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Abstract

Assume that (Xi)tcz is a real valued time series admitting a common marginal
density f with respect to Lebesgue measure. Donoho et al. (1996) propose a near-
minimax method based on thresholding wavelets to estimate f on a compact set in
an independent and identically distributed setting. The aim of the present work is
to extend this methodology to different weakly dependent cases. Bernstein’s type
inequalities are proved to be sufficient to extend near-minimax results. Assumptions
are detailed for dynamical systems and under the n-weak dependence condition from
Doukhan & Louhichi (1999). The threshold levels in our estimator integrates the
dependence structure of the sequence (X;)iez through one parameter . The near
minimaxity is obtained for LP-convergence rates (p > 1). An estimator of +y is obtained
by a cross-validation procedure. The procedure is illustrated via a simulation study
of some dynamical systems and non Markovian n-weakly dependent sequences.
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Introduction

Let (X¢)tez be a real valued time series admitting a common marginal density f that is
compactly supported. The general purpose of this paper is to estimate f by a wavelet esti-
mator f,, constructed from n observations (X1, ..., X,). We refer to Vannucci (1998) [27]
for a survey of the use of wavelet bases in density estimation. Wavelets are interesting
because they are localised both in time and frequency. Donoho et al. (1996) [8] showed
that projection-like linear estimators are not optimal in a minimax approach, i.e. that
their rates of convergence are slower than the minimax one. Introducing nonlinearity by
thresholding wavelet coefficients allow them to obtain quasi-optimal results. The corre-
sponding estimators are called near-minimax because their rates differ from the minimax
one only up to a logarithm term. The present work extends wavelet density estimation
from the independent and identically distributed (iid for short) framework to cases where
dependence between variables occurs. Many kinds of thresholding exist, such as for exam-
ple Hall and Patil’s (1995) [16] or those presented in Antoniadis and Fan (2001) [2], but
we restrict ourselves to hard-thresholding.

Several ways of quantifying dependence have already been worked out. One of the most
popular is the notion of mixing. For [-mixing, Tribouley and Viennet (1998) [26] have
proved the optimality of an estimator fn for which the Mean Integrated Square Error
(MISE for short) is the minimax one. Comte and Merlevede (2002) [5] obtain a near-
minimax result for more general a-mixing models, paying the gain of generality by a
logarithm loss in the convergence rate. However, the class of @ and B-mixing models is
quite restrictive. Andrews (1984) [1] exhibits the simple non-mixing process

1
X, = 3 (Xi—1+ &), where (& )iz iid with law Bern(p). (0.1)

New coefficients have been recently introduced to study such non mixing models. Via
a time reversion, the Markov chain (0.1) is distributed as the dynamical system (Y; =
T'Yy)iez, where Yy follow the uniform distribution on [0, 1] and T'(x) = 2z mod1 (see Bar-
bour et al. (2000) [3] for more details). As noted by Dedecker and Prieur (2005) [7], such
dynamical systems (and associated Markov chains) are dependent but not mixing. The
above cited authors introduce the notion of ¢-weak dependence to quantify dependence of
such processes. Another (eventually) non-mixing class of models is the one of non-causal
Bernoulli shifts ~X; = H(&—;,j € Z))iez where (& )tz is an iid process—. These models
belong to the class of n-weak dependent processes (see Doukhan and Louhichi, 1999, [11]).

The estimation scheme is based on Donoho et al. (1996)’s procedure, in [8], and it is
adaptative with respect to the regularity of f. The hard-threshold levels of the estimator
fn integrate the dependence of the observations via a parameter . If the weak depen-
dence context is known, the estimator is near minimax: in the case of dynamical systems
the same rate as in iid setting is achieved thanks to inequalities obtained by Collet et al.
(2002) [4] and for non-causal n-weakly dependent observations another logarithmic loss
appears. If the weak dependence context is unknown, a cross validation procedure gives
an estimator 4,. The resulting estimator fn" is adaptative with respect to the dependence
and it is available for a large weak dependence range in an unified approach. We believe
that this is a real improvement on existing results because no restrictive mixing assump-



tions on the observations are required.

The paper is structured as follows. The context of estimation is presented in the next
section. Examples of different weakly dependent sequences of interest are given in Sec-
tion 2. Section 3 is devoted to the main results where relevent probability inequalities and
near minimax rates are obtained. In Section 4 some numerical applications are discussed
and near minimax density estimators are given by a new cross validation procedure. The
proofs are relegated in the last Section.

1 Estimation framework

Without loss of generality f is considered supported by [0, 1]. Let us recall some useful facts
about wavelet estimation (see Hardle, Kerkyacharian, Picard and Tsybakov (1998) [17]
for more details on wavelet estimation). For all p > 1, IL? denotes in the sequel the space
of all functions f supported by [0, 1] such that ||f||h = [ |f(z)[Pdz < cc.

Definition 1. An orthogonal multiresolution analysis of > is an increasing sequence
(Vi)jen of closed subsets of L? satisfying

(1) njeNVj = {0} and UjeNVj =17
(ii) V fe L%, V€N, feV; if and only if z — f(277z) belongs to Vii1,

(iii) There exists a function ¢, called father wavelet, such that {x — ¢(x — k)}rez forms
an orthonormal base of Vj.

If W; denotes the orthogonal supplement of V in Vj1,i.e Vj11 = V;@Wj, then there exists
a function 1) —called mother wavelet— such that {z — 1 (z — k) }rez forms an orthonormal
basis of Wy. At every resolution level j > 0 the families {¢; 1. : @ — 27/2¢(27x — k) }xez and
{4k : @+ 21/2(2 2 — k) }pez are orthonormal bases of respectively V; and W;. Assume
that ¢ is supported by [0, 1] and has a zero-moments property of order N € N*, i.e.:

Vk=0...N, /qﬁ(m)xkdx = 80,k / ‘(ﬁ(m)xN+1| dx < oo, (1.1)

and z— Y |é(z—k)| € L?, (1.2)
k

(here 6o = 1if £ = 0 and else dp , = 0). The above assumptions imply that the associated
mother wavelet 1) also satisfies

Vk=0...N, /¢(m)xkdac:0, /‘¢($)$N+l|dx<oo.

Wavelet bases on [0, 1] proposed by Daubechies (1992) [6] are considered with a sufficient
number (N > 4) of vanishing moments to be Lipschitz functions. Recall that a Lipschitz
function h : R* — R for some u € N* is a function such that Lip (h) < oo with

Lip (h) = sup |h(ay, ..., au) — h(bi,...,by)|
(1500000 ) Z (b1 5o 5b0) |a1 - b1| 4+ |au — bu|




Note that wavelets ¢ and 1 are bounded as Lipschitz functions supported by [0, 1].

