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Abstract. We prove a general functional central limit theorem for weak dependent time series. A very large variety
of models, for instance, causal or non causal linear, ARCH(c0), bilinear, Volterra processes, satisfies this theorem.
Moreover, it provides numerous application as well for bounding the distance between the empirical mean and the
Gaussian measure than for obtaining central limit theorem for sample moments and cumulants.
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1. Introduction

In this paper, we consider the following empirical mean,

1 & 1 &
S, = %kz::h(xk) = %;Yk (1)

1

where h : IR? — IR is a function and (x,,),cz with values in IR? is a stationary zero mean sequence
that satisfying certain conditions. We study the case (see the conditions below) where S,, converges
in law to a Gaussian distribution. More precisely, the aim of this paper will be to specify conditions
to obtain a decay rate to 0 of |A,(¢)| with

An(9) = E(6(5n) — ¢(N)), (2)

for ¢ a C3(IR) function with bounded derivatives up to order 3, where N is a Gaussian random
variable satisfying N ~ N (0, 02) with 0% = Z Cov (h(xo), h(zk)).
keZ

Let us precise now the different assumptions for the times series and functions considered in
(1). First, we have chosen to work in the frame of n-weakly dependent processes. This very general
class of dependent processes was introduced in the seminal paper of Doukhan and Louhichi (1999)
to generalize and avoid certain difficulties linked of strong mixing property. Indeed, this frame
of dependence includes a lot of models like causal or non causal linear, bilinear, strong mixing
processes or also dynamical systems. Secondly, this property of dependence is independent of the
marginal distribution of the time series, that can be as well a discrete one, Lebesgue measurable
one or else. Thirdly, non causal processes can be as well studied as causal ones with this property
of dependence, in contrary of strong mixing processes or martingales. Finally, these definitions of
dependence can be more easily proved and used in a lot of statistic contexts, in particular in the
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case of functions of the time series, than the strong mixing one.

The definition of such n-weak dependent property is the following. A process X = (X,)nez
with values in IR? is a so-called n—weakly dependent process when it exists a sequence (1, )ren
converging to 0 satisfying:

(Cov (g1 (Xis s Xi), 92 (X, X5) )| < (u- (Lipgn) - [lgalloo + v+ (Linga) - llgnlloc) -7 (3)

o (u,v) € IN* x IN*;
o (i1,...,0y) € Z" and (J1,...,Jp) € Z" with i1 < -+ <y < iy +7 < 1 <+ < Gy
of

191]loc < 00, [|g2]loc < 00, Lip g1 < oo and Lip ga < oo.

A lot of usual time series are n-weakly dependent. Different examples of such time series will
be studied in the following section: strong mixing processes (see Doukhan and Louhichi, 1999),
GARCH(p, q) or ARCH(co) processes (see Doukhan et al., 2004), causal or non causal linear
processes (see Doukhan and Lang, 2002), causal or non causal bilinear processes (see Doukhan et
al., 2005) and causal or non causal Volterra processes (see Doukhan, 2003). Now, we can specify
the different assumptions used in the general functional central limit theorem:

Assumptions A on the sequence (z,),:
(in the sequel, the norm is |(uy, ..., uq)| = max{|uyl,...,|uq|} for (ui,..., uq) € R?)

1. there exists m—th order moments for (z,), with m > 2;

2. (2p)nez is a n—weakly dependent process (defined from the inequality (3)) with values in IR?,
and the sequence n = (n,),cv satisfies:

0<n=0(r"% forallre N with a>0. (4)

Assumptions H on the function h:
1. IE(h(zg)) = 0;
2. There exists a > 1 and A = A(d) > 1 such that for all u,v € IR,

{ [7(w)] < A(ful* v 1);
[A(w) = h(v)] < A((jul*" +[v]*™) V1) ju—ol.

