Yk,ég k<0)=0(XgXkte, £ <0),

where o(Z;, i € I) represents the o-algebra of ) generated by (Z;);cr. The most classical example of such
o-algebra /\/l((f) is

By =0 (X, k<m),
when m > ¢. Then :

Lemma 5 (CLT) Let ({1,...,4,) € Z™ be arbitrary integers (m € N*). Let X wverify Assumption M and
be such as :

> E[Yor E (Vi
E>0

Mézi))‘ <oo forall i€ {l,...,m}. (10)

Then, if ¥ = (04, ¢;)1<i,j<m defined in (9) is a nonsingular matriz,

~

(Vi (Ba(t:) ~ ERa (1)) L. N,(0,). (11)

1<i<m n— o0



Proof. 1If condition (10) is verified, then the projective criterion introduced in Dedecker and Rio (2000),

ie. E ZYOLE(Y,%

0(Ye, j< 0)) < oo forall i € {1,...,m} is also verified, and the central limit

k>0
theorem can be stated for each ¢;. Therefore, by considering a sequence (Z;);cz where Z; is a linear
combination of (Yj s, ..., Y ), and by applying it the same theorem (the projective criterion is also verified

by (Z;)ez), the multidimensional central limit theorem (11) can be established. The proof of an analogue
non causal CLT is provided in Hall & Heyde (1980), theorem 5.4, page 136. Unfortunately this condition
does not seem to be adapted to work out the forthcoming examples. N

o] o\ 1/2

Remark. If for each i € {1,...,m}, Z (E (IE (Ye. e, |Bo)) ) < 00, then (10) is verified. Thus, lemma
k=0

5 is a generalization of a result of Rosenblatt (1985, Theorem 3, p. 58).

Let us now define for any A, u, v € R, the bispectral density

1 oo %) oo '
_ (hA+kp+0v)
f4()\7M7V) - (27T)3 Z Z Z K4(X07XhanaXl)ez ' .

h=—00 k=—00 f=—00

(the existence of f; provided from Assumption M, and more precisely from k4 < c0). Note that I,,(g) —

~

El.(9) = > ez 90 (Ra(f) — E(En(ﬁ)) allows to deduce the limiting covariance I'(g;, g2) of the process
(Zn)nZh i.e.

—Tr

1 ™ s ™
Pang) =+ [ aWer0a+2m [ [ gNg i drda. (12)
Thus, the previous lemmas together imply :
Theorem 2 Under assumptions of Lemma 5 and if n-s, — 0, then yields the Uniform Central Limit
Theorem (UCLT) :
Zn=+n(,—1) — Z in the space H', (13)

with (Z(g))gen the centered Gaussian process with covariance I'(g1, g2) defined in (12).

Proof. The expression of T'(g1,g2) and some details of the finite dimensional convergence of the process
(Zn(91)s-- -+ Zn(gr)) can be found in Rosenblatt (1985, Corollary 2, p. 61). The tightness proved in Lemma
3 allows to establish the functional central limit theorem. W

Remark. In many cases, the limiting variance is a non degenerated positive operator. It is such a case
for instance if (X, )nez is a stationary Gaussian process with spectral density f # 0 almost everywhere on
[—7, 7]

2.4 Examples of processes verifying the Uniform Theorems
In this section we provide various examples of time series verifying the previous uniform limit theorems
(ULLN and UCLT). Here, we will assuming that n-s, — 0.

n—oo

Causal linear processes

Corollary 1 Let X be a linear and causal time series verifying X,, = Z?;O ag En—i forn € Z, with ap, € R
for k € Z and with (&)kez a sequence of centered independent identically distributed random variables such

that E€§ < 0o. Moreover if
Z kaj < oo,
k

then the Uniform CLT (13) holds.



Proof. This result can be deduced from Rosenblatt (1985, p. 59). In fact, if X verifies conditions of
Corollary 1, then for all £ € N,

S IE (Yie | Bo)lla < oo

k=0
and thus (10) is also verified. W

Gaussian processes

Corollary 2 If the sequence (Xp)nez is a centered stationary Gaussian process such as R} < oo, then
the Uniform CLT (13) holds.

Proof. We can always write for all / € Z and k € N :

E (|¥0.E (Yie | M)1)

IA

‘COV (YO,Z s kag)’

A

‘E (XX X Xpyr) — Rf‘
But E (XX Xt Xk1e) — R? = Ri + Ry ¢Ri—¢ for a centered stationary Gaussian process. Therefore,

1/2 1/2
Y E (|Yo,zIE (Yk,z|Mé@)|) <> Ri+ <Z Ri%) : (Z Ri_e> ;

k>0 keZ keZ keZ

from the Cauchy-Schwarz inequality for £2 sequences. i

Strong mixing processes

Corollary 3 Let X = (X,,)nez verify Assumption M. Assume that X is o' -mizing in the sense that :
al, = sup{a(U(Xn,XnH), 15’0)} — 0, where, as usually,
>0 n— oo
a(.A, B) = sup ’P(A N B) — P(A)P(B)| for A,BcC Q.

Aec A
B enB

1
-1 4 : : —1() —
Moreover, assume that / o (u)Q%, (u) du < oo where Qx denotes | X |—quantile function and o/ =" (u) =

0
inf{k € N, o) <u}. Then the Uniform CLT (13) holds.

Remark. We quote that o, > a,, = a(B"™, By) where B" = 0(X;; i > n). Hence this condition is weaker
that the standard mixing coefficient in Rosenblatt (1985). However, no simple counter example seems to be
available.

Proof. From Rio (1994) inequality and the stationarity of X, for all £,k € N, we have :

a(o’(Yk+e,£)7BZ)
Yo B (Vives | Bl < 2 Qo (4) Qv (1)
0

/Q(U(Xk7Xk+z),Bo)

< 2 Q%M (u) du.

0

Therefore, for all ¢,k € N,

o
1Yo B (Yeree | Bl < 2/0 Q%,,(u)du for all k> 0.



Consequently, for all £ € N

1
S IV B Wasne B0l < 2 [ | Sluca, | G (0 du
k>0 0 \x>o0
1
< 2/ oM (u)Q3, , () du.
o :

But Lemme 2.1 in Rio (2000) provides :

2

/01 o/~ (u) (on (w)Qx, (u) + Qr, (u)> du

IN

1
| ot
0

IN

/0 o () (@, () + [Rel)? dus,

1
and therefore if/ o' M (u)Q%, (u) du < oo, then Z 1Yo  E(Yiye | Be)||1 < +oo. forall /e N. B
0 >0

Remarks. 1. Inthe hypothesis of Corollary 3 and more precisely in the definition of o, « <0(Xn, Xnte), BO)

may be replaced by the sharper expression a(a(Xn X Xnte), BO).

2. If X is a-mixing process in the usual sense, that is,

n—oo

o, = {a(o’(Xk, k>n), Bo)} — 0,

then X is o/-mixing (for all n € N, o), < «,). Therefore, if X is a strongly c-mixing process verifying

1
Assumption M such as / a_l(u)Qﬁ(O (u) du < oo then the Uniform CLT (13) holds.
0

Causal weak dependent time series

Let h: R* — R be an arbitrary function. We set :

. [R(y1y .-y Yu) — h(21, ..oy | }
Liph = su for (y1,...,%u TlyenyTy) g -

Now, A denotes the set of functions h : R* — R for some u € N such that Lip h < co. Denote also :
e Ay ={heA, Liph<1}, and
o AW ={hecA, ||hllo <1}

Then :

Corollary 4 Let X = (X,,)nez verify Assumption M. Assume that X is 0—weakly dependent in the sense
that it exists (0,)ren such as for all v € N, all function f : R? — R satisfying || f|lo < 1, and all random
variable Z € By satisfying || Z||o < 1,

|Cov(f(Xj17Xj2)7 Z)‘ <2 szf : 97“ fOT’ all j17j2 > (14)
(as in Dedecker and Doukhan, 2003). We also suppose that

m—4

o0
Im > 4, such that || Xo||m < oo and ZH,;"’I < 0.
k=0

Then the Uniform CLT (13) holds.