For any fixed integer jo, an arbitrary function f € L2 can be decomposed as

290 —1 0o 291
f= Z o,k Pio ke + Z Z Bjo,kWjo ks
=jo k=0

where a; ), = fo x)ojp(x)dx, B = fo x)yjk(x)dr. The projection-type estimator is

270 -1 ji(n) 29 -1
f" - Z a]07k¢j0,k+ Z Z Bj k¢] ks
Jj=jo k=0

where G5, = 1/nY", ¢;x(X;) and Bjx = 1/n3" ¥ x(X;) are the empirical esti-
mators~of the coefficients «;j and ;. Such density estimators can be write on the
form: f,(x) = > Kn(z, X;), with (K,),>1 sequence of kernels defined by K, (z,y) =

szoo ! Gjo. k() Djo 1 (Y) —i—Z;l(yO Zi] 01 ¥ k(2)¥; k(y). The kernels K, are linear (they can
be written as an integral with respect to the empirical distribution) and thus the estimator
fn is linear.

Let (s,m,r) be a triplet such that s > 0, 1 < 7,r < 0co. The expression

21 rfm\ Y1
1 Fllsymr = laool + | D 2T N "5, 4 :
jEN k=0

defines a semi-norm on L2 (see Hirdle et al. (1998) [17] for more details). Besov spaces
and Besov balls are respectively denoted

.= {f € L? such that I flls,mr < 400}, Bj, = {fEBﬂr, 1 flls e <M}.

Note that Besov spaces do not depend on ¢ and . For f € Bfr’r(M ), the LP-mean error
of an estimator f,, is defined by E||f, — f||5. The associated minimax rate verify

inf s Elfa—fIE = O (),
f€B; . (C) f, estimator of f " P ( )

with

o= {8/(1 +25) €20, where e = sm — (p—m)/2.  (1.3)

(s—1/7+1/p)/(1 +2s—2/m) €<0,
Linear estimators, including f,,, do not achieve such rates for f € B; (M) with 7 < p. In
order to bypass this drawback, Donoho et al. (1996) introduce in [8] non-linear estimators
f,, via thresholding. Let T\(B) = Bl|g>x be the hard-threshold function of level A > 0;
given n they consider integers jo, ji1 and parameters (A;);j—j,..;, and define

2001 1 27-1
f"_ Z a]0k¢j0,k+z ZTA ﬁjk 7/)319,
j=jo k=0
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In order to achieve a minimax rate —up to a logarithmic term— the paramters defining fn
have to be chosen appropriately. Donoho et al. (1996) obtain in the iid framework the
following result:

Theorem 1 (Donoho et al., 1996). Suppose that f belongs to a Besov ball B;. (M) with
1/m<s<N/2, 1<7<p, 1<r<o0,

where N is the reqularity of the wavelet. If (Xi)icz is an iid sequence, there exists a
constant Co(N,p, s, m, M) such that

<logn pa
El| fn — FIP < Co <

) ife#£0

n
pa
10gn> (lOg n)(p/277r/7‘)+, ’l/fE — 0’
n

where the minimazx rate o and € are given in (1.3) and

200~ pl/0+N) (1.4)
201~ n/logn, (1.5)
Aj = Ki/j/n, for a suitable constant K > 0. (1.6)

In a regression framework, Donoho and Johnstone (1995) [9] fix the constant K = /2 for
practical implementation. Hereafter, we will adopt the same choice.

2 Dependent models

Models of this section satisfy the conditions of the theorems stated in Section 3.

2.1 Expanding maps
Dynamical systems (X;);>0 are defined through a function 7" : [0, 1] — [0, 1] by

X; =TYXy), VieN (2.1)

where X is distributed as a Lebesgue dominated measure p on [0,1] and 7% denotes
ToTo---oT .

1 terms
Expanding maps (X; = T%(Xg))ien (or equivalently Lasota-Yorke functions T') are dy-
namical systems such that

e (Regularity) The function T is differentiable, with a continuous derivate 7" and there
exists a grid 0 = ag < a1 --- < ap = 1 such that |T"(x)| > 0 on Ja;_1,a;] for each
i=1,... k.

e (Ezpansivity) For any integer i, let I; be the set on which the first derivate of Ti,
(T%Y, is defined. There exists a > 0 and s > 1 such that inf,cr, {|(T")'(x)|} > as".

e (Topological mixing) For any nonempty open sets U, V, there exists ig > 1 such that
T=HU)NV # & for all i > ij.



The class of dynamical systems has remarkable properties (see Viana, 1997, [28]). Its
members admit an invariant measure pg with a density f € BV) where BV is the set of
bounded variation functions h defined on [0, 1] such that

n

sup sup > Ih(ai) = h(ai)| = ||l v < +oo.

neN aqp=0<a; <:-<an=1 i—1

Note that B} ; € BVi C B}, (see e.g. Donoho et al. (1996), [8]). Expanding maps
are also geometrically ergodic in mean, i.e. there exists constants o, C > 0 with a < 1
such that E|X; — )E't] < Cot for all t > 0, where (Xt)tzo is the stationary expanding map
(X, = T"(Xo))sen obtained with X following a distribution p9. These models are not
mixing (see Dedecker and Prieur, 2005, [7]).

2.2 n-weakly dependence
Doukhan and Louhchi have introduced this notion in 1999 in [11].

Definition 2 (Doukhan and Louhichi, 1999). The stationary process (Xi)icz is n-
weakly dependent if there exists a sequence of non-negative real numbers (n,)ren satisfying
- — 0 when r — oo and such that:

|Cov (h(Xiy,-- Xi) s k (Xisrs- s Xiuyo )| < (uLip(h) + vLip(k)) nr

for all (u+ v)-tuples, (i1, ... dute) With i1 < -+ <y <y + 7 <y < -+ < dyto, and
for all h,k € A where
AL = {h: Ju>0,h:R"— R, Lip(h) < 00, ||h]e = sup |h(z)| < 1}.
reRY

The n-dependence refers to non-causal situations because information “from the future”
(i.e. on the right of the covariance) contributes as much as information “from the past”
(i.e. on the left) in the dependence scheme. This notion of dependence includes general
models which may be non-mixing. We will consider a subgeometric decay, meaning that:

There exist a,b, C' > 0 such that 7, < C exp(—ar?), (2.2)

and we will also assume that the joint densities f; of (X;, X}) exist and are uniformly
bounded for j # k.
2.3 Bernoulli shifts

Let H : RZ — R be a measurable function. If the sequence (&)cz is iid on R, a Bernoulli
shift with input process (&;)tcz is defined as

X = H ((&—i)iez) 5 t € Z.

Such Bernoulli shifts are n—weakly dependent (see Doukhan and Louhichi, 1999, [11])
with n, < 25[r/2] if
E|H (&, € Z) — H (§1j<.j € Z)| < 6. (2.3)

Different values of b in equation (2.2) arise naturally for specific functions H.



2.3.1 Infinite moving average

The most simple case of infinitely dependent Bernoulli shift is the infinite moving average
process

Xt = Z aift_i. (24)

1€Z

Doukhan and Lang (2002) [10] prove they are n-weakly dependent with

Ny = Z a?. (2.5)
l31>[r/2]

If (a;);40 satisfies a; < Kabl for j # 0, K >0 and 0 < a < 1 then equation (2.2) holds
with b= 1.