Using a Bernstein’s blocks technique, we prove here the following theorem:

THEOREM 1. Let h and (zp)necz satisfy respectively assumptions H and A, with m > 2a. If
[e.e]

2m —1 9
a > max (3; — Qa)’ then o* = k;m Cov (h(zp), h(z)) < o0, and for any Z ~ N(0,1) random

variable, for any ¢ € C3(IR) with bounded derivatives, there exists ¢ > 0 such that:

‘E(QZ)(S”) - Qb(O' . Z))‘ <c- n_>\ with ) = a(m - 261) —2m+1

2(m+a—1+a-m) (5)
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Even if this result may be not optimal in term of the conditions linking the moment assumption
with the decay rate of weak dependence of the time series, this however concerns a lot of models
and open new perspectives of treatments for non causal processes. Moreover, if @« — oo and m — oo
are large enough, then A — % In such an asymptotic case, the rate of convergence n=" is close to
the rate of sequence of i.i.d. random variables (that is 1/y/n).

The remainder of this paper is organized as follows. The following Section 2 is devoted to statistical
applications for different examples of n-weakly time series. Section 3 contains the main proof of
the general functional central limit theorem.

2. Applications of the functional central limit theorem

2.1. TIME SERIES SATISFYING THE ASSUMPTIONS A

Causal GARCH and ARCH(x) processes

The famous and from now on classical GARCH(¢/, ¢) model was introduced by Engle (1982) and
Bollerslev (1986) and is given by relations

/

q q
Xk = Pk * fk with p% =ag + Z CLjX]?_j + chpz_j, (6)
j=1 =1

where (¢',q) € IN?, ap > 0, a; > 0 and ¢; > 0 for j € IN and (;)rez are i.i.d. random variables
with zero mean (for an excellent survey about ARCH modelling, see Giraitis et al., 2005). Under
some additional conditions, the GARCH model can be written as a particular case of ARCH(o0)
model (introduced in Robinson, 1991) that satisfied:

X =pr-& with pf =bo+ > b XP (7)
7=1

with a sequence (b;); depending on the family (a;) and (¢;) in the case of GARCH(¢', q) process.
Then,

PROPOSITION 1. [See Doukhan et al, 2005] Let h satisfies assumption H. Let X be a stationary
ARCH (o0 ) time series following equation (7), such that it exists m > 2a satisfying IE(|{p|™) < oo,
o0

with the condition of stationarity, |||, - Z |bj| < 1. Then, if:
j=1
— it exists C > 0 and p €]0,1[ such that Vj € IN, 0 < b; < C - p~7, then X is a n-weakly
dependent process with n, = O(e~V7) and ¢ > 0 (this is the case of GARCH(q ,q) processes)
and (5) is satisfied.

3m —2a— 1
u) such that¥j € IN, 0 < b; < C'- j=7, then
m — 2a

X is a n-weakly dependent process with 6, = (’)(T*VH) and (5) is satisfied.

— it exists C > 0 and v > max (4 ;
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Causal Bilinear processes

Assume that X = (Xj)rez is a bilinear process (see the seminal paper of Giraitis and Surgailis,
2002) satisfying the equation:

o0 o0
Xk = &k (ao + Zank*j) + co + ZCij,j for k € Z, (8)
j=1 j=1
where (&)rez are i.i.d. random variables with zero mean and such that |||, < 400 with p > 1,

and aj, ¢j, j € IN are real coefficients.
PROPOSITION 2. [See Doukhan et al., 2004] Let h satisfies assumption H. Let X be a stationary
bilinear time series satisfying equation (8) with co = 0, IE(|&|™) < oo and [|&o]|m - (Z;’il laj| +
> 521 |cj|> < 1 with m > 2a. If:
3J € IN such that Vj > J, aj =c; =0, or, .
N { Jp €]0, 1] such that 3, lcjlp™ <1 andVjeIN,0<a; <pl’ then X is a n-weakly de-
pendent process with n, = O(e~V7"), constant ¢ > 0 and (5) is satisfied.

—Vj €N, ¢ >0, and 1 >2 and Jvg > 0 such that a;j = O(F™), Y;¢; < 1 and

> ¢jt " < oo, then X is a n-weakly dependent process with 6, = (’)((1 r )_d), where
ogr
. . V2'5 . 1_2]'0]' . .2m—1
d = min (1/1 —-1; m) and d = log (1 + W) Moreover, if d > max (3, — 2@),

then (5) is satisfied.

