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Abstract

Using the tools of the stochastic integration with respect to the fractional Brownian
motion, we obtain the expression of the characteristic function of the random variable
fol B%dBH where B® and B are two independent fractional Brownian motions with
Hurst parameters a € (0,1) and H > % respectively. The two-parameter case is also
considered.

1 Introduction

In general, it is difficult to compute the law of a stochastic integral with respect to the
Wiener process when the integrand is not deterministic. There are some known results in
particular cases. Let us recall the context. Consider W' and W? two independent Brownian

motions. In [6] and [17] the authors studied the law of the random variable

1 1
a/ W;dW3+5/ W2aw}.
0 0

When o = 1 and 8 = 0 they showed that the characteristic function of the stochastic

integral f[o 1 W2LdW? is given by

d(t) = (cosh2 <;) + sinh? (;))_% .



In the two-parameter case in [9] (see also [11]) the authors proved that the characteristic
function of the integral f[o 12 ng de (here W1 and W? denotes two independent Brownian

o(t) = [Teosn (g ) 2)

k>1

sheets) is given by

The aim of the present work is develop a similar study for the fractional Brownian
motion. The recent development of the stochastic integration with respect to the fractional
Brownian motion (fBm) gives the tools for this analysis. Concretely, we will consider two
independent fractional Brownian motion B and B® with Hurst parameter o € (0,1)
and H > %, and we will find an explicit expression for the characteristic function of the

stochastic integral fol B%dB. We mention that this kind of integrals appears in the study
of stochastic wave equations with fractional noise (see [5]). Related results on the law of
this integral have also been proved in [7].

2 Preliminaries: Fractional Brownian motion and Wiener in-
tegrals

Let T' = [0, 1] the unit interval and let (B/?) 1 Pe a fractional Brownian motion with Hurst
parameter H € (0,1). Denote by R its covariance

RH(t,s)=E(BIBI) = % (27 4+ 21 — |t — s]?H).

We denote by H(H) := H the canonical space of the fractional Brownian motion
BH . That is, H is the closure of the linear span of the indicator functions {1[07t],t eT}
with respect to the scalar product

(Ljo.: Ljo.s)m = RY(t, ).

The structure of the Hilbert space H varies upon the values of the Hurst parameter. Let
us recall some basic facts about this space.

o IfH > % the elements of H may be not functions but distributions of negative order (see
[13]). Therefore, it is of interest to know significant subspaces of functions contained
in it.

Define the function
0T (s,t) = H(2H — 1)|s — t|*12 (3)

and let L%, (T') be the set of function f : T — R such that [, [.|f(u)]|f(v)|0(u, v)dudv <
0o, endowed with the scalar product

U@Hzﬁﬁﬂmwwmwmw (4
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It has been proved in [13] that L% (T) is a strict subset of H and the scalar products
(-,)r and (-, )3 coincide on L% (T'). Moreover, we have the following inclusion

L#(T) C L3(T) C M. (5)

1_
o If H< %, then H is a set of functions; it coincides actually with the set I:,{H (LA(T))

where IJ%:H is the fractional integral of order 5 — H (see [8], [1], [13]). A significant
subspace of H is the set of Holder continuous functions of order % — H + ¢ for all
e >0,

Ccz~H+e(T) c H ¢ LX(T) c L#(T). (6)

Consider £y the class of step functions of the form

n
p()=> ailg () n=1t €T a €R. (7)
=1

It has been proved in [14] that &y is dense in H. For ¢ € &y of the form (7) we define its
Wiener integral with respect to the fBm BY by

n

/1 o(s)dBI = > o (B, - BI') (8)

0 i=1

The mapping ¢ — fol cp(s)dBf provides an isometry between £y and the first chaos of the
fBm B and it can be extended as follows:
e If H > 1, it has been proved in [13] that & is dense in L% (T') with respect to the norm

II-||zz. As a consequence, the Wiener integral fol ¢(s)dBH can be defined in a consistent
way as limit in L2(Q) of integrals of elementary functions for any ¢ € L (T).

e If H < 1, then &y is dense in H (see [8], [13]) and the integral fol ©(s)dB can be
defined by isometry for any function ¢ € H.

We will need in this paper stochastic integrals of the form fT usdBH where u is a
stochastic process independent by B. Using the above facts, it follows that this integral
can be defined by isometry for any u € L2(Q2) x L%(T) if H > § and for any u € L*(Q; H)
if H <1

Remark 1 The integral fT usdBI coincides also with the Skorohod integral introduced in
[2], [1] since, by independence, the Malliavin derivative of u with respect to B is zero.

More generally, for H > %, let L7, (T™) be the set of functions f : 7" — R such that

n

/ If (w1, yun) || f (01,0 o) | (HHH(ui,vi)> dui ...dupdv; ... dv, < 00,

=1
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endowed with the scalar product

(f,9)un = fut,...,un) g (v, .., <H0 uz,vl)dul...dundvl...dvn. (9)
TTL

Obviously, L2, (T™) is a subset of H®" and if f,g € L% (T™) then we have

<f7 g>H” = <f7 g>7‘(®n.

We will denote by Li 5 (T™) the set of symmetric functions f € L% (T™) and if f €
LiH(Tz) let us introduce the (Hilbert-Schmidt) operator (see [7]) KJ{{ t L3(T) — L3(T)
given by

(KFo) (y / / F(z, ) ()0 (2, 2")dzda' . (10)

Remark 2 Note that if f is positive and H > %, then the operator K]Ic{ 1S a positive
operator. Indeed, we can write

Kf<p /A:Ey

where A(x',y) fT (x,2")dz is positive. Thus the eigenvalues of K;I are positive.