2.3.2 LARCH(o0) inputs

A vast literature is devoted to the study of conditionally heteroscedastic models. A simple
equation in terms of a vector valued process allows a unified treatment of those models,
see [13]. Let (& )icz be an iid centered real valued sequence and a,aj,j € N* be real
numbers. LARCH(oc0) models are solutions of the recurrence equation

o0
Xt = é.t a+ Zant_j . (26)
7j=1

Assume that A = E|{|>_ >, |a;| <1 then one (essentially unique) stationary solution of
eqn. (2.6) is given by

[e.e]
Xe=& |a+ Z Z Wy Et—j1 g+~ Oy &ty —— 5,0 | - (2.7)

k=1j1,....jk>1

The solution (2.7) of equation (2.6) is geometrically n—weakly dependent with b = 1/2 if
there exists 0 < o < 1 and K > 0 such that a; < Ka™! for all j > 0 and E|§] <1 — a.

2.3.3 Non-Causal LARCH(~) inputs

The previous approach extends for the case of Non-Causal LARCH(c0) inputs

Xe=& |a+ Z a; Xy j
i#0

Doukhan, Teyssiere and Winant (2005) prove in [13] the same results of existence of a
stationary solution as for the previous causal case (only replace summation for j > 0 by
summation for j # 0). This solution satisfies equation (2.2) with b = 1/2 if there exists
K,a >0 and o < 1 such that a; < Kalil for all j # 0.



3 Main results

In all this section, let (X;)icz be a stationary real valued sequence, ¢ a father wavelet
in L? satisfying (1.1) for N > 4 and the condition (1.2), and {¢;;,j € N,k € Z} the
wavelet functions associated with. A probability inequality is given in an unified way for
the different cases of dependence introduced in Section 2. Theorem 3 gives near-minimax
estimators for weakly dependent observations.

3.1 Probability inequalities

Under weakly dependent conditions on (X )ez, we may find that for all (5, k) € N2, n € N*
and g > 0 there exists a constant C' > 0 such that

q

E % ;(%,k(Xz‘) — Ey;r(Xi))| <C. (3.1)

Here, the constant C' increases with the order of the moment ¢. In iid framework, this in-
equality easily follows from Rosenthal’s one. Under some additional assumptions, C' could
be bounded by ¢%/2, proportional to the moment of order ¢ of a Gaussian. For expanding
maps, the moment inequality (3.1) also holds (see Dedecker and Prieur, 2005, [7]). For
n-weakly dependent sequences, Ragache and Wintenberger (2006) prove in [25] such in-
equality under condition (2.2). They also bound the constant C' < K q?t9/% where K is
a constant that does not depends on g. The rate ¢%/2 is not obtained because covariance
terms appears in the development of the moments.

These bounds of ¢g-th moments are linked to probability inequalities by the following useful
lemma:

Lemma 1 (Ragache and Wintenberger, 2006). If the variables {V;, }nez satisfy, for
all k € N*
[Vallar < ®(2k)

where ® is an increasing function with ®(0) =0 and lirf ®(x) = +o0, then:
T—T0O0

P(|Vp| > 6) < e®exp (=@ (/e)) -

Taking V,, = % S i (Xs) — B x(X;) and ®(x) = Cz'+1/P leads directly to the first

assertion of the following Theorem:

Theorem 2. For all (j, k) € N? and n € N* there exists constants B,C > 0 and v > 1/2
such that

P

( % Z(¢j,k(X@') — Elﬁjﬁ(Xi)) > 5) < Bexp <_051/’Y> , (3.2)
i=1

for all § > 0 such that there exists K' > 0 with 6% ||, |2 < K'n for some constant | > 0.
More precisely

1. y=141/b and I =0, if coefficients n, of (Xi¢)tez satisfy (2.2) and if for all j # k
the joints densities f; i of (X;, X)) exist and are uniformly bounded.



2. v=05and l =1, if (Xi)iez is an iid process.
3. v=0.5 and l =5, if (Xi)iez is a stationary expanding map.

Assertions 2 and 3 of Theorem 2 follow directly from the following Bernstein’s type in-
equality: for all A > 0

p<‘

n 2
D k(X)) — By u(X5) A
=1

> A) < Bexp | -C " - | (3.3)
o7+ AT ]| oS

where B,C > 0 and 02 = Vary ., %;x(X;). From equation (3.1) in the case ¢ =
2, we know that o2 has the rate n. Fixing 6 = A/y/n and under 6%||¢;.||% < K'n,

AQl/(lJrl)Hi/ijHgé(Hl) < K'n with K” > 0, the result of Theorem 2 with v = 0.5 follows.
Equation (3.3) with B = 2 and C' = 1 is the classical Bernstein’s one in the iid case, see
for instance Petrov (1995), [23]. The result is new for expanding maps and its proof is
given in the last section.

3.2 Near-minimaxity of the estimation scheme

This result extends the one of Donoho et al. (1996), [8], to dependent settings.
Theorem 3. Suppose that f belongs to a Besov ball B;. (M) with
1/m<s<N/2, 1<7n<p, 1<r <o,

where N > 4 is the reqularity of the wavelet. Suppose that there exists a couple (1) and
that conditions of dependence on (Xi)iez hold such that the inequalities (3.1) and (3.2)
are satisfied. Then there exists a constant Co(N,p, s, m, M) such that

1 2y y4es
. < Ogn " ife#0
E[llfn = flI}) < Co 2y pa
<10g n) (lOg n)(l—ﬂ/T‘)+ ’l/f e=0

where the minimaz rate o and € are given in (1.3) and

210~ pl/(EN) 3.4)
21~ n/logPln, (3.5)
Aj = Kj"/V/n, for a well chosen constant K > 0. (3.6)

The above result takes into account the dependence of the observations through the thresh-
old. The dependence of the observations presently changes the behavior of the moments
of wavelet coefficients, determined by Theorem 2. The idea of adapting the threshold level
to the behavior of the moments of the wavelet coeflicients estimators is not new but it
is usually developped in ill-posed inverse problems. As it is put in evidence in the The-
orem 5.1 of Kerkyachrian and Picard (2000), [20], the quality of the estimator relies on
an adapted threshold level, that is given by moments and probability inequalities on the
estimators of the wavelet coefficients. For example, Johnstone et al. (1998) apply this
principle in an ill-posed inverse problems in [19]. Here the idea is exactly the same, but



the moment inequalities obtained relie on the dependence of the setting rather than on
the inversion of the problem.

The result for v = 0.5 is the same as in Donoho et al. (1996), [8]. As noted previously,
such values of « arise in iid context and for dynamical systems. Consequently, Donoho
et al. (1996) result is extended to dynamical systems. It is also extended to expanding
maps, where the assertion 1. of Theorem 2 holds, but the rate obtained differs from a
logarithmic term.

The parameter v determines the convergence rates through Theorem 3. It also calibrates
the degree of dependence of the observations through Theorem 2. The optimal ~y corre-
sponds to the smallest error of estimation. This value could change with the dependence of
the observations. Theorem 2 gives us a theoretical value v in inequality (3.2) (see section
3.1) that leads to near minimax estimators. Such probability inequality exhibits a bound
Yo < v but not necessarily the optimal .