Non-causal (two-sided) linear processes

PROPOSITION 3. [See Doukhan and Lang, 2002, p. 3] Let h satisfies assumption H. Let X be a
stationary bilinear time series satisfying equation

o

X = Z a;ép—; for ke Z, (9)

j=—o0

with (ap)rez € RZ and (&1)rez o sequence of zero mean i.i.d. random variables such that

7 dnm—2a—2
E(|&|™) < oo for m > 2a. Assume that a = O(|k|™*) with p > max (5 ; %). Then

X is a n-weakly dependent process with 1, = O( and (5) is satisfied.
r

p—1/2 )
REMARK 1. Despite the quite simplicity of this model, it exists very few results concerning the
dependence of the two-sided linear processes. The main reason of this is difficulty to use martingale
or mizing properties for a non-causal process. However, in Rosenblatt (2000, p. 52) a non-efficient
strong mixing property for two-sided linear processes was given, but under restrictive conditions
and with . The case of strongly dependent two-sided linear processes was also treated by Giraitis and
Surgailis (1990) or Horvath and Shao (1999) but only with ai = O(|k|~%) for a fized —1 < a < 0.
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Non-causal Volterra processes

Let X = (X¢)iez be the zero mean non causal (two-sided) and nonlinear time series, so called a
non-causal Volterra process, such that for t € Z:

oo
X, =S v with v = 3 @y, Cimgn Ehys (10)
p=1 J1<j2 <. <ijp
Jls-vs ip € Z
where (aj,,...;,) € IR for p € IN* and (j1,...,Jp) € ZP, and ({i)kez a sequence of zero mean i.i.d.

random variables such that IE(£2) = 02 < oo and IE(|¢|™) < oo with m > 0. Such a Volterra
process is a natural extension of the previous case of non-causal linear process.

PROPOSITION 4. [See Doukhan, 2003] Let h satisfies assumption H. Let X be a stationary
non-causal Volterra process, satisfying equation (10) with IE(|&|™) < co and

o
o3 aj " €lE < oo

Jlseons! ip € Z
Assume that the process is in some finite order chaos (there exists pg € IN such that ajy .5, =0 for

2a —1
M). Then X is a n-weakly

p > po) and aj,,. j, = (’)( max{]ji\_“}) with @ > max (2 T on

1<i<p

1
dependent process with n, = (’)(m) and (5) is satisfied.
r

Non-causal (two-sided) bilinear processes

As a natural generalization of causal bilinear process, Doukhan et al. (2005), Lemma 2.1, define
X = (X})tez a zero mean nonlinear time series, so called a non-causal (two-sided) bilinear process.
They proved the stationarity in IL* (for any k €]0,00]) of such a bilinear process X = (X;.)kez
satisfying the equation:

Xp=&-(a0+ Y a;Xp ), forkeZ (11)
JEZ*
where (& )rez are i.i.d. random bounded variables and (ax)kez is a sequence of real numbers such
that A = [|€olleo - 2020 laj| < 1.

PROPOSITION 5. [See Doukhan et al., 2005] Let h satisfies assumption H. If X is a stationary
non causal bilinear process, i.e. a solution of (11), such that [|§ols - >=j0 |aj| < 1. Moreover,

3m —2a—1
assume that the sequence (ag)rez is such that: ar = O(|k|™H*) with p > max (4 ; %)
m—2a

1
Then X is a n-weakly dependent process with n, = O(ﬁ) and (5) is satisfied.
r

Non-causal linear processes with dependent innovations

Let X = (X,)new be a zero mean stationary non causal (two-sided) linear time series satisfying
equation (9) with a dependent innovation process. Following the results of Doukhan and Win-
tenberger (2005), if (§,)nez is a n-weakly dependent process, then X is an n-weakly dependent
process:
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PROPOSITION 6. Let h satisfies assumption H. Let X be a linear time series satisfying (9) with
(ar)rez € RZ and (&3)rez a1\ -weakly dependent process with zero mean, such that IE(|&|™) <
oo and m > 2a. Moreover, assume that a, = O(|k|™") and nﬁg) = O(r7"). Then X is a n-weakly de-

(L—2)(m—2) 2m—1)
(b —1)(m —1) '

(1=2)(m—2)

pendent process with 1, = (’)(r_y' (M—U(m—l)) and (5) is satisfied if

‘v > 33
V_max( S ——

2.2. APPLICATIONS OF THE FUNCTIONAL CENTRAL LIMIT THEOREM

1. The general functional theorem (1), which concerns the estimate of Dudley ’]E (6(Sn) — o(o -

N))
Sn and its Gaussian approximation. Indeed:

, allows an interesting application: the majoration of a measure of the distance between

COROLLARY 1. Under the assumptions of Theorem 1, there exists some ¢’ > 0 such that:

sup [IP(S, <t)— P(o-N <t)|<c-n"M, forneN.
teR

Proof of Corollary 1. Arguing as in Doukhan (1994) we consider, in expression (2), a smooth
approximation ¢, of the indicator function ¢, (t) = lj;<,); this is possible to assume that
Or < bep < Pgie and H¢§]%HOO < Ce™J for some constant C' and for j = 1,2 or 3. Then
the result may be specified and the bound may also be written with a constant ¢ = C -
(19'[loc + 18" ]loc + |¢""||o0) for some C which does not depend on ¢. With the notation (2),
we obtain the bound: A, (¢ ,) < Ce™3n~* for some constant (still denoted) C' > 0 and each

z € R,e €]0,1], and n > 0. Using the relation sup,cp P(c- N € [u,u+e¢)) < #ﬁ, the above

mentioned expression is then bounded above for a suitable constant ¢ by ¢ (5_3n_’\ + 8); the

choice £ = n=*4 thus yields the result. &

REMARK 2. Unfortunately, this rate is far from being optimal as stressed by Rio (2000) which
obtains rate n=P for some p < 1/3 in the case of strongly mixing sequences. Here, in the best
cases (A — 1/2 when o — oo, that is for instance the case of GARCH(p,q)), we obtain the
rate n~" for some T < 1/8.

2. The general functional theorem (1) could be applied for providing central limit theorems for
sample moments or cumulants. Here, we consider a real valued time series (X, ),cz satisfying
assumption A (with parameters a and m that will be specified above). Indeed, for k € IN*,

denote p = (p1,...,px) € IN*, |p| = p1 + - - + pi and assuming that E(le‘) < 00, define:
m®P) = E(XP'XE*... XP*) the moment of order p

the sample moment of order p

n
) _ 1 pLyP2 .. Pk
M = ZXi XitrXiie—1»
i=1

Then, the following results generalize the usual central limit theorems for strong mixing
processes (for instance, see a survey in Rosenblatt, 1985):
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COROLLARY 2. 1. Setk € IN* andp= (p1,...,px) € IN*, |p| = p1 + - + pi. Let (Xp)nez
2m — 1
be a real valued time series satisfying assumption A with m > 2|p| and o > max (3 ; mnziQ\p])
Then:
V(P —m®) 25 N(0,0%(p)),

n—oo

with o*(p) = 3 (B(X]' XY XPXPL - XP) = (m®)?).

eZ
2. More generally, let I € IN*, (ky,...,k;) € (IN*)!, and fori=1,...,I, piY) = (pgl), e ’pl(c?)'
Let (X)nez be a real valued time series satisfying assumption A with m > 2max(|p1], ..., |pr|)
2m —1
and o > max (3; ) Then:
m — 2max(|p1], ..., |pr|)
~@i) _ (i) D
ﬁ(mn m )1§i§1 njo:) NI(OaE(pla"'va))7 (12)

with X(py,....pr) = (Z (E(Xfﬁ”xgé’) LoxP Xy m(pnm(pj)))
leZ 1<ig<I
Proof. 1. Let z; = (X4, ..., Xiyp_1) and hP) = (z1,..., 2;) € RF s 221252 e zlh — m(®) that
satisfies Assumption H with a = |p|. Indeed, it is possible to prove that |h(u)| < 2(m®) v |u|Pl)
and |h(u) — h(v)| < 2Pl (Ju|PI=1 4 |o|PI=1) v 1) |u — v|. Then, theorem 1 can be applied.
2. Let k = max(ky, ..., k7) and z; = (X4, ..., Xiyp_1). Let (A1,..., A7) € R and h = 7, ;-

hP:) Tt is clear that h satisfies Assumption H with a = max(|p1], ..., |pr|) (indeed, if each h(P)
satisfies Assumption H with coefficient a; = |p;|, then a linear combination of h(P9) satisfies
Assumption H with coefficient @ = max(|ay],...,ar)). Then Theorem 1 implies that S>7_; \; -

ﬁz,(lp i) satisfies a central limit theorem. It implies the multidimensional central limit theorem.