10



Proof. We truncate the variables X; = fas(X;) 4+ ga (X;) where, for z € R, we set far(z) = (e AM)V

(then far € [-M, M]) and gar(x) = = — fur(x) = © -My>p- Note that Lip for = 1 but || farllec = M.

Then, Yy, = (fM(Xk) foar (Xise) — R}) + Uk, o, with :

o Ry =Cov (fM(Xk)»

fM(Xk+e));

o Uk ovt = 9 (Xi) vt (Xite) + o (Xi)9nr (Xite) + 900 (Xi)gnr (Xite) + Ry — Ry

Therefore, E( Uy ¢,0s) = 0 and, for m such that || Xol|,, < oo, we derive

Uk el < ME ’Xk ']I|Xk\>M‘ + ME ‘X;He ']I|Xk+[|>M‘ +E ((Xk ']I|Xk\>M)2> + ‘E (XoXe - fM(XO)fM(XZ))‘

IN

IN

AM | Xo | (

IN

6-M>" |

oM Kol (B0 > M) 1003, (BOXo > A1)

1-2

" +E|far(Xo)gm (Xe)| +
+E g (Xo) far (Xe)| + E [gar(Xo) g (Xo)|

E|[Xo|™\1-1/m E|X,|™\ 1-2/m
YT gz, (B

Mm
Xollm

from Holder and Markov inequalities. By the same procedure, we also obtain :

1Ukemlls < 6<E (9ar (Xn) frr (Xige) + E (31 (Xi) g3 (Xige) + E (912\4(Xk)912u(Xk+£))

<

18- M7 - || X 17

(=M)

(16)

Let hps be the function such as hyy(z,y) = faur(x) far(y) — R} for all (z,y) € R2. Note that ||hnr]|eo < 2M?
and Lip hps = M. Moreover, for all random variable W in L' (Q, A, P),

Therefore,

[ 0. 0) - (s (1 Ko | )|

IE(W Bl =

A

sup

Ze(2,B,,P)

}E(W-Z)‘.

s 12llee<1

HE (har (Xo, Xe) - hae (X, Xiote) |B€)H1

ZE(Q,Bz,

Z’E(Q,B[

sup
P), [1Z]le0<1

sup Cov (hM(Xk,XkH), Z’)'.

B) s 127 o <2M2

Consequently, from the definition (14) and the stationarity of X, for all &k > 0,

HhM(XO,Xg) E (hM(Xk,XkH) |B@)H1 <2 M3 0.

Thus,

T
<
<

from (15), (15) and (17).

[ (B )], + o X0 2 (0 2],

+HU07Z,M B (hM(XIwXZ+k) |Be> H1 + HhM(Xo,Xe) ‘E (hM(Xk,XkH) \ 5’/3) H1

2
5 9], [ 0 e 180
34 M| Xollm 4+ 2 MP - 0y,

With the choice M = 6. /(™™ e prove that if

oo

91—3/(m
kz_o k

k—le|

-~ 0,

[ Xollm < oo

for some m > 4, together yield the Uniform CLT (13). B

11

’E (Z ~har (Xo, Xo) - hM(Xkka+f))‘

(17)



Remark. The #—weakly dependence of X also holds with
0, = sup IE [f (X1, Xj2) [ Bo] = E [f (X0, X5)] M1
{f/Lipf<1}
2.5 Non-causal weak dependent time series

(The details of this topic is developed as an appendix in a more general frame).

The class AV = B> N A will be used together with the functions ¥, defined by

¥1(91,92,u,v) = u - Lip (g1) + v - Lip (g2)-

where g1, g are two real functions of A(Y) respectively defined on R* and R (u,v € N*). In short,
1 = u-Lip(g1) + v - Lip (g2). If the sequence (X, )nez is n-weakly dependent, there exists a sequence
1 = (1 )ren decreasing to zero at infinity such that for any u-tuple (i1,...,1,) and any v-tuple (j1,...,J,)
with 47 <+ <y <ty +7r < j1 < -+ <y, one has

‘COV <gl(Xi17"'7X’L'u)ag2(Xj17' aX]U))‘ S /lzjl * M-

Here, using the tools developed in paragraph 4, we obtain, under certain assumptions on the time series,
the Uniform CLT, and more precisely a convergence rate to the Gaussian measure :

Theorem 3 Let X = (X, )nez verify Assumption M. Assume that X is n-weakly dependent. Suppose also
that

2m —1
Im >4, such that || Xo|lm < o0 and 1, =O(n~%) with o > max (3; m 1 )
m—
Suppose that the sequence (Sp)n 8 such as s, = O(n~*) with s > 1. Then the Uniform CLT (13) holds.

Moreover, for ¢ : R — R a C3(R) function having bounded derivatives up to order 3, and for g € H :

a(m—4)—2m+1 )

& [6(Valla(o) ~ 1(9)) ~ b(o(a) - V)] | < 0+ n™ et (655255

m—2 s—1

where C >0, t = ((2a 1 DA ( 5 )), N ~ N(0,1) and 02(g) =T'(g,9) (see 12).

Corollary 5 Under the same assumptions than in Theorem 3, for { € Z and ¢ : R — R a C3(R) function
having bounded derivatives up to order 3,

a(m—4—2m+1

’E [¢(\/ﬁ(§n(€) - Rz)) — ¢(o¢ - N)” < C-p” FmAtra

with C >0, N ~ N(0,1) and o} = l/ cos?(M)) f2(N)dX + 27r/ / cos(A) cos(pul) fa( N, —pt, p)dAdp.
™ —mJ =7

—T

Remark. The convergence rate of both the functional central limit theorems 3 and 5 is provided from
the Bernstein’s blocks method, and should not be optimal. However, under not too restrictive conditions
(o — 00 and s — 00), the convergence rate of those theorems can be n=* with A < 1/2 as close to 1/2 as
one wants.

3 Applications to parametric estimation

Now we will apply the previous result to finite parameters estimates. Let X = (X, )nez a time series

verifying Assumption M. We also assume that the spectral density f of X can be written under the form :
fN) = fpony(A) =0 - gg(A) forall X € [—m, x|, (18)

that is, f depends on a finite number of unknown parameters, a variance term o2 and a RP-vector /3, where
B=(6W,...,3"). Denote also o* and §* = (3V*, ..., 3P)*) the true value of o and 3. As a consequence,
for all A € [—7, [, we will now denote o*?gg- (\) the spectral density of X. We will also assume that 3 and
gp satisfy some of the following conditions :

12



e Condition C1 : the true values ¢* and 8* are such as ¢* > 0 and §* lies in a region KL C RP where I
is an open and relatively compact set.

e Condition C2 : if 1, B are distinct elements of /C, the set {\ € [—7,7[, gg, (\) # g, (A)} has positive
Lebesgue measure.

e Condition C3 : there is a normalization condition :

/ log(gg(A))dA =0 forall e K.

—T

e Condition C4 : for all 8 € K, the function A — 951()\) = cH.
e Condition C5 : for all A € [—m, 7|, the function § +— ggl()\) is continuous on K.
e Condition C6 : for all A € [—m, [, the function 8 — gﬁ_l()\) is twice continuously differentiable on K.

62 -1
e Condition C7 : for all §y € K and (i,5) € {1,...,p}, the function A — i (N e H.
859059 ) |

e Condition C8 : for all § € K, the function A — gg(A) is continuously differentiable on [—m,7[.