4 Numerical results

In the next section, we propose to estimate numerically the optimal parameter g by an
estimator 4, obtained by a cross-validation procedure.
4.1 Cross-validation procedure

According to Theorem 3, near-minimax estimators fﬁ’ with hard-threshold of the form
N\j = Kj7/y/n (with K,y > 0) are considered in the sequel. Let us fix K = /2, 2% =
nt/A+N) and 27" = n/logn as in Donoho and Johnstone (1995), [9], in order that f;/
depends only on «. The MISE, corresponding to the LP-mean error for p = 2, is:

MISE(f) =E [ (fi(@) - 7)) do =EL(),

Note that

i = [ (i) do—2 [ f@s@des [ fdo.

J(f2

Minimizing the MISE is then equivalent to minimize EJ( fﬁ’ ). Following Hart and Vieu
(1990), [18], we define a leave-out procedure. Let b, be positive integers and X_;, i =
1...n, be the associated sub-sampling:

X ={X;, 1<j<mn, li—j|>by}.

We define the “leave-out b cross validation function” by:
. 2 L.
i) = [ (£(2)) do =271 Y 7,50
i=1

where fzz is the hard threshold estimator based on the sub-sampling X_;.



The idea is to break the dependence by considering blocks of size 2 x b, + 1 —, .o o0
around the observation X; in order to obtain n=1 Y " | le( Xi) ~nooo Ele( ) ~n—oo
[ fA(x)f(x)dz. Lahiri (2003) shows in [21] the efficiency of such sub-sampling methods in
a Weakly dependent context. Hall et al. (1995) prove in [15] that for kernel estimators the
bandwith chosen by minimizing the corresponding “leave-out b cross validation function”
is a good estimator of the optimal bandwith. Theoretical results are not developed here
but we conjecture that such result remains true for two reasons:

e all cases considered here are (sub-)geometrically weakly dependent and restrictions
on decays of coefficient ensure asymptotic results as law of large numbers,

e as shown by Theorem 3, our parameter  plays a fundamental role on the convergence
rates as much as the classical bandwith does.

According to remark 2.1 of Hart and Vieu (1990), [18], we fix 2% b, ~ n'/3. Note that the
orthonormality of wavelets basis gives

— j1 29-1
CVi(y Z &Gk D 2 Tsp pyaBie) - *Zﬂ
k=0 Jj=jo k=0

Our proposed procedure consists in choosing 4, = argmin,—o,0.05,...,1.95.2 CV5(7).

The implementation has been done in Matlab using the package Wavelab, heely available
on the net on [29]. In order to implement numerically the procedure, we have used
some approximations; indeed, computation is based on an equispaced grid, while the
data considered is not equispaced. In order to reduce the resulting approximation error,
we consider a finre grid than the number n of observations. Here I = 4n in order to
increase the precision without araising too much calculus time. Actually, we will consider
in implementation values of the form ; ;(l;/I), wether than 1; ;(X;), with I; the integer
part of X;I. The bias caused by implementation is not studied here.

4.2 The estimator %,

This section illustrates and evaluates our estimation procedure on simulated examples.

Consider first the case of an iid sample (X1,..., X,,) generated according to the cumulative
distribution function F(x) = 2/marcsin(y/x) for « € [0,1]. The criteria is minimized for
v = 0.5 in Figure 1. Thus, the cross validation procedure selects 4, near 0.5 for n = 21°
(see Figure 2). For a sufficiently large number of observations this estimator 4,, obtained
numerically has value concording with v = 0.5 chosen by Donoho et al. (1996) in [8].

Let us now consider the case of an expanding map T'(z) = 4z(1 — ). The invariant mea-
sure has the same distribution F as in the previous iid case (see Prieur, 2001, [24]). We
then first simulate X1, ..., X, such that X; ~» F and then X; = 7%~ 1(X1) for 2 <i <n.
As for the iid case, the cross validation criteria in Figure 1(a) chooses 4, = 0.5. Figure
2 corroborates this value: for high values of n, the distribution of 4, obtained by croos-
validation is centered on the value 0.5.
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The assumption of stationarity could be irrelevant in many cases. Simulating the first
observation X; ~» F to estimate the (unknown) distribution F' of the invariant measure
of a given transformation 7' is impossible. Thus we simulate X; = T%(Xg) for 2 < i < 2n
with Xo ~» U([0,1]) and retain only the n last terms. The process (X;);>1 is geometrically
ergodic in mean and the error with respect to the stationary case is negligeable regarding
with the error of the density estimation. Results remain valid and the procedure acts as
in previous cases of stationary and iid cases, see Figures 1(b) and 2.

(a) iid case (b) Stationary dynamical system case

0 0.2 0.4 0.6 0.8 1 12 14 16 18 2 0 0.2 0.4 0.6 0.8 1 1.2 14 16 18 2
Y Y

(c) Non stationary dynamical system case (d) n-weak dependence case

Figure 1: Cross validation criterion’s evolution with respect to v for n = 20 observations.

The curves represent the evolution of the mean of the criteria calculated on 100 simulations with
respect to v = 0,0.05...1.95,2. Four cases were considered: in (a) the observations are iid, in (b)
we simulate stationary dynamical system, in (c) a non stationary dynamical system and in (d) we
consider a n-weak dependent case.

Study now a non-Markovian extension of Andrews’ example (0.1)

Xt = 2(X—1 + X¢41)/5 4 5&/21 where (& )z are iid with the common law Bern(p).
(4.1)

11



A stationary solution of this AR(2) equation is the non-causal process (X¢)iez
Xi =Y aj
JEZ

where a; = 1/3 % (1/2)l/l. This solution belongs to [0,1] and its density is the one of
(U4 U'"+¢p)/3 where U and U’ are independent variables following U([0,1]). As in An-
drews’ example such processes are not mixing. However, using equation (2.5) there exists
a,C > 0 such that 7, < C'exp(—ar). Assumption (2.2) is satisfied with b = 1.

Exponent given by Cross-Validation Exponent given by Cross-Validation
for n=2" observations for n=2° observations
T T T T T
2t + + — 2t —
|

181 i ! 18F

7 |
16} | T ! 16l

| | :
14r ! ! 148 —_

I I ! + - I
12r ! ! 12 I ! —

| ! : +
& 1 & 1r I !

o oo [ ]
I ‘ | | o

| 1
0.4 | | : : 0.4 1 1 | |

| | i i | | |
f | | | L S | |

0 1 1 0 1 1
(@) (b) © (d) (@ (b) © @
Dependence Dependence
Exponent given by Cross-Validation Exponent given by Cross-Validation

for n=2° observations for n=2'° observations
- . .

2 8
sl %“I'““# R
2 g
%IH\ P

(@ () © @

Dependence Dependence

Figure 2: Empirical distribution of 4,,. The figures represent the boxplots (the black cross is
the mean) of the empirical ditribution of 4,, obtained on 100 simulations for different initial sample
sizes: n =27, 28, 29 210, For each value of n, we abut the boxplots of differents cases; From left
to right : (a) iid case, (b) stationary dynamical system case, (¢) non-stationary dynamical system
case and (d) the n-weak dependent case.