A natural and interesting example that generalizes usual central limit theorem under strong
mixing conditions is the following:

EXAMPLE 1. Let (Xp)nez be a real valued time series satisfying assumption A. For all
~ 1 &
m € IN*, by < -+ < by € IN™, define R((;) = IE(XoXy,) and Ry (6) = = > X;Xj14,. Then
n

j=1
2m — 1)

Va(Ba(t) - R(6:)) 25 N0, 3, b)), if o> max (3; —

1<¢<m n—00

with X(l1, ..., by) = (Z (JE(XOX&XI@XHZ]-) - R(&-)R(Q)))
kez 1<4,5<m

Moreover, the sample skewness and sample Kurtosis satisfy also central limit theorems from
the Delta-method applied to multidimensional theorem (12).
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More generally, another consequence of such a result is the central limit theorems satisfied
by the estimation of the k-th cumulant of X (obtained from the Taylor development of the
characteristic function logarithm), defined by:

k") = Cumulant (X1, Xi,, ..., X;,), for p={1,d,... i} C{l,...,k}

From Leonov and Shiryaev (1959), there is a relation between cumulants and moments, that
is:

K(M):Z<_1 Yu—1) Z Hmﬂg
u=1 (B2 eeos i) J=1
where (p1,...,1y) (in the sum) describe all possible partitions in u subsets of the subset pu.

Then:

COROLLARY 3. Setk € IN*, p={1,ia,...,4,} C{l,...,k}. Let (Xp)nez be a real valued

2m —1
time series satisfying assumption A with m > 2|u| and o > max (3; m72|\) Then it exists
m— z|u
72(p) > 0 such that:
VAR = kW) o N(0,97 (1),
n—oo
k u
from the sample cumulant Z (u—1) Z H mgfj).

u=1 (115 ) 5=1

3. Proof of Theorem 1
From now on, ¢ > 0 denotes a constant which may vary from one line to the other.
First, define a truncation in order to be able to use the previous dependence condition and make
Lindeberg technique work. For T > 0, define fr(x) = (x AT)V (=T) for = € IR. Then Lip fr =1,

| frlloo = T. For (u1,...,uq) € IR, we denote

Fr(uy,...,uq) = (fr(ui),. .., fr(uq))

and
Yi=hiz:), Y =h(Er(e) - Eh(Fr()], B =Y -v" (13)
LEMMA 1. Let h and (xzp)nez satisfy respectively assumptions H and A, with m > 2a. Then,
a) E[|[EP|] <c-A-T"™ and E[(E{")?] < c- A2.T20m
b) for alli € Z, |Cov(Y, ", EMN < BE (V7| |E™))) < ¢ A2 TP ™,

c) for allie Z, |Cov (Y y D Y )]<C A2 T2y,
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Proof of Lemma 1. First note that for v > 1 such that ay < m, from assumptions on h,

B |[p@0) - h(Pr(zo))[[]| < 47 B [[(imol* ™ + [Fr(ao)* ™) - oo — Fr(ao)][
< (24)-E [|560|(W ']I{\:vo\zT}}
< (24)7 - p-T7*™ (Markov inequality). (14)

a) The assumptions on h lead to

E[IE"] < E[h(Pr(zo)) — h(zo)] + E [|h(Fr(z0))|]

<
< 28 [|A(Fr(z0)) — hizo)].

Now the relation (14) with v = 1 leads to IE [|h(Fr(zo)) — h(zo)|] <2A - p-T* ™. Then,
E[[Yrol] <4A-p-To™.

By the same arguments,

AIE [(h(Fr(x0)) — h(zo))?]