Let (X1,...,X,) be a known path of X. Define the Whittle maximum likelihood estimators of * and o*2,

that are :
> . 1 _ . 1 (™ I,(\
ﬂn = Argmlnﬁelc {%In(gﬁl)} = ArgmlHBEK {/ ( ) d)\},

and

~2 -1
On = In (gﬁn )
In the following paragraphs, we will show the strong consistency of the estimators Bn and G2.

3.1 Asymptotic properties of the Whittle parametric estimators
Theorem 4 Let X verify the assumptions of Theorem 2. Under Conditions C1-5, then

2y a.s. ~ a.s.
Bn X% p* and 72 L% %2
n—oo n—oo

Proof. From Theorem 1 and Conditions C4 and C5 (the function § +— gﬁ_1 is also uniformly continuous on
KC because K is a relatively compact set), with probability 1,

lim I,(g5") = I(g5"),

n—oo

uniformly in 8 on K. From Condition C2, we know that

I(g5") > 0™ = I(g5l) forall 5 # p"

(see Lemma 2, in Hannan, 1973). Therefore (see the proof of Theorem 1 in Hannan, 1973),

Bn = Argminge {In(ggl)} converges almost surely to 8* and In(gﬂil) converges to o*2. i

13



Remarks on the conditions C1-5 The C1-3 conditions are usual and can be found for example in
Rosenblatt (1985) for mixing time series or in Fox and Taqqu (1986) for strong dependence times series.
The condition C5 is weaker than the condition of differentiability generally required. The condition C4 is
not usual and is totally connected with the uniformity of the limit theorems.

Theorem 5 Let X werify the assumptions of Theorem 2. Under Conditions C1-7 and if the matriz W* =
(w})1<ij<p, with

- -1 —1
iy = [ 50 (55) 0 (550m) 00

is nonsingular, then

ViBa =87 2o N (0, (@) )T (W) ), (19)

with the matriz Q* = (g;;)1<i,j<p such as :

g =2m <0*4w$j+/ﬂ ’ Fa(O\ —u)(géﬁ;) (A )(gzﬂ ) (1 )d)\du>.

—T —T

Proof. Let U,(B) = I, (951)_ From Conditions 2 and 6, 8 — U, () exists and is twice differentiable on K.
2 2

0 9] 0 0
Denote — U, the vector | —=U, and —=U, the (pxp) matrix | ————=U, (03 )
e (a ), ) he o) mawix (o Ual)
According to the mean value theorem,

0 8 82 = *
8ﬁU n(Bn) = aﬁU n(8%) + 723 Un(B)(Br — B),

032
where || — 8%, < ||3n — 0%, (with |.||, the euclidian norm in RP). Since 3, minimizes 3 — U.(B), it
follows that
20,8 = |[~-Z50.)| 3. - ) (20)

But, from Theorem 4, ﬁn L% * and then § %% 3*. Consequently, from Condition C7 and Theorem 1

n—oo n—oo

(Uniform Law of Large Number),

0? — 9
—U, A e . d — *2 *
g0 ® 22 ([ gaetgament )07 A>1<M<p T
(see Lemma 3 of Fox and Taqqu, 1986). Moreover, from Theorem 2 and Condition 6,
0 N 0 D X
\/E(%Un(ﬂ )= 54 aﬁ (95* )) o Np(0,Q%),

*) D

and thus \/E%Un(ﬁ Np(0,Q%),

9 ™ (995" (V) . w0 ([T
because aﬂl(gﬁ* ) = /_Tr ( g%/g )ﬂ* 0" %gg-(N\)d\ =0 2% (/_ﬂlog(gﬁl()‘)) d)\)ﬁ* =0 from Con-
)

dition C2. Therefore, if the matrix W* is nonsingular, from (20

VB — ) 25— (o) HWH) L N(0,Q7),

n—oo

and this completes the proof of Theorem 5. B
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Theorem 6 Let X verify the assumptions of Theorem 2. Under Conditions C1-8, then

™ s

Vi@ -0t 2 (02w [ pOun-wg g dade). @)

—
n o0 — —r

Moreover, \/n(c2 — o*) and \/ﬁ(Bn — ) are jointly asymptotically normal with covariance :

lim \/ﬁ(Cov(r?fL, A’(j)))1<i<p = (0*2'W*)71'(27T/

n—oo

™

" FaO =g O )<a§ g5t )) dxdp)

—T —T

Proof. The Taylor’s formula implies that :

82

Un(B°) = Un(Bp) + (8* = Bn) - <8ﬂ2

W) - (5" = Ba),
with probability 1, and with || — 5*||, < 1Bn — B*||p- From previous Theorem 5, it follows
Vi(Ua(8) = 0*%) = Vi(Un(Bn) = 0*%) + Op(n~?).

Under condition C8 (that implies > |s| - R(s) < 00), we also have E(Un(ﬂ*)) = 0*2 4+ O(logn/n) (see for
instance Rosenblatt, 1985). As a consequence, \/ﬁ(Un(ﬁ*) - E(Un(ﬂ*))) 2, N(O ['(g5- ,gﬁ* )) with
gg*l € 'H. Therefore,

Vi(Ua(Ba) = 0*2) 2 N(0.T(g5",951).

n—oo

and it implies property (21). The end of the proof of Theorem 6 follows the same arguments as in Rosenblatt
(1985). N

3.2 Example of Whittle parametric estimates for different time series

GARCH and ARCH(o0) processes

The famous and from now on classical GARCH(q’, ¢) model introduced by Engle (1982) and Bollerslev
(1986) and is given by equations

’

q
Xp=pr-& with pf =ao+ Y a; X7, +Y cipij, (22)
j=1 j=1

where (¢',q) € N?, ag > 0, a; > 0 and ¢; > 0 for j € N and (§)xez are i.i.d. random variables with zero
mean (for an excellent survey about ARCH modelling, see Giraitis et al., 2005). Under some additional
conditions, similarly as in the case of ARMA models, the GARCH model can be written as a particular
case of ARCH(o0) model (introduced in Robinson, 1991) that verified :

Xp=pr-& with pf =bo+ > b X7, (23)

j=1
with a sequence (b;); depending on the family (a;) and (c;). Different sufficient conditions can be provided
for obtaining a m-order stationary solution to (22) or (23). However, if (X}) is a solution of (22) or (23),

then (X?) can be written as a solution of a particular case of equation (24) (see Giraitis et al., 2005). More
precisely,

Xk—ek(7 b0+72ka j)+A1 bo—i—)\le X2, for keZ,

Jj=1
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with e, = (§2 — M)/ for k € Z, \; = E€Z and 7? = Var (§2). Notice that the time series (Yj)rez defined
by

Yi=XZ—Acbo (1-M D b)) for ke,
j=1

verifies an equation (24) with parameter ¢ = 0 (as in Proposition 2). As a consequence, a sufficient
condition for the stationarity of (X7)rez verifying || XZ||, < oo is

1 3 b <1 166 = Aallm 3 b <1
(||50||m+ )Z|]|< — v + 'Z|j|< :
j=1 j=1

The question of the Whittle estimation of the parameter of a stationary solution of (22) was studied by
Zaffaroni and d’Ttalia (published in 2003) and improved by Giraitis and Robinson (2001). The recent book
by Straumann (2005) also provides an up-to-date and complete overview to this question; in Chapter 4, he
recalls Giraitis and Robinson’s results while chapter 8 is devoted to the results in Mikosch and Straumann
(2002), related to the case of heavy tailed processes which we do not consider in the present paper: in
this paper the cases of intermediate moment conditions of order > 4 are investigated for the special case
of GARCH(1,1) processes; the convergence rates are proved to be slower than the present ones, already
obtained by Giraitis and Robinson in this GARCH case.