Perfect simulation is not available in this framework and Gibbs algorithm is appropri-
ate for approching the true distribution of (Xi,...,X,). A vectorial Markov Chain

(Xft), o ,X,(L?LQ)teN* is simulated by:
forall j € {1...2n}, the distribution of X ](O) is uniform on [0, 1],
t t t—1
X0 =o(x(0) 4 x5+ 55621,

This chain is uniformly geometrically ergodic and its invariant distribution is the true one
of (X1,...,Xn+2). The dependence on the initial values is then geometrically decreasing

12



with the number of iteration of the Gibbs sampler (see Guyon, 1995, [14]). One chooses

to take as observations (XQ(n), e ,X,(ﬁ)l) in order to reduce edge effects. The error coming
from the simulation compared with the error of estimation is negligable. The shape of
the criteria in Figure 1 is completely different in this non Markovian context. The cross-

validation procedure leads to larger choices of 4, than before (see Figure 2).

This numerical procedure has a practical interest especially when dealing with density
estimation for time series. In practice, when the independence of the observations is not
acquired, the cross-validation estimator f," seems more adapted than the classical one
with v = 0.5.

4.3 Numerical study of the convergence rates

This section does not deal directly with our cross validation procedure. We study numer-
ically the rates of convergence in different contexts by Monte Carlo simulations. The true
densities of the simulated sequences are known. The L%-error rates is approximated by
the Riemannian sum:

251
2703 f127 042 %) - f27 0 +i270).

1=0
With the parameter v fixed at 0.5, we estimate the MISE on 100 iterations using this for-
mula for the different cases of dependence. Figure 3 represents the evolution of the values
of MISE obtained with respect to the sample-size n in the cases of iid series, stationary
and non stationary expanding maps. We can observe that the evolution is the same for
the differents cases considered in this figure. Added to the fact that the value of v given
by Theorem 2 is the same and that the evolutions of the criterion in Figure 2.(a) to (c) are
very similar, compared with the n-weak dependent case, this means that in our example,
these kinds of causal dependence do not modify the behaviour of the classical estimator
from the iid case. In particular, we can note that the framework of non stationnary ex-
panding maps is very similar to the iid case for our estimation procedure.

As already mentioned by Tribouley and Viennet (1998) in [26], a safe strategy to avoid
large errors dealing with dependent data is to increase the threshold. A way to enlarge the
threshold is to choose a larger «. The special shape of the criteria shows that v = 0.5 is a
critical value and larger ones seems much more stable in the non causal context. In figure
4 are ploted estimations on 100 iterations of the MISE for three choices of v = 0.5,0.75, 2
and for various numbers of observations n = 26,27, ..., 2™ 2! The MISE is clearly the
smallest for v = 0.75.

Theorically Theorem 2 tolds us inequality (3.2) holds with v = 2 (see Section 3.1 for more
details). Actually, this Theorem only gives an upper bound of v veryfing inequality (3.2)
and smaller choices of v can be possible. Choosing a lower v such that inequality (3.2)
holds allows to reduce the convergence rate via Theorem 3. But as we do not have a lower
bound, we do not have access to the optimal choice of such ~. Figure 4 confirms that v = 2
is probably not the optimal choice of + in the studied example because we observe that
the MISE of fn2 is always greater than the one obtained with f,?'75 even for large values of

13



— iid
- - stationary
non stationary

107

MISE

107

10" 10° 10° 10" 10°

Number of observations

Figure 3: Evolution of the MISE with respect to the sample size. The figure represents the
estimation of the MISE obtained by 100 simulations for n = 26,27 ..., 214 215 in a log-log scale.
Three cases were considered : iid observations (solid), stationary expanding maps (dash) and non
stationary expanding maps (dots)

n-weak dependent case
107 T

MISE

10 |

10° 1 2 3 4 5
10 10 10 10 10

Number of observations

Figure 4: Evolution of the MISE with respect to the sample size for n-weak dependent
data. The figure represents the estimation of the MISE obtained by 100 simulations for n =
26 27 ..., 214 215 in a log-log scale. Three values of v were considered : v = 0.5 (dash), v = 0.75
(solid) and v = 2 (dots)

n. The fact fg.t’; also have less satisfying results than f2'75 means a priori that inequality
(3.2) is not available with v = 0.5 in this context.

This study put in evidence the limitation of our theorical study: Theorem 2 does not gives
the optimal choice of v but only a possible choice. Using a cross-validation procedure allows
us to bypass this drawback, giving the value of v the most adapted to the observations
and leading to a better estimation than an arbitrary choice of the threshold.
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Conclusion

Probability inequalities give a « that controls the logarithmic loss in the convergence rate.
It leads to near minimax estimators fg . This value of 7 is not necessarly the optimal
one, i.e. the one that minimizes the error of the estimator. The proposed estimator fﬁ’",
where 4,, is obtained by a cross-validation procedure, seems a better density estimator
when dealing with time series. For iid sequences or expanding maps the estimator 4,
converges to 0.5 according to Theorem 3. Even for non stationary expanding maps the
previous result remains valid. In the n-weak dependence case, larger values v > 0.5 are
preferable, like the ones given by the cross validation procedure. Both theorical results and
implementation on simulated examples tolds us that the behavior of the hard-threshold
density estimator is similar for expanding maps (stationary or not) than for the iid case,
while non causal n-weak dependence needs to calibrate differently the threshold. In our
opinion, the cross-validation procedure presented gives a satisfactory unified approach of
these different cases.

5 Proofs

In this section, proofs of Theorem 3 and inequality (3.3) are collected.

5.1 Proof of the Theorem 3

We restrict ourselves to the case of compactly supported distributions. We consider that
f is defined on [0, 1] without loss of generality. We assume furthermore that the function
f we wish to estimate belongs to a Besov Ball B; (M) and that the assumptions on the
indexes given in Theorem 3 hold. The density f can be written as follows:

J1 29-1 o  29-1
f= Z o kbink+ D D Bistik+ D D Bkt
Jj=jo k=0 Jj=j1+1 k=0
JOf Djo,jlf Djl,oof

This decomposition is linked with the properties of the Besov Balls: the first term Fj, f
represents the projection of f over the space generated by scale functions of order jg
whereas the part Dj, j, f + Dj, o f are the “details”, it is to say the projection over the
wavelet spaces. (See Hérdle et al. (1998), [17]).

Let us recall below the form of the estimator:

j1 29-1
E ajo,k¢j0,k+ E E 'Y)\ ﬂ]k 7,k
Jj=jo k=0
Ejo f Djo.51 f

where 7, is the hard-thresholding function with the level dependent threshold A; = K \]/—%

The functions jo and j; are given by jo = logy(n'/0+N)) and j; = logy(n/log?" n).
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Thanks to Minkowski’s inequality, we can decompose the risk of fn in three parts:

Ellfu = fI5) < 377" | EllEjof — Ejof I5)+EDjo.jr f = Diojs FI12]+ 1 Djroo f I

Ty Ts T3

We may now study the convergence rate of each of these terms. We will not consider them
in their order of appearance but of difficulty.