<
< 16A% .y - T?*™™ (relation (14) with v = 2).

b) Analogously, relation (14) with Holder inequality yields

Cov (Y7, EM)]

IN

6, (BES[7]) ™ (Holder inequality)

2| h(Pr (), 0 - 2 (I (|h(x0) — h(Fr(zo))|77)) ™

m—a m—a

24 p (1™ w5 (assumptions on h)

IN

IN

24 lzol* v 1|

< C‘AZ'TQafm.

m/a

c) Let h™)(u) = h(Fr(u)) — IE [h(Fr(zo))] for u € IR?. From assumptions on h, it can be shown
that |A(7) s < 24 -T% and Lip h(T) < 24 - T%1. Then the weak dependence inequality (3)
implies:

|Cov (h™) (o), T (7))

[Cov (vg ", v, )| <
< 8A2. T2 1 -

LEMMA 2. Let h and (xp)nez satisfy respectively assumptions H and A, with m > 2a and

— m—2a
m "< o, (15)

o >

[e.e]
which implies Zn
i=1

m — 2a ¢

Then:

a) The series 0 = Z Cov (h(x0)), h(z;)) = Z Cov (Yp,Y;) converges;

I=—00 1=—00
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P
b) With UZ% = Var <Z Y}) , there is a constant ¢ > 0 such that
i=1
9 o2 logp (1,a(m72a>)
a—p§6-<—|—p m=1 > (16)
p p

Proof of Lemma 2. a) With T; > 0 for i € Z, we write
Cov (¥p,Y;) = Cov (E§", E() + Cov (v, ES) + Cov (v, ES™) + Cov (™), v™).

From the previous lemma, |Cov (Yp, Y;)| < C'AQ-(Z?(l*m—i—]f“*l-mﬂ). Now, set T2~ ™ = T2*~1 Ml
1

thenT—n|| ™1 > 0 and

m—2a

[Cov (Yo, Yi)| < e-m . (17)

oo 0 m—2a
As a consequence, Z |Cov (Yo,Y))| < c- Z n," " and o? exists thanks to the assumption (15).

i=—o00 1=—00

2
g,
b) Decompose 0% — ?” = D1 + Dy with Dy = 35, Cov (Yo, Yi) and Do = 5 373, |i]-Cov (Yo, V7).

From assumption (15), we conclude as above with inequality (17), because:

L}a (1_o¢(m 2a))
{D1|§C-Z77im1 <c-p m=1 and
i2p
1
m=2a if 22-m ,then]Dglgc-ng
m — 2a
— | Dy < - Z |i] - 77|| . Now, Cm—1 m—1 p (1 atm2)) N
li|<p i <a<2- , then |Do| <c-p m—1
m — 2a m —

LEMMA 3. Let h and (xn)nez satisfy respectively assumptions H and A, with m > 2a. For
P

p € IN*, define: W, = ZYZ Then, if a > 3, for all 0 < § < m=
i=1

, there exists a constant ¢ > 0

such that:

2406 —2a—a-90
E\W,* <c-p"  with i§7“22+57u<2+5.
b 2 m—1

Proof of Lemma 3. Let A =2+ § and m = a(2 + ¢). With inequality (14) and WIST) =>r, Y;(T),
we obtain: -
IWolla < IWEP s + Yo = Y5 lla < (WP la +cp- 778,

The Holder inequality provides:

E|W |A (E|WI§T)|2)1—5/2 (E|WIST)|4>5/2

o
Now from ¢) of Lemma 1, we obtain JE|VV1§T)|2 <c-p-T*! Z ;. Setting

i=0
U 4
Crr = max sup Cov HYSST)’ H Ys(iT)
= 0 Sy4+1—Su=T i=1 i:u—i—l
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where this supremum is set over s; < so < s3 < s4, we obtain as in (77?),

p—1 00 2
EWD <c (pZ(k +1)*Crr + (p et Zm) ) :
i=0

k=0

We quote that Cj, 7 < T4a—177k to derive
E|W1§T)|4 <e (p_T4a—1 + (p . T2a-1)2> ‘
Thus, from previous inequalities and with m = (2 + ()a,
EW,A < (pA L pad-m (p _ T2a—1)1_6/2 « (p,T4a—1 +p2 T4a—2)6/2)
< ¢ (pATa(a—c) n (p . T2a—l)A/2 tp- TaA—1> _

We now minimize this last inequality in p by setting 7' = p® with b > 0. With the condition 6 < a(,
we first show that it is necessary to have b < 1 and the optimal b is obtained by balancing of
pATY0=C) and p - T*A~1. This value of b is:

140
b= 10
m—1
a(¢=9)
that satisfies b < 1. We thus obtain £ |I/Vp|A <c- p2+57 m=T _that implies the result of the lemma.
|
. m—2a—a-46 1 : . o
3.0.0.1. Remark Noticethatr =2+6§ — — Q1 > 3’ contrarily to the classical Marcinkiewicz-
m J—

Zygmund inequalities.