3 The characteristic function of the double integral

Throughout this section BH and B will denote two independent fractional Brownian mo-
tion with parameter H and « respectively. We compute the characteristic function of the
random variable

S = / B%dBH. (11)
T

Note that, when H > I, the random variables S (11) is well-defined since obviously B®
belongs to L2(2) x L%/(T) for any a. When H < %, if we assume that o + H > 1, then

we have B* € Cz~H TE(T). But, in the following we will need to restrict ourselves to the
situation H > %

We start with the following lemma which gives an approximation of the random
variable S given by (11) when the Hurst parameter of the integrator fom B is bigger than
one half.

Lemma 1 Assume that H > % and o € (0,1). Denote by

n—1
T, = > B (B, - B (12)
=0
where m:0 =1y <t; < ...<t, =1 denotes a partition of [0,1]. Then it holds that
T, — S in L*(Q) as |r| — 0.



Proof: Using the independence of B® and BY we can write

tit1
B (Bl - Bl') :/ BdBY.
t;

tz+1

To prove the lemma it is enough to prove that

n—1

2 2
ZBgl[ti7ti+1 ) — B = ZB 1tz 7,+1] in L ( ) X LH(T) as |7T| — 0.
i=0
Actually in general, to prove the convergence of a sequence of stochastic integrals of diver-
gence type one needs also the convergence of the Malliavin derivatives, but in our case it is
unnecessary due to the independence of the two fBms. We have, using formula (4),

2

) Lititin]

:O
n—1

Lit1  pti4n
Z (2H — 1) / / E (B - B) (Bf = BY) I — s/ 2drds
t; t;
fen [l 2H -2
< Z H(2H—1)/t. /t [ti — s|*|t; —r|*|r — s drds

1,j=0

2 it t]“ 2H -2
<H(2H—1|7r0‘2/ / |r — s|*" "*drds

4,7=0

H

n—1

= |7T|2a Z <1[ti7ti+1]7 1[tj,t]'+1]>H = |7T|2a

,j=0

and this goes to 0 for every a € (0,1). |

We will also need to prove the following technical lemma:

Lemma 2 a) Assume that o > % and consider the function

M ,y) =

Then fH € L2 (T?).
b) Assume that H > § and consider the function

(=2 + 1=y —jz—yP"), wz,yel01]. (13)

N |

o) =5 (@ + 9 — v —y[*). (14)

N | =

Then f* € L? y(T?).



Proof: Let us prove first the point 2a); the point 2b) is similar. We have to show that

11 gl
I IZ/ / / / F (@1, y0) F7 (20, y2)0% (21, 22)0% (1, y2 ) a1 dzadyidys < oo.
o Jo Jo Jo

Note that
|7 (i) = E(BH B;!) (Bf' - By))

< (s(or-52)°)" (pof - 5))
= (1—5%') (1—w)"

The integral I is therefore bounded by

I < (C(a))2/[ ]4(1 —2)T (1 —y)" (1 = 22)" (1 = yo) |21 — 22?* 2Jys — yo|** 2dardaadyrdy:
0,1

with c(a) = a(2a — 1). Now, using the change of variables z = T=¥, we get

/ 1 / (1= ) (1= ) — gy
- 2 1 / (=2 (1 - ) (x - y)*2dyda
= 2/01(1 — a:)2H+2a*1 </0x(1 — Z)H2az2a2dz) dx

1 1
= T / (1—2)722272dz < oo,
@ Jo

using that a > % |

We state now our main result.

Theorem 1 Let o > % and H > % Then the characteristic function of the random variable
S given by (11) is

i>1

where (p;)i>1 are the eigenvalues of the operator K¢ o given by (10) where fH is defined by

(13).



Remark 3 Ifa = % then the operator K¢ i must be replaced by

(5= o

Proof of Theorem 1: By Lemma 1 we have

FE (eitT) = lim F (eitT")

n—oo

where T), is given by (12) with t; = %, for every i = 0,...,n — 1. Let us compute the

characteristic function of the random variable T;,.
We will use the following fact: If X,Y are two independent random variables, then

E(®(X,Y)/X) = ¢(X)
where p(z) = E(®(z,Y)). Let us put
X = (B&,B;*,...,B%;) and Y = (BE —Bgf,..,Bﬁf—BL) . (16)

n

Therefore, we obtain
2
( ztzk Okak) _ 6—%:0TAHz

p(x) =
where the matrix A7 = ( kH ) 1s given by

Al = E(BHi BH> (Bl+1 Bf)
1

(| — 1+ 12 4 |k — 1 — 127 — 2]k —1]?1).

2n2H
We will obtain ,
E (') = E(e*%S")
where
n—1
Spn = Z AkH,lB%Bi
k,1=0 v

n—1
= E A, BY BY
n n

- S () (Z( >>

n—1 nl

8 ()

k' 1'=0 " I=l'+1 k= k/+1



We calculate first

n—1 n—1
> A

I=l'+1k= k’+1
n—1
= 2n2H > (k=141 +k—1- 17 - 2k—l\2H)]
= l’+1 k=k'+1
n—1 n—1
= 2n2H Z [Z — IR =Py - Y (|k—zy2H—|k:—1—1|2H)]
I=U'4+1 Lk=k'+1 k=k'+1

1 n
i D e L R U B [ L
=111

n—1 n—1
— Q”IQHIZ (=FPH = —1=KPT) = > (|l+1—n|2H—|l—n|2H)]

I=l'+1 =l'+1

1
— W[(n—k/_1)2H+(n_ll_1)2H_|l/—kl|2H]
K 1 U'+1
- () (18)
n n

where the function f# is given by (13). By (17) and (18) we get
n—1
E+1 1+1 o o
51 8% (KL L0