5.2 Some technical tools

We suppose the series (X;) satisfy the conditions (3.1) and (3.2) with -y a positive constant.
Those assumptions provide us moments inequalities for the estimation of the scale and
wavelet coefficients. We have, for all j € N and k € Z:

1 n
Qjk = Qi = — > ($jk(Xi) — B r(X0)),
=1

1 n
ik = Bjg = — > (Wx(Xi) — Egbj (X))
i=1

When we restrict ourselves to the cases where j < j1, we can also control more generally
the terms: E|G; 1 — a; P and E\ﬁ]k — Bjk|P for a fixed real p > 0 and uniformly for all
j < j1and k € Z. Then [|¢;lloo and |[¥j1]lc are bounded, up to a constant, by 271/2,
which is always smaller than y/n. Through the inequality (3.1) it leads there exists C' > 0
such that

E|Bjx — Bjxl? < Cn7P/2. (5.1)
The functions ¢ satisfy also the condition (1.1) and the same inequalities hold for each
k-

5.3 Approximation error 73

This term is the bias introduced by the fact that in reality we do not estimate f but
only its projection over a space of scale functions of order j;. The fact that we observe
dependent data does not affect this term because it is deterministic, so we can apply the
usual bounds. As in the proof of Theorem 5 of Donoho et al. (1996), [8], or by applying
Theorem 9.3 of Hérdle et al. (1998), [17], there exists a constant C' > 0 such that

N\ P
T3 <C <27ﬁs ) where s’ = s — 1/7 + 1/p.
The index s is coming from the Sobolev inclusion B, C B;:r. Recall that we have taken
271 = logQ'Yl n/n. Moreover, p > 7 and s > 1/7 implies s’ > «:
e Ife<0,a=5/(14+2(s—1/7m)). Then a < s’ because s > 1/m by hypothesis.

e Ife>0,a—5 =5/(1+2s)—s =—(2s>+ (1+25)(1/m —1/p))/(1+25). As s > 0,
we conclude noting that s’ > a.

As a consequence T3 has always a smaller rate than the convergence one, ie. T3 <
C (log*" n/n)s P<e (log?" n/n)™ for a well chosen constant C’ > 0.
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5.4 Bias of scale estimation 7}

Paralleling the proof of Theorem 5 of Donoho et al. (1996),, [8], we can apply the result
of Meyer (1992), [22], for the scaling function ¢ satisfying a concentration assumption. It
gives, for a suitable C' > 0

p

2%—1 290 —1
_ A ) ) jo(p/2—1 A P
h=E Z (O‘]o,k - O‘jmk)gb]o,k < C 27o®/2=1) Z E|O‘J0J€ - O‘JoJﬂ| .
k=0 » k=0

Thanks to the inequality (5.1), the rate of convergence of T} is bounded by
T < C 2Jop/2y,—p/2.

Note that the choice (3.4) of jo implies that the order of the bound is (270/n)P/? =
n~PN/(2+2N) We conclude that T is negligible thanks to the hypothesis N > 2s.

5.5 Details term 75
We apply the same result from Meyer (1992), [22], on the wavelet basis {1} }:

Jj1 29-1 2 _1
D> (nBixk) = Bik) %k Z 2ie/2=1) Z Bl (8k) — Bjkl?.
J=jo k=0 p J=I0

In order to prove that this term achieves the desired rate of convergence, we need to
decompose it again. We will need in particular to distinguish whether the estimation of
the coefficients are thresholded or not. We therefore introduce the following sets:

B = k=027 -1, |3, > N},
Bf = {k=0...27 =1, |Bjx| > 2)\;},
By = {k=0...27 =1, [Bjxl <A\j/2}.

Then Ty < Toy + Ty + Th3 + Ty with:

27 -1

J1
T21 — Z 2](])/2*1) Z E [’/Bj,k — ﬁ],k‘p]]‘BJOBJ_] )
‘ k=0

291
Ty = Zga p/2-1) ZE[lﬁj,k—ﬁj,k‘pﬂéij;C]7
k=0

271

Ths = 22”/2 D18k PP(BE N B,
Jo k=0
27 -1

Ty = Zzﬂ p/2=1) Z|ﬁjk|pP BSN B).

Jo

where the exponent ¢ denotes the complementary.
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5.5.1 Term Tb3

Within the set B’j NB; or the set B]»CQB;F, we can notice that \ﬁ]k — B k| is lower bounded
by A;/2. We then have for a constant C' > 0:

J1 27 —1
Tos < C Y 2@ N B PP(1Bj0 — Bikl > Aj/2)-
Jo k=0
We can have an upper bound of IP)(WAj,k — Bik] > Aj/2) thanks to Theorem 2, choosing
§ =+/n)j/2 = Kj7/2. With 2/t = n(logn)~%, for a sufficiently large n:
5| k]2 < K720 < K'log"™ n s n/log?' n < K'n.
We thus obtain that 521H¢j,k||2 < K'n and consequently Theorem 2 can be applied with
this choice of §. It leads to the following bound
B(1;k — Bl > A;/2) < e K. (5.2)
Thus, there exists an increasing function of K denoted v(K) such that
P(18jx — Bixl > Aj/2) < 277,

Added to the fact that we control 3, |8; 1 [P2/P(5'+1/271/P) gince the assumptions in The-
orem 3 imply that f belongs to a Besov space B;;:OO with s’ = s —1/7 + 1/p, we obtain for
C >0,

J1
Ty < C Z 9—i(s'ptv)
Jo
It follows that Ty has the rate 2770('PHv) < p=(s'p+1)/(1+N),

Taking K sufficiently large, we can control as accurately as we want the parameter v and
then T53 becomes asymptotically negligible compared to the other terms.

5.5.2 Term Ty

We first introduce IP’(]B]-Jg — Bkl > A\j/2) as we did it for the term Th3. By the Cauchy-
Shwarz inequality there exists C' > 0

o 2-1 R 1/2 R
T < C Y 20 ST RIG - B4l | TPk — Bial > A/
Jo k=0

We achieve the following rate for Tb; using (5.2)

J1
Z 9i(p/2-1-v/2)
Jo

Inequality (5.1) leads to the rate n~P/2 Z;; 20P/2=v/2 ~ As for Th3, we may choose the
constant K large enough to get v > p. Then, we can write

27 -1

> [E’Bj,k - ﬁj,k’zp] 2

k=0

T21 S Cn—p/22j1(p—u)/2.

Here again, we can choose the constant K sufficiently large, in order to achieve a sufficiently
large v such that T5; becomes negligible compared to the other terms.
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5.5.3 Term Ty,

This term corresponds to the leading one, meaning it is the one which determines the
convergence rate. As

IIBJ.COBJ.*C S ﬂ\ﬁj,k\éﬂj’

there exists C' > 0 such that

21
Tus<C Z 2/ #/2D Z 1BkPLg18, <201 (5.3)
Jj=jo k=0

We now must distinguish on the values of e.

e If € > 0, we introduce jo+ as the largest integer such that

1
2Jot < < n >1+2S . (5.4)

log®' n

The hypothesis s < N/2 implies jot+ > jo. We decompose the inequality (5.3) as

follows
Jo+ 27 -1 27 -1
Ty <y 2@ Z 18),k[P g 5, <203 + Z 2/(#/2-1) Z 1B1,k[P g1, 41 <2n,1 -
J=Jjo , J=Jo+
Tos1+ Tos24

We study separately the behaviours of 7541+ and Togo .