Proof of Theorem 1. We use a Bernstein blocks method for this proof. Consider three sequences of
positive integers p = (p(n))new, ¢ = (¢(n))new and k = (k(n))nev such that:

e lim M: lim M:();
n
. kn:[i} thus lim k(n) = o0).
= oy g ] (0 )=o)
These sequences are chosen as
pn) =0, qn)=W],  with0<y<p<1,

the exponents # and v will be chosen below. We form the blocks I, ..., I; and define the random
variables Uy, ..., Uy such that:

L= {G =100 +am) +1,..., (G = Dpm) +q(n) +p(n)} for j=1,....kn);

Up = > Y, forj=1,...,k(n).
icl;

theobdl.tex; 17/02/2006; 15:30; p.11
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Then expression (2) is decomposed as:

3
an ::zg:lxﬂn)
=1

where we set, for a standard Gaussian N ~ N (0, 1),

A = E ¢(Sn>—¢(1nZUj>),
No, = IE | ¢ izk:U- —¢ | No k
) \/ﬁjﬂ J P\l )

Ngp, = [E QS(NJP\/E) —QS(UN)).

Term A, ,. Using assumption (15) and a Taylor expansion up to order 2:

I CURTORE O NEAE i -
=0
< c- (n,@—l +n7_5). (18)

Term Asz,. Now, Taylor formula implies:

6 (Nap\/f) — 5(0) + N%ﬂam) N g (1),
6 (No) = 6(0) + Now/(0) + 5 N0 (V)

with V7 and V5 two random variables. Then, with Lemma 2,

N

k(n
800 < 1 [ 07 - o2

(p(n) ~k(n) ‘02 _ %02‘ + n—p(n)- k(”)gz)
n p(n) ? n

1— a(m—2a)

< e (10g<p<n>> T () +p(n) T+ q(—n)

p(n)
a-B-(m—2a)

and therefore |Az,| < c- (nﬁ Jogn +n’T T m +n7ﬂ> . (19)

IN

16" loo -

Term Az ;. Let (Ni)i<i<k(n) be independent N (0, 0'12)) —Gaussian random variables, independent
(

of the process (z;);cz (such variables classically exist if the underlying probability space is rich

k(n)
1 1
enough). We define ¢;(t) = IE (gb(\/ﬁt + % ig;rlN)) for j =1,...,k(n). In the sequel,

theobdl.tex; 17/02/2006; 15:30; p.12
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for simplicity, empty sums are set equal to 0. Then:

e (o L5 - m)
k(n) 1 J 1 ko) 1

= ZE(¢(nZU2+n.Z N) (7 Z“\FZN))
7=1 =1 i=j+1

with v, = ¢ (Zj + Uj) — ¢j (Z; + N;) and Z; = /21 U,
Moreover, ||¢§Z)Hoo < n=?||pW ||« for £ = 0,1,2,3. Making two distinct Taylor expansions

(up to order 2 and 3 respectively) we obtain the two following expressions with some random
variables L; for j = 1,2,3, 4:

&

JU? = 57 (Ls)N3)

(@'

(0] (Ls) — ¢7(Z;))U}

—(¢](La) — ¢](Zj))N}]

1 U2 U3 N |? N |3
i = (6200 = )+ 50(2)UF - )] < c(' oL G0 1N An;/'z)

n n

~ [652); ~ o) + 58127 - WD) =

N =D =

< U250 + [N [*0)

1+5/2(

because the sequence (NN;); is independent of the sequence (x;);, and thus independent of the
sequence (U;);, and with the two relations IEU; = o5 = IEN} and s*As® < s+ with § € [0, 1]

(that is valid for all s > 0). Now with the inequality IE|N; |2+‘S (]EU2)1+5/2E]N(O 1)|*" < ¢- E|U; T
we derive

1
|[Bvjn| < |Cov (9(2), Uj)l + 5 - [Cov (6(2)), U7)| + IB|U; [

1+5/2

1
Thus, using Lemma 3, with C; = ‘Cov (qb;(Zj),Uj)‘ and C = 3 ‘Cov (97(Z;), Uf) o

Ay

IN

k(n)
jzl (Cj+Cj+eon12027)