Notice that for both models (22) or (23), the spectral density is a constant. As a consequence, the idea of
Whittle estimation in the GARCH case, that was pointed out by Bollerslev (1986), is based on the ARMA
representation verified by (X7)kez. The spectral density of (X?),ez where (Xj)kez is a stationary solution
of (23), is :

AR S
,02 T 9 J ’
j=1

with g = (8M,...,3®) € RP such that b; = b;(8) for j € N, and 0 = E(XZ — p3) = b3(B) -
h(A1,7, Z;’il b;(B)), where h is a positive real function.

Therefore, the previous results on Whittle estimate for bilinear time series imply the following results
for ARCH(oc0) models :

Proposition 1 If X be a stationary ARCH(co) time series following equation (23), such that it exists
m > 8 verifying E(|&o|™) < oo, with the following condition of stationarity,

15—l N |
<(m +1) A ||§0||m) ';V%\ <1, and:

e Geometric decay : Vj € N, 0 < b; and 3p €]0, 1] such that Y b; u=7 < 1;

-8
such that a; = O(j~);

e Riemannian decay : Vj €N, ¢; >0, Jv >

then, under Conditions C1-7, the central limit theorems (19) and (21) are verified.

Corollary 6 If it exists m > 8 such that X is a m-ordre stationary GARCH(q’,q) time series verifying
equation (22), then with B = (a1, ...,aq,c1,...,¢q¢) and 0® = a - h(\1,7, Z;‘;l bi(8)).

Proof. First, we recall §-weak dependence property of the ARCH(o0) obtained in Doukhan et al (2005) and
for then inducing 6-weak dependence property for (X2)gez. In the ”Geometric decay” case, 6, = O(e=°VT)
with ¢ > 0. In the "Riemannian decay” case, with v > 2, 4, = O(r*m‘ﬂ). Now, after applying the

following lemma 9 for h(x) = 22 (section 5), i.e. a = 2, we deduce that (X?)rez is '~/ ™-weak de-
pendent time series. The result of Corollary 4 implies that 1/ in the ”Geometric decay” case, (X?)rez
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verifies the Uniform C.L.T., 2/ in the "Riemannian decay” case, (X?)rez verifies the Uniform C.L.T.
2, m/2—4 2m — 8

if 1-v)-(1——)-—— < —1,1i.e. .

it (1=w) m) m/2—1< e V>m—8 N

Remarks. In Giraitis and Robinson (2001), the obtained results in term of the asymptotic normality of
the Whittle estimate are better, in the sense that : 1/ only the m = 8 is required; 2/ the required conditions
on the sequence (b;) the in the general case of ARCH(oco) model are only by > 0 and b; > 0 for j € N* and
the stationarity condition [|£||7, - 2272, |bj] < 1. However, the method developed in Giraitis and Robinson
(2001) for establishing the central limit theorem verified by the periodogram is essentially ad hoc and can
not be used for non-causal or non linear time series.

Bilinear processes

Giraitis and Surgailis (2002) introduced and studied the following bilinear process define by :

(o) o0
X =§k<ao+zank—j> +teo+ Y i Xk, (24)

Jj=1 Jj=1

where (§i)rez are i.i.d. random variables with zero mean and such that |||, < 400 with p > 1, and a;,
¢;, j € N are real coeflicients. Assume ¢y = 0 and define the generating functions :

Az) = Zjoil a;2’ C(z) = Z;; cj2
G(z)=(1-C(z2) = E?io g;27 H(z) = A(2)G(z) = Zj‘;l hjz?.
Then, if [[&oll, - 2252, [hs] < oo, for instance if [[&oll, - 2272, laj| + 3272, |ej| < 1, then there exists a unique

centered stationary and ergodic solution X in LP(Q, A, P) of equation (24) (see Doukhan et al., 2004). Then
its covariogram is defined by

Ry = léi) H§0||2 Zgjgj+ka
J 7=0

and verified >, |Ri| < oo. If we assume that there exists 8 = (81),...,3®)) such that for all k € Z,
ar, = ar(B) and ¢, = cx(B), the spectral density of X exists and verifies :

FO) = Finany ) = 5= BT S S e
(570 ) 27'('(1 - Z;)il h?(ﬁ)) k=—o00 j= Og] gJ+k ’

with 0% = ||&]|3. Like in Doukhan et al. (2004), we consider three different cases of the convergence rate
to zero of the sequences (ay) and (ci), and provide the following proposition using the previous results for
causal weak dependent time series.

Proposition 2 If X be a bilinear time series verifying equation (24) with co = 0, E(|&o|™) < oo with m > 4
and such that (|&ollm - 3272, laj| + 3272, |ejl < 1 and :

o Finite case : 3J € N such that Vj > J, a; = c; = 0;

e Geometric decay : 3u €0, 1] such that -, lejlp™ <1 andVjeN, 0<a; <pl;

=5 such that a; = O(37") and v > 0 such that

1-32; gl
where 6 = log (1 + 7]>
Zj ijlJrV

2
e Riemannian decay : Vj € N, ¢; > 0, Ju > mn
m

(m—1)0
(m—4)5 — (m—1)log2

3,65 Y < oo, with v >

Then, under Conditions C1-7, the central limit theorems (19) and (21) are verified.

Proof. The three different cases of the Proposition are studied in Doukhan et al. (2004) and the §-weak
dependence behavior is deduced for each case. Thus, in the "Finite” and the ” Geometric decay” cases,
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6, = O(e~°V") with ¢ > 0, that implies the conditions required in Corollary 4 and therefore the conditions
of Theorem 5 and 6.

-0
In the ”Riemannian decay” case, 6, = (9(( H

_6—1—,u-log2

< —1, that is true for the conditions

r

logr
quence, from Corollary 4, the Uniform CLT (13) is verified if d -

on u and v fixed in Proposition 2. N

)d> Withd:max(—(,u—l);

m—1

). As a conse-

Non-causal (two-sided) linear processes

Let X be a non causal (two-sided) linear time series verifying :

o0

Xi = Z ajé—; for keZ,

j=—oc

with (ax)rez € R” and (£x)rez) a sequence of centered independent identically distributed random variables
such that B(£3) = 02 < oo and E(|&|™) < oo with m > 4. We assume that there exists 3 = (3, ..., 3®)
such that for all k € Z, ay, = ar (). Moreover, we assume that (ay) is such that ap = O(|k|~) with a > 1,
and therefore the spectral density of X exists and verifies :

00 2

Z ag (ﬂ)efik)\

k=—oc0

0.2

fN) = faoy(A) = o

As a consequence the writing of f is in form suggested in (18). Then the results of the previous paragraph
can be applied.

Proposition 3 If X be a linear time series verifying :

oo

Xy = Z ajl—; for k€Z,

j=—o00

with (ax)rez € R? and (&x)rez) a sequence of centered independent identically distributed random variables
such that E(&2) = 0% < oo and E(|&|™) < oo with m > 4. We assume that (ay) is such that :

7 Sdm—6 }

Qg :O(|k| ) with a>max{§; m

Then, under Conditions C1-7, the central limit theorems (19) and (21) are verified.