Term Ts41,. This term satisfy the following inequality Thq11 < Z;O:m 21 (p/2-1)9J (2X5)P.

With \; given by (3.6), we have Thyy < n~P/2230+P/2(j5, )P, The choice of jo
in (5.4) gives Thy1, < C(log® n/n)*P, with C positive constant.
Term T540+. As m— p <0, we have the inequality

Bk (m—p)
Lgseison < |93 (5:5)
We thus can easily bound To4o1 by
21
Z PPN Z 134" (5.6)

J=Jjo+

Replacing A; by its value,

2 (p—)/2 271
acso(®) " £ Fie

J=Jjo+

Using the control of 37, |8; x|"2/™(5*1/2=1/™) given by the inclusion B; . C B

T < Jp/2\P—To—j(s+1/2)m < —Je.
2z < C Z 2N 15 < C |5 .2
J=Jjo+ J=J0

(5.8)
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Let us define vt := n=(—7)/2 ] Lion 27 ge,
As € > 0, v}t is bounded by n~(P=™)/29-Jo+€, Qo it gives with joy as in (5.4):
vt = (logn)21e/(1428) =€/ (1425)=(p=m)/2  The equality e/(142s)+(p—7)/2 = ap
if € > 0 implies obtain that v, is equal to (log_QV(n)n)_ap(logV(p_”) (n).
Finally, we have

T242+ < C (IOgQV n/n)ap

which is the rate we are looking for.
To conclude, when € > 0, we obtain
Tyy < C (log® n/n)?

e If € < 0, we introduce j;_ as the largest integer satisfying

n v
91 < . 5.9
<log27 n> (5:9)

When € < 0, a < s’ and so j1_ < j; for a sufficient n. We decompose the inequality
(5.3) as follows

Ji- 27 -1 27 -1

Toy < ) 202D 6P L, p<on,) + Z PPN 6P Ly, <oy
J=jo k=0 J=j1i— k=0
T2:1r17 T242_

We consider separately To41— and Togo_.

Term Tyy1—. Following the scheme used for Thyo,, the inequality (5.8) becomes

Ji— ng (p—m)/2 jy ‘
Toy_ < C Z 2]17/2)\1) To—j(s+1/2) 7THfHS7roo <C ( 711 ) Z 9—Jj€.
J=jo J=Jo
‘ (5.10)
Let us define v, = n~-7)/2 2;1:‘].0 27€, |
As € < 0, v, is bounded by n~(P=m)/29=j1-¢ " Thanks to the choice of j;_
this bound is equal to (log?"! n)en*m/s/*(p*”)/? Like above, we can notice
that if ¢ < 0, we have the equality ea/s’ + (p — 7)/2 = ap. Then v, =
(log(n)?)e/s'n=? = (log(n)27)*r~w=m)/2p=0p  Together with (5.10), we ob-
tain
Toa1— < C(log™ n/n)*?
Term To4o_. If his defined as

Jj1 29-1

h=>" 3 (Birliguica, ) Yo
j=jo k=0
then h is a fonction belonging to the Besov ball B ;. Then we can write Th43—
~||P
as T242, :E|: h—nh :| with
P

27

]Z: i: (ﬂjvk]l|6jk|§2>‘j> Vi
i=jo k=0
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This remark allows us to apply the same bound as for the term Tj:
Tosp < C(2771-5)P,
The choice of j;_ in (5.9) gives the exact bound (log®” n/n)°?.
Combining the bounds of 71541 and T540_, we have:
Tos < (log?’ n/n)P,
when € < 0.

e We finally consider the case € = 0. First, if € = 0, inequality (5.7) becomes

i (p=m)/2 j 27 -1

Toa < J1 9 (s+1/2=1/m)m T

u<C ( " ) J; kzo |6; k|
—jo —

— Noting that B, is included in B, for all ' > r, we first can control the term
T24 by ||f||7sr,7r,7r if >

— When 7 < r, then we can apply Hélder inequality to obtain || f||s . Let for

every integer j
27 -1

tj _ 2j(s+1/271/7r)7r Z |ﬂjk|ﬂ-
k=0

With this notation and using Hélder inequality:
j2,y (p—m)/2 i1 j2,y (p—m)/2 1 /T i /7!
1 1 !
mee (D) S () () (Sa)
J=jo J=jo J=jo

with 1/r41/r" = 1/7. As f belongs to B;. . which is included in B, ., we have:

T,007

2 (p—7)/2 e i (p—7)/2 )
msc(#) 1T (Gt = 301 Emcc sc(l—) i,

n

To conclude, for a suitable constant C' > 0

log_%n)_ap {1 if €#£0,

5.11
n (logn)1=7/m+ if €= 0. (5:11)

Toy < C (
Actually, this rate is the one given in Theorem 3.

5.5.4 Term Ty
The scheme of the proof of the convergence of this term is very similar to the term Tb4.

e If € > 0, we introduce jo; like in (5.4) and decompose Ty as follows:

Jo+ 21 J1 gy
Too = 2@V N6 0P g5, mon + D PP 1Bk P Ly, 20 -
=30 k=0 J=Jjo+ k=0
Too14 Tooo4
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Term Th1. Astold in Subsection 5.2, we bound E\B]k — Bkl by n~P/2 uniformly
in j and k. We can deduce
Jo+
Toors < Cn~P/? Z 2IP/2 < (O P/2970+P/2,
Jo
Replacing jo, by its value, we see that this rate is smaller than (log?? n/n)P
Term 75y, . Using the same method as in (5.5), we note that
™

20 k
Ly, k1=05/2 < ‘ Y

(5.12)

Recall the inequality : E| BM — BxlP < n~P/2. There exists C > 0 such that

271

J
Tosoy < CmP/? Z 9i(p/2-1) Z

J=Jjo k=0

ﬂ] k
>\.7

Replacing A; by its value the rate becomes

271

T Z 2 e/2-1) Z 1Bkl - (5.13)

J=Jjo+

At this step, we recognize a bound of the same form than the one obtained in
inequality (5.8) for Th4o1. Actually, for C' > 0

271

Thoos Scjo_ﬁﬂ n—(P—m)/2 Z 9i(p/2-1) Z 18j.x|"

J=Jjo+

Considering the proof for the term Th4s4 this leads to
Tosay < C oy ™ (log* n/n)"P

which converges faster than (log?” n/n)?

e When € < 0, we decompose as follows:

J1i— 271 27 -1
Tpy <y 2@ Z 18,elP g6, 1 >20,1 + Z 2/#/2-1) Z 1Bj,6l" L g5, 112201
J=Jjo J=Jji—
TQ:lrl— T242,

with j1_ defined in (5.9). We then consider the terms separately.