< con 4 Y (G4 O, (20)

=1

Now, we can write the random variables Uj, U2 94(Z;), ¢7(Z;) as functions G : (RY)* — IR
of z;,,...,z;,. The important characteristics of such G are drlven by the following respective
orders:

theobdl.tex; 17/02/2006; 15:30; p.13
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Random variable Order w G0 LipG
Ug@ p(n) O (A p(n)T?) O (A-p(n)To7Y)
y2 p(n) O (A2 p(n)?T) O (A2 p(n)>T1)
( ) <n < V2(|¢ || O(A-T"'n7t)
gb”( ) <n < n—1||¢)//||OO O (A X Ta—ln—3/2>

In order to use the weak dependence device for these two random variables C; and C’]’-, we

(T)

have to use truncation U; obtained by replacing Y;’s by Yl-(T) and then,

C; < O e [[¢]loo - % E|E"| with C{" }cov ¢,(Z;), )|
2
¢ < Ot oo T g — (™) with O = 2 |Cov (6(2), WD)

From the previous bounds, we obtain:
T _ _ _
O < o A2 (p(n) - T2 4 ¢/l p(n) - T n™Y2) iy,

O < e A (pn) - T 4 6 e p(n) - T2 Y i,

For this, one should mention that if s € IN*, the function Gg,f) defined on IR% as Gg,f) (Ugy...,us) =
IT5—1 (h(Pr(u))) — B[h(Fr(z0))]) satisfies [ G$[|oc < T°* and LipGY) < c- A* - 75071,

Thus,
2
C; < c- A3. p(n)'Ta—m+ <p n) - T2 1 + p (n)Ta—1> No(n ) :
j (\/ﬁ () N a(n) o)
2 2 3
3(P Tl) 2a—m p (n) 3a—1 p (n) 2a—1

from relation (17), and because with inequalities (13),

Now, those bounds have to be minimized in n by choosing T' as a function of n. We assume

ay—1/2
f < 1/2 and hence C; and C} are minimized by selecting T' = natmoT , that implies:

m—2a
Cr < ot Y 2)(””“‘1) ,

1 1
under the conditions % <y<pB< 3 Finally, from (20), we obtain the following bound:
a

|Agn| < C_A3.<nﬁ(r—1)—§/2+n1/2 (ey— 1/2)(m+a 1) +nﬁ—(av—1/2)(7;”+;2“1)). (22)
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1 1
Therefore, inequalities (18), (19), (22) and condition 20 <7< B < 2 provide:
«

= p (1 —a- %)

p2=7—0

A < ot )y = 8(14 0 (2 5
pe=1/2— (ay - 1/2)(525%)

ps = f—(ay— 1/2)(7,21}2—%)

We have the possibility to make varying §, 3, v (with certain conditions) for:
1. obtaining conditions on v and m, such that it exists ¢, 3, v satisfying max(p1, p2, ps, p4, ps) < 0;

2. minimizing max(p1, p2, p3, p4,ps) with an optimal choice of 4, 3, v under the previous condi-
tions.

To solve 1., the condition ps < 0 implies 8 < % with the optimal choice § = m/a — 2.
m—a
1 /M2m—1
Moreover, condition py < 0, implies v > %0 < m
e

>- As a consequence, max(pi, p2, p3, p4,P5) <
m—a

0 is satisfied when:

1 /2m—1 m — 2a 2m —1

— < V<< —/——~ — > . 24
( ) v<Pb 2(m —a) 7 2a (24)

20\ m—a
To solve 2., fist we show that only coefficients po, p3 and ps have to be considered for the mini-
mization (under conditions (24), coefficients p; and ps are smaller than pa, p3 and py). Then, the
optimal choice for v and ¢ is provided by the resolution of the system: ps = p3 and pa = p4, that
implies to:

~ m+2a—1+a(m—2a) B 3m+2a —2

bo = 2(m+a—1+a-m)

and therefore, we obtain the optimal rate:

a(m—2a) —2m+1

Al < e A p? ith \= .
’ n| < C n W1 2(m+a_1+a.m)
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