Proof. A n-weak dependence condition of non causal linear random fields could be found in Doukhan and
Lang (2002, p. 3); under the previous assumptions, X is a n-weak dependent time series with the relation :

1
7757-:0( Z ai) = UT:O(Ta—l/Q)'
|E[>7

The Proposition 3 is then a consequence of Theorem 3. N

Remarks. 1/ The Condition C8 of Theorem (21) is automatically verified by the convergence rate of (ax)
and therefore is not required in Proposition 3;

2/ To our knowledge, the known results about asymptotic behavior of Whittle parametric estimation for
non-gaussian linear processes are essentially devoted to one-sided (causal) linear processes (see for instance,
Hannan, 1973, Hall and Heyde, 1980, Rosenblatt, 1985, Brockwell and Davis, 1988). In such a case, the
conditions on (ay) are Conditions C1-7, with : >, ka} < oo (as in Corollary 1) for the UCLT and the
existence of Y, kare** for Condition 8. It is such a case if m = 4 and aj, = O(|k|~?) with a > 2.
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3/ There exist very few results in the case of two-sided linear processes. In Rosenblatt (2000, p. 52) a
condition for strong mixing property for two-sided linear processes is provided, but some restrictive con-
ditions on the process are also required for obtaining a central limit theorem for Whittle estimators : the
distribution of random variables &, has to be absolutely continuous with respect to the Lebesgue measure
with a bounded variation density, m > 4 + 26 with § > 0 and a central limit theorem obtained with a
tapered periodogram (under assumption also > oc_ ay o (m)%/ (279 < oo where ay o0(m) > @y, denote a
strong mixing coefficient define now with four points in the future instead of 2 for o, (the same remark
following Corollary 3 still holds). The case of strongly dependent two-sided linear processes was also treated
by Giraitis and Surgailis (1990) or Horvath and Shao (1999), however with more restrictive conditions than
Conditions C1-7 and with a; = O(|k|~®) for a fixed —1 < a < 0.

4/ Tn such case of linear processes, it is well known that : (B, — 8%) — N, (0, 27 - (W*)™H), 52

n

is a consistent estimate of 0% and therefore \/n (G2 — o*) 2N (0,0** - ~4), with 4 the fourth cumulant
n—oo

of the (&) rez), and vn(B, — B) and v/n(G2 — o*) are asymptotically normal.

Non-causal (two-sided) ARCH(o0) processes

The asymptotic normality of Whittle estimate may be obtained for a non-causal ARCH(co) process. This
class of times series is a natural generalization of causal ARCH(co) process and was first introduced by
Doukhan et al. (2005). A two-sided ARCH(o0) sequence (X )gez is defined by :

X =& (ao + Zan’f—j)’ for k € Z, (25)
70
where (§)kez are ii.d. random bounded variables with zero mean and (aj)rez is a sequence of real

numbers such that :
A= lléollse - D lagl < 1.
J#0
Such a condition implies the existence and the stationarity in L* (for any k €]0, 00]) of a solution of (25).

The following proposition specifies a behavior of the sequence (ay)rez that implies a n-weak dependence of
the times series and the normality of the Whittle estimate :

Proposition 4 If X be a stationary non-causal ARCH (o), i.e. a stationary solution of (25), such that
1€0]l oo - Zj;éo la;| < 1. We assume that he sequence (ap)kez is such that :

ar = O(k|™*) with a> 4.
Then, under Conditions C1-7, the central limit theorems (19) and (21) are verified.

Proof. A n-weak dependence condition of non causal ARCH(oo) could be found in Doukhan et al. (2005) :
under the previous assumptions, X is a n-weak dependent time series with the relation :

nT:O(Zk.)\k—l( Z |aj|)) = nr:O(ra:)'

2k<r lg|>r/k

The Proposition 4 is then a consequence of Theorem 3. R

Remarks. The condition on the sequence (£x)kez, i.e. i.i.d. random bounded variables, is restricting.
However, if it is only a sufficient condition for the existence of a non causal ARCH(oco) process, it seems to
be very close to be also a necessary condition (see Doukhan et al., 2005).
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4 Appendix: non-causal weak dependence

4.1 A general central limit theorem

We consider the following empirical mean,
S0 = b = J= 30
n—  —F— x = —

where h : R? — R is a function and (z,),cz with values in R? is a stationary centered sequence that
verifying certain conditions. We will study the case where S,, verifies a central limit theorem,

S, = N(0,0%) with o2 = Z Cov (h(xo), h(xg)) < 00
k=—o0

(in section 4.3, we shall exhibit a condition for this series to converge).

More precisely, the aim of the following subsections will be to precise conditions to obtain a decay rate
to 0 of ’An’ when 7, = O (r~%) for some suitable o > 0, with

An =E(6(Sn) - (%)), (26)

for ¢ a C3(R) function with bounded derivatives up to order 3, and Z ~ N(0, 02).

Assumptions A on the sequence (z,),
1. the sequence (,)nez With values in R is endowed with the norm |(u1, . .., uq)| = max{|ui|, ..., |uq|};
2. there exists m—th order moments for (z,,), with m > 4;

3. (Tn)nez is (777 A, wl)—weakly dependent, that is for all g1, g» functions of A respectively defined
on R* and RY (u,v € N*), there exists a sequence 1 = (1, )ren decreasing to zero at infinity such that
for all u-tuple (i1, ...,4,) and all v-tuple (j1,...,J,) with i1 < -+ <y <idy +7 < j1 <o <y,

(Cov (91(@is -+ @6,)s 92+, @3,)) | < (- (LiDg1) - g2lloe + v - (LiDg2) - i1l )

4. the sequence 7 = (1,.)ren verifies :

n =0 (r=*) with a>0. (27)

Assumptions H on the function h :
2. There exists a > 1 and A = A(d) > 1 such as for all u,v € RY,

{ A (w) < A(ful* V1)
h(u) = k()] < A((jul*"t +]o[*7") V1) ju—2]

Examples. A natural example of such frame is related to the empirical covariance where z,, = (X,,, Xp4¢)
and h(uy,uz) = ujus — Ry. In this case a = 2. Extensions to the higher order spectral functions
are straightforward with a = d and z, = (Xo, Xntey,---s Xnte, ) and h(uy,...,uq) = (urug---uq) —
E(XoXn+e, -+ Xnte,_,). More general polynomials may also be considered as well as functions with poly-
nomial growth (and derivatives with polynomial growth).

As a consequence of the assumptions on h and (x,,)nez, and in view of using a Bernstein’s blocks technique,
we prove the following theorem :
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Theorem 7 Let h and (x,)nez satisfy respectively assumptions H and A, with m > 2a. Then, for any
2m —1
N ~ N(0,1) random variable, for any ¢ € C3>(R) with bounded derivatives, if o > max (3; LZ) , there
a
exists ¢ > 0 such that :

a(m—2a) —2m+1
2(m+a—1+a-m)’

‘IE(QS(Sn) —¢(o-N)| <ec-n™>  with A= (28)

and 0% = Z Cov (h(xg), h(xy)).

k=—o0

Remark. 1/ We consider here the estimate of Dudley ‘E(qﬁ(Sn) — ¢(o - N))|. An interesting application

of the majoration (28) consists on a measure of the distance between Sy and its Gaussian approximation.
Indeed, the result may be specified and the bound may also be written with a constant ¢ = ([|¢/[|oc +
[¢loc + [|[¢/]lo) - C for some C which does not depend on ¢. This implies, arguing as in Doukhan (1994),
that there exists some ¢ > 0 such that :

sup [P(S, <t) — P(o- N <t)| <C"-n~ M4
teER

for n € N. Unfortunately, this rate is far from being optimal as stressed by Rio (2000) which obtains rates
n~? for some p < 1/3 in the case of strongly mixing sequences.

1
2/ If &« and m are large enough, then A\ — 2 In such a case, the rate is not so far from the i.i.d. se-

quences’s rate.
The following subsections are devoted to prove this result.

From now on, ¢ > 0 denotes a constant which may vary from one line to the other.

4.2 Truncation

We now define a truncation in order to be able to use the previous dependence condition and make Lindeberg
technique work. For T' > 1, define fr(xz) = (x AT)V (=T) for x € R. Then Lip fr = 1, || fr]lcc = T. For
(u1,...,uq) € R? we denote

FT(Ul, ey ud) = (fT(U1)7 ey fT(de))

and
Yi=h(z:), Y = h(Fr() - E[h(Pr))], BT =Y -y, (29)

Lemma 6 Let h and (x,)nez satisfy respectively assumptions H and A, with m > 2a. Then,
a) E[|[EV| <¢-A-T*™ and E [(E")?] < - A2. T2 ;
b) for alli € Z, |Cov(Y" B < E(Y ", |ED)) < ¢ A% . T2,
¢) forallie€Z, \COU(YO(T),Yi(T))\ <c-A?.T?h oy,

Proofs. First note that for v > 1 such as ay < m, from assumptions on h,

E [|hao) = h(Pr@@o))| | < A7-E [|(eol*™" +|Pr(e0)|*™) - lzo = Pr(ao)l| ]

(24)7 - E (oo™ Wy 273]
(2A)7 - - TY*™ (Markov inequality). (30)

ININ A
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a) The assumptions on h lead to

E[E"] E [|h(Fr(zo)) — h(zo)[] + E [|h(Fr(wo))]]

2E [|h(FT($0)) - h(ﬂﬂo)ﬂ-

IN A

Now the relation (30) with v = 1 leads to E [|h(Fr(z¢)) — h(zo)|] < 2A - pu-T*™. Then,
E[|Vrol] <44 -1,
By the same arguments,

E[(ES")? AE [(A(Fr(z0)) — h(zo))?]

16A2 - - T?*~™ (relation (30) with v = 2).

IN A

b) Analogously, relation (30) with Holder inequality yields

m—a

|Cov (YO(T),EZ-(T)H < HYO(T)Hm/a : (E[’E(()T) ’ ’"T“D " (Holder inequality)
< 2fn(Er(o)),, . -2 ( (hleo) = h(Fr(zo)|7#5)) ™
< 24 H\x0|a Y% 1||m/a QAT (T’m(lfﬁ)) e (assumptions on h)
< c- A2 . T2a7m.

c) Let A0 (u) = h(Fr(u)) — E [h(FPr(zo))] for u € RY. From assumptions on h, it can easily be shown
AT oo <24 -T* and Liph(™) < 24 - T, Consequently, with the weak dependence inequality,

Cov (Yy ", v, Cov (W) (), 1T ()|

<
S 8A2'T2a71 -7

4.3 Varlances

When it exists, we put : o2 = Z Cov (h(xo)), h(z;)) = Z Cov (Yp,Y;). Now, we are going to approxi-

1=—00 1=—00

1
mate o2 by — -O'g, where :
p

Then, the two following results can be shown :

Lemma 7 Let h and (x,)nez satisfy respectively assumptions H and A, with m > 2a and if

© m-2a
that implies Znim’l < oo, then: (31)

i=1

>z
«
m — 2a

a) The series o2 converges;

b) There is a constant ¢ > 0 such that

a(m—2a) 71)

o (1) (5, -

p p

IN
o

[ V)
= [
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Proof. a) We assume that 1; < 1 for each ¢ > 0. With T; > 1 for i € Z, we write
Cov (Yo, ;) = Cov (BS™, BI™)) + Cov (Y™, B + Cov (™), ES™)) + Cov (v ™), v, ™).

From the previous lemma, [Cov (Yy,Y;)| < c(T7*™ 4+ T7%"' - ny)). Now, set T7%7™ = T7*"" -y, then
1

T, = nlj‘"fl > 1 and

m—2a
(Cov (Yo, Yo < ¢ n s (33)
> > m—2a
As a consequence, Z |Cov (Yy,Y;)| < c- Z n," " and o? exists.
i=—00 i=—00

o2

b) Decompose 0 — & = Dy + Dy with Dy = 375, Cov (Yo, Vi) and Dy = 137, li| - Cov (Y0, Y)).

From assumption (31), we conclude as above with inequality (33), because :

o i <Y <o (Y g

i>p p
—2a 1 1 a(m—2a)
o |Dy| < —- Z |i] il — ( o8P (7)( mt 1)), following the two different cases :
jil<p b
m—1 m—1 m—1
a >2 or <a<?2- -
m — 2a m — 2a m — 2a

4.4 A (24 6) order moment inequality

P
For p € N*, define : W), = Z Y;. We now extend the idea in [12] to derive the following bound :
i=1

Lemma 8 Let h and (x,)nez satisfy respectively assumptions H and A, with m > 2a. Then, if a > 3, for

—9
alo<s< 20

, there exists a constant ¢ > 0 such that :

2494 —2a—a-6
]E\W\2+‘5§c-p”" with iS?‘z2—i—(5—u<2—i—5.
P 2 m—1

Proof. Let A =2+ 6 and m = a(2 + ¢). With inequality (30) and WZST) =>r, Yl-(T)7 we obtain :

IWylla < WD a +plYo — Yo lla < WD ||a +c-p- T .

The Hélder inequality provides :

1—6/2 5/2
EW D1 < (BwWDR) T (BwDp)

Now from c) of Lemma 6, we obtain ]E\WZET)P <c-p-T* ! Z 7;. Setting
i=0

u 4
Cov (H Ys(iT)7 H YQST)> |
i=1

1=u+1

5

C,7 = max sup
u

=1,2,3 Su41—S8Sy=T

where this supremum is set over s; < s9 < s3 < s4, we obtain as in [9],

p—1 (o) 2
EWPM <c|pd (k+1)*Crr + <p-T2a_1 Zm)
k=0 =0
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We quote that Cy 7 < T4 1y, to derive
E|W1§T)‘4 S c (p . T4a—1 + (p . T2a—1)2) )

Thus, from previous inequalities and with m = (2 4 ()a,

1-8/2
E[W,|*

IN

c <pA L ad—m (p . T2a—1) % (p a1y g2 -T4’1—2)5/2>

AJ2
c <pATa(6—C) n (p ) T2a—1) tp- TaA—l) .

IA

We now optimize this last inequality in p by setting 7" = p® with b > 0 and choosing b such that the right
member is minimum. With the condition § < a(, we first show that it is necessary to have b < 1 and the
optimal b is obtained by balancing of p2T*®=<) and p - T**~1. This value of b is :

1446
b_m—l7

that verifies b < 1. We thus obtain

a(¢=9)
m—1

Elwp‘A S C‘p2+6_

that implies the result of the lemma. ]

m—2a—a-§ 1
Remark Notice that r =249 — —Q 1 > ok contrarily to the classical Marcinkiewicz-Zygmund
m —
inequalities.

4.5 Bernstein blocks : Proof of Theorem 7.

We now consider three sequences of positive integers p = (p(n))nen, ¢ = (¢(n))nen and k = (k(n))nen such
that :

° limM:limﬂ:O;
n—oo N

n—oo n)
° k(n) = [n} (thus lim k(n) = c0)
p(n) +q(n) n—o0 '
In order to fix their dependence, these sequences are chosen as
p(n) =%, qln)=["),  with0o<y<f<1,

the exponents 3 and ~ will be chosen below. We form the blocks I, ..., I} and J such as :

L= {0 = D0 +am)+ 1., G = D) +am) +pm) | for j=1,....k(n)
U, = ZY}-, for j=1,...,k(n).
i€l

Then expression (26) is decomposed as :

3
Ap=> A,
{=1
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where we set, for a standard Gaussian N ~ A (0, 1),

1 k
Al,n = E ¢(Sn)_¢ ﬁj:1Uj s
1 & k
Nyp = E|9 %;Uj —¢<N0'p\/;> ;
i
As, = E <¢(N0p\/;) - qS(JN)) .

Term A, ,. Using inequality (33) we derive with a Taylor expansion up to order 2 :

k(n) i Q(n) +p(’l7,) H(b//”oo - (m—2a)/(m—1)
Al < e - 5 Zoni
< ¢ (n’@*1 + n“’fﬁ) . (34)

Term Az .

Now, Taylor formula implies :

f (Nop\/D = $(0) + Nop\/faﬁ’(()) + %N%i%ﬁ”(vl);
6 (No) = 6(0) + No/(0) + 5N?%6/ (V2),

with V7 and V, two random variables. Then, with Lemma 7,

k(n
Baal = 1670 M2 -
S ||¢I/Hoo p(n)k(n)’O_Q_ 1 02‘+n_p(n)k(n)o_2
n p(n) ? n
_ _ a(m=2a) q(ﬂ,
< ¢ (log(p(n))-p~t(n) + p(n)t=m=1 —|—>
(1o8(ot0) 70+ o) 2
and therefore |A37n| < c- (n*ﬁ -logn + nf— e + nvfﬁ) ) (35)

Term Az ,,. Let (Nj)i<j<p(n) be independent ./\/(O7 oi) —Gaussian random variables, independent of the

process (z;);ez (such variables classically exist if the underlying probability space is rich enough).

We set ¢;(t) =E (¢ (%t + ﬁ Zj<i§k Nl>) In the sequel, for simplicity, empty sums are set equal

n

to 0. Then :
1 k
Dpp = 1E<¢> —H;Uj —¢><Na,, n)
k 1 J 1 k 1]*1 1
= E le(b(n;UjJrni;rlNi)ﬁb ﬁ;UJ+%§NZ

I
™
=
X
3

with v, = ¢, (Z; + U;) — ¢; (Z; + N;) and Z; = 3212 U
Moreover, ||¢§'e)“oo < n_Z/QH(b(Z)”oo for £ = 0,1,2,3. Making two distinct Taylor expansions (up to
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order 2 and 3 respectively) we obtains the two following expressions with some random variables L,
for 7 =1,2,3,4:

vin — (62U — Nj) + 5627 ~ M) (657 (L1)U} = 6" (L2)NY)

[(6(Ls) — 812U
(L) - (2N

1 U 2 U 3 N. 2 N 3
o= [5(20@; - M)+ goizpwz - N[ < (10150 0 ST

U;1%° + |N;**)

N = O =

< c
= n1+6/2(

because the sequence (NN;); is independent of the sequence (x;);, and thus independent of the sequence
(U;);, and with the two relations ]EU]2 = 0’2 = I[-ENJ-2 and s A 53 < 219 with 6 € [0,1] (that is valid

for all s > 0). Now with the inequality E|N;|*™® = (IEUJ?)H(SME\N(Q D)2 < ¢ E|U;|*T° we derive

1 c
|EVj7n| < |COV (QS;-(Z]'), Uj)| + 5 . |COV ((ZS;'/(ZJ‘)’ U]2)| + W -E‘Uj|2+5.
Thus, using lemma 8
k(n)
|A2,n| < (Cj +C;- —|—C.n_1—5/2pr>

j=1

k(n)
< enTpT ) (G4 C)), (36)

j=1

where

’100" (05(Z5),U5)|,
3 |Cov (¢(Z;),U7)].

=

Now, we can write the random variables U;, U?, ¢/(Z;), ¢7(Z;) as functions G : (R*)* — R of

Ziy,-..,;,. The important characteristics of such G are driven by the following respective orders :
Random variable Order w 1Gloo LipG
Ug(T) p(n) O (A p(n)T*) O (A-p(n)T*")
(U2 p(n) O (A2 p(n)*T2) O (A2 p(n)>T%)
95(Z;) <n <3¢l O(A-T"'n"t)
(ﬁ;{(Zj) <n < n—lnd)//”()Q O(A.Ta71n73/2)

In order to use the weak dependence device for these two random variables C; and C}, we have to use

truncation U;T) obtained by replacing Y;’s by Yi(T) and then,

G = CJ(T)+C-||¢’IIOO-I)\(}3~EIEST) with O = |Cov (¢/(2,), U]
p*(n)

n

o

IN

G e 16

. 1
BIYS - (7)) with ¢ = 3 |Cov (6(2)), (0))]

From the previous bounds, we obtain :
Ci < e A% (p(n) - T2 |6 oo - p(n)? - T 07 2) iy,

o' < A3 (p(n)2 opda=1 =172 4 16" oo ~p(n)3 . p2a—1 .nfl) M)
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For this, one should mention that if s € N*, the function Ggf) defined on R?% as Ggf)(ul, CeyUg) =
T, (h(FT(uj)) - E[h(FT(a:o))]) satisfies ||GS) ||oo < T%% and Lip G < ¢ A - T50—1,

Thus,
2
C; < c-A3-(p(")7“”1+<prz~1ﬂ“1+p(n)7“1)777z>;
] Al (p)2<n> Vi L (7
3 2a—m 3a—1 2a—1

from Lemma 29, relation (33), and because, from Lemma 29,
T T T T a—m
EIYy - (Yg VI <EIE P+ 2B (gL |E ) < e T2

Now, those bounds have to be minimized in n by choosing T as a function of n. Note that even if T
may be chosen differently for the terms C; and Cé, this will be useless for our bounds. Remark that
the aim is to write C; and CJ‘ bounded by n™¢ with the largest ¢ > 0. As a consequence, we deduce
from (37) that 8 will have to be the closer to 0. As a consequence, we assume 3 < 1/2 and thus C;

ay—1/2
and C} are minimized by selecting T' = noatmoT , that implies :
—1/2— —1/2 _m—a

J - )

1 1
under the conditions % <y<p< ok Finally, from (36), we obtain the following bound :
o}
1/2— —1/2)| —m=a_ _ —1/2)| -m=2a_
|A2,n| § C~A3 . (’nﬂ(T_l)_6/2 +n /2—(ay—=1/ )<m+a—1) _’_nﬁ (ay=1/ )(m,+a—l)). (38)

1 1
Therefore, inequalities (34), (35), (38) and condition o0 <7< 8 < 3 provide :
e

mo= B(1-a 22

p2 = v—f
’An’ < ¢ A3 nmax(P1,p2:p3:04:P5)  with ps = O (1 +4d— (%ﬁ;aé)) —-6/2 (39)
po= 172 (ar—1/2)(25%)

ps = B (o —1/2) ()

We have the possibility to make varying ¢, 8, v (with certain conditions) for :
1. obtaining conditions on « and m, such that it exists §, 8, v verifying max(p1, p2, p3,pa,p5) < 0;

2. minimizing max(p1, p2, ps, P4, P5) with an optimal choice of §, 3, v under the previous conditions.

-2
To solve 1., the condition p3 < 0 implies § < % with the optimal choice 6 = m/a — 2. Moreover,
m-—a
. S 1 (2m—1 . .
condition py < 0, implies v > % . As a consequence, max(p1, p2, ps, P4, P5) < 0 is verified when :
a\m-—a

1 /[2m—1 m — 2a 2m —1
— | — | <Y< P = — > . 40
2a(ma) v<Pb 2(m — a) R (40)

To solve 2., fist we show that only coefficients ps, ps and ps have to be considered for the minimization
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(under conditions (40), coefficients p; and ps are smaller than ps, ps and py). Then, the optimal choice for
~ and ¢ is provided by the resolution of the system : po = p3 and py = p4, that implies to :

m+2a — 1+ a(m — 2a) 3m+2a — 2

- d —
po 2(m+a—1+a-m) and o 2(m+a—1+a-m)’

and therefore, we obtain the optimal rate :

a(m—2a) —2m+1

A, < e-A*nT with A= :
[Aa] < e " with A 2(m+a—14a-m)

|
4.6 Application to the periodogram and empirical covariance
Proof of Theorem 3 and Corollary 5 :

Set g € H with g(\) = 3,5 gee™ and let k € N*. Then define g*)(\) = i<k gre™.

We can write : )E [Qs(\/ﬁ(ln(g) _ I(g))) _ ¢(U(g) . N)} ‘ < Dyf},, + ngg + Dgl,?“

with
D = [E [o(Va(L(g®) - 16™))) = 6(a(s™) - V)|
D = [E[s(cte™) N) = 6(ol0)- ]|
D = [E[o(Vatae™®) - 16")) - 6 (ValL(e) - 1(9)))] |
Term D{") : Fori=1,...,n, set &; = (X;1¢)j¢j<s a stationary random vector in R**~1. The function :

h(z;) = Z 9e(XiXiye — Ry) fori=1,...,n,
<k

satisfies the assumptions H (defined in the sequel) with a = 2 and A = A(2k — 1) = 2k — 1. Define also :

Sit) = % Z h(w:) = v/n(In(g™) = I(g™)).

By applying theorem 7 for this function h, one obtains :
D) < ¢y kP on, (41)

am—4)—-2m+1

ith dX=
with C7 > 0 an Am 1 ta-m

Term Dék,)L : With the same trick used for obtaining the bound of A4, in the previous proof, we have :

k
Dy < 19"l - |0*(9) = o*(s™®)] .
But, from the expression 12, we deduce :

L TP O0) — (@B W) () At

o*(g) ~ (9™ <
™ —T

2 [ [ (a9 — 59 ) O A

With g € H, we have :

lo—o@le < (3 s) (2 sa) " < (2 s0) ol

[e|=k [e]=k [€|>k

1/2

A
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Consequently, with also ||g + g% || < 2(2562 s/) - |lgll#, there exists Cy > 0 such as :

Dy < Ca- (k') (42)
with sp = O(¢~*) and s > 1.
Term Déki : First, from a Taylor development,

k
n

2
DI < = 116" loe - B(In(g — 9) — 1(g — g™)) .

N | =

With the same decomposition as in the proof of lemma 2, one obtains :

E(Iug - 9) — 19 - “>) 3(( X2 Ran) +»(% 3 \ARun)2+WI 3 gu(ﬁnU3-E(§nMD)Hz)

le|>n k<|0|<n k<|t|<n

First,

(X reoe) <o S R-Y 57 <ol Y B2

= R B

Using the weak dependence of (X;); and with the same trick as in the proof of lemma 7 and more precisely
with inequality (33) adapted to the function h(x) = x (therefore with a = 1),

m—

[Re| < comp™ <ec- 7=

from the rate 1, = O(|¢|~*) with o > 3. As a consequence,

m—2 2
Z RE <c-nt7?*m=1 and ( Z Rggg) <c-np T,

[€|>n [€]=n

In the same way,

1 2 1 2 2 C ,1-20m=
(= D0 IReg) <~ llglf- > BP< kR

E<|t|<n E<|l|<n
Finally,
~ ~ 2 ~ 1/24 2
> ae(Ba—E@)|) < (X loel(Var (Rate) )
k<|[t|<n k<|t|<n
< max (Var (Ba(0)) - lgli3 - Y2 s
E<|t|<n
1
< . (ka +27) - |lgll3, - Z s¢ from lemma 1.
k<|t|<n
Finally, with s = O(¢~*) and s > 1, there exists C3 > 0 such as :
(k (pl-2a =2 1-s
Dy, <Cs-(k me1 4 k0. (43)

-2 -1
Now, with (41), (42) and (43), we deduce by considering ¢t = (2a m T~ 1) A S and selecting k such
m

as k'3 = n?, that there exists C' > 0 such as :
= [6(Vilt() - 1(9))) ~ 6(olg) - N)]| < Cn 752 m

Proof of Corollary 5. Only set g(\) = ¢* in Theorem 3. Since this function belongs to each space H,, this
follows that the terms nggl and Dék,)L both vanish and the result follows from the bound (41). W
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5 Appendix : a useful lemma

In several occurrences we need the following heredity lemma. Indeed, for ARCH models, the corresponding
times series are weakly dependent but being orthogonal sequences their spectral density is constant thus
meaningless and one better consider the squares process. More generally on may consider an instantaneous
function of the initial process and we thus need to be in position to apply the results of the previous sections.

Lemma 9 Assume that (X;)icz s a stationary time series such that it exists p > 0 verifying || Xo||, < oo.
Let (Y;)iez the stationary times series defined by Y; = h(X;) fori € Z and h : R — R such that |h(z)| < c:|x|*
and |h(z) — h(y)| < c- |z —y|- (|z]*"* + |y|*~!) for (z,y) €R? and ¢ >0, 0 < a < p.

o If (X;)icz is O-weak dependent time series (in the sense of Corollary 4), then (Y;)icz is a stationary

p—a
0Y -weak dependent time series, such that Vr € N, Y = c- 07" with constant ¢ > 0;

o If (X;)icz is n-weak dependent time series, then (Y;)icz is a n¥ -weak dependent time series, such that

p—a
Vr e N, nY =c-nf" with a constant ¢ > 0.

Proof. Let f : R* — R and g : RY — R two real functions such that Lip f < oo, ||f|lec < 1, Lipg < o0,
llglle < 1. Denote z(M) = (z A M)V (—=M) for z € R. For simplicity we first assume that v = 2. Let
Wy eensbus J1y- -5 Ju € Z¥TY such that i1,...,4, > r and ji,...,5, <0 and denote X; = (X;,,...,X;,) and
X; = (Xj,,...,Xj,). We then define functions F' : R* — R and G : R” — R through the relations:
M M
o F(X;) = f(h(Xi,),..., h(X,)) and FOD(X3) = fF(R(XIM), .. h(XMD));

oy

o G(Xj) = g(h(Xy,),....h(X;,)) and G (X5) = g(h(X ™), ..., A(X ™))

v

Then :

|Cov (F(X), G(X;))] |Cov (F(X), G(X;) = G (Xp))| + [Cov (F(X3), G (X))

<
< 2E|G(XG) — GUD(Xy))| + 2E|F(X5) — FOD(XG)] + [Cov (FM (XG), G0 (X))

The last relation comes from || f]lcc < 1. But we also have

E|G(X)) - GMV(X;)| < v-Lipg-EJh(Xo) — h(X{"™)
< 2c-v-Lipg-E(|Xo|* Ix,>m)  (from the assumptions on h),
<

2c-v-Lipg- || Xollp - M*™?  (from Markov inequality).

The same thing holds for F. Moreover, the functions F(M) : R* — R and G™) : RY — R verify Lip F(M) =
Lip FM = ¢. M1 with ¢ > 0, and ||[FM)]|, < 1, [|G™)| ., < 1. Thus, from the definition of the f-weak

dependence of X and the choice of i, j, we obtain

’Cov (F(M)(Xi), G(M)(Xj))‘ < cv-Lipf-M®',, if u = 2, under condition 6

< c¢(v-Lipf+u-Lipg) - M* 'n,, under condition 7.
Finally, we obtain respectively :
|Cov (F(X;),G(X;))| < cv-Lipf - (M* "0, +M*P)
< c¢(v-Lipf+4u- Lipg)(]\/.l'a_1 M 4+ MOTP).

By the optimal choice of M = /") we obtain :

|Cov (f(Y3),9(¥3))| co-Lipf 07" or

IN

—a

cv-Lipf+u-Lipg) -n". 1

IN
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