Term T5_. Exactly like for Thoo, we can prove the inequality

Ji— 20 -1
Tozay < Cjg "™ | n- 7™/ " 9ie/271) Z Bixl™ ]
Jj=jo

Applying the same developments than for Th41— we then obtain Tho;— < j, " (log?” n/n)°®
which proves that T5o1— converges to 0 with a better rate than the one wanted.
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Term 7555 . FExactly like for the term Th4o_, this term can be seen as the LP-risk
of an estimator and it can be bounded like T3. We obtain the same rate than
for T242_ .

e If ¢ = 0, inequality (5.12) leads to an inequality of the form (5.13)

J 271
Ty < jo—“ﬂfn*(pfﬂ)/? Zgj(p/%l) Z 16; x|
Jo k=0

When € = 0, we have p/2 — 1 = s+ 1/2 — 1/w. Consequently, using the Sobolev

inclusion B; , C B; ., we have:

Too < judg ™0™ 2 f s 00
We can notice (p — 7)/2 = ap because of the condition € = 0 and thus
Tyy < C log(n)?7er—0(r+2ap)=1) p —ap,

It is then sufficient to prove (y(m — 2ap) — 1) > 0. Replacing ap by (p — 7)/2, we
have y(m —2ap) —1=vp—1. Asp/2—1=s5+1/2—1/7 > 0, we have p > 2, and
v is always greater or equal to 1/2. Consequently, yp — 1 is always positive, which
achieves the proof. [

5.6 Proof of inequality (3.3)

We only consider the case of expanding maps and | = 5. The ¢-dependence was intro-
duced by Dedecker and Prieur (2005) in [7]. It seems well-adapted to study Lasota-Yorke
functions.

Definition 3 (Dedecker and Prieur (2005)). Let (2,.A,P) be a probability space and
M a o-algebra of A. For any random variable X € RY we define:

(M, X) = sup {||E(g(X)|M) — E(9(X))[leo, g € BV1},
where, in our case, the coefficients (o )ren are defined by

¢r = sup {p(c({X;/j >1i}),Xs)}.

i+r<s
The process is p-dependent if o, tends to 0 as r tends to infinity.

Dedecker and Prieur (2005) prove in [7] that expanding maps are geometrically ¢-weakly
dependent, with ¢, = O(exp(—ar)) with a > 0. In order to find our probability inequality
we use the following Bernstein’s inequality from Doukhan and Neumann (2006), [12], for
weakly dependent random variables.

Theorem 4 (Doukhan and Neumann, 2006). Suppose that Yi,...,Y, are real-
valued random variables with E[Y;] =0 and P(|Y;| < M) =1, foralli=1,...,n and
some M < oco. We assume that there exist constants K < oo, p > 0 and a non increasing
sequence of real coefficients (pn)nen, such that, for all u-tuples (si,...,sy,) and all v-tuples
(t1y. . yty) with 1 <53 <+ <5, <t; <---<t, <n the following inequality is fulfilled:

’CO’U(KH o .}/;u7}/t1 o th)’ <wu K2 Mu+v—2 Pt1—su>s (5-14)
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and

D (s + 1), < (R)™ (5.15)
s=0
Then
= A2/2
P Y; > < -

where B, = 2 (K V M) <% v 1) and o2 = Var(3"_, V).
We apply this inequality to Y; = 9; 1 (X;) —E1); x(X;) for all i € Z, with j < j; and K € Z.
It is easy to check (see for instance Barbour et al. (2000), [3]) that (Yp, Y1,...,Y,) has
the same distribution as (Z,, Zp—1, ..., Zy) where (Z;);>0 is a stationary Markov Chain.
Then, following Dedecker and Prieur (2005), [7], we can rewrite the covariance term in
order to use the definition of the ¢-dependence:

|COV(}/;1 "'Ysu’nl Y;fu)| < EKE(YVSl Y:"'u) _E(szl szu|Y;51 Y;v))yzl "'Kfv|’
< ||E(YslY;u)_E(YSIYSu|}/;1)HOOE|Y;1}/;f'u|?
Using once more the Markov property of (Yp, Y,...,Y,) under reverse time, we have:

HE(Kﬂ e }/;u) - E(Y:ﬂ e Yj?u’Y;h)”OO
= [[EEs, - Y5, [Ys,) — E(E(Ys, - - Y5, [V, [Ye)) [l
= |E(9(Xs.)) — E(9(Xs) 1 Xt oo,

with the following functions g:

gk m = B((56(Xsr) = B(¥56(X0))) -+ ($j0(Xs,) = E(11(X0))) | X, = ).
In order to apply the definition of p-dependence, it remains to compute ||gx||py. Remind-
ing that v () = 27/2¢(272 — k) is null outside [277k; 277 (k +1)] for all 0 < k <27 — 1,
then the same is true for gi. Thus h = szz_ol gk is a function defined on [0, 1]. Applying
the result in higher dimension of Collet et al. (2002), [4], h has bounded variation. More

precisely there exists K > 0 and 0 < o < 1 such that [|hlpy < K ;' o'Liy1. The
coefficients Ly, ..., L, satisfy for (z1,...,Zu, Y1, .-, %) € [0,1]%%

(1, sme) = h(y1s - yu)| < Lalzy — yi| + - 4 Luf2w — yul-
A simple computation leads to:
1]l By < KLip (gr) < Ku2/*/**||¢|[% " Lip .

Recalling that the functions g, for k = 1,...,2/ — 1 have distinct domains, ||h|gy =
iJ;OI llgrllBv. Note that all g are functions of dynamical systems with same charac-
teristics; their bounds on variation norms are equal to ||gx||py < u2/%/2||¢||% Lip ). We

thence obtain a bound on the covariance

J _ 9.
E [k (Yer), - ¥k (Ye )| gkl By @5, < w22 M0l iF " Lip E[11(Xo)| ¢t1—s..-
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It remains to control the order of E |1, x(Xo)| = 2//2 [ [)(22 — k)| f(z)dzx. Classically,
posing u = 27x — k, using the fact that f is uniformly bounded and that 1 is integrable, we
obtain E [; x(Xo)| < C277/2 with C depending on [ || and ||f||. We apply Theorem
4 with M = 27/2||¢||o0, K? as a well chosen constant depending on Lip (¥), |[¥loc, [ |¢]
and || f]le and p = ¢.

We now study (5.15) in order to determine p. Previous results on expanding maps imply
that ¢, < exp(—ar) with a > 0. Quote that

n—1 e
Z(’I“ +1)9 2 exp(—ar) < / 7172 exp(—ar)dr.
r=0 0

Then, the change of variable u = ar gives

n—1 1

Z(r + 1) 2 exp(—ar) <

r=0

C

ad—1!

e 1
/ u?? exp(—u)du = — T (g-1) < (g—1)!
0 al

ad~1

The last inequality follows from Stirling’s formula which entails that for any constant
A > 0, and any € > 0 there exists B, > 0 such that AF < B.k!°. Thus, under this rate
of dependence, assumptions of Theorem 4 hold with g = 1. It is easy to check that the
order of B, is smaller than 2//2 1Y) k|lcc and Theorem 4 can be applied. [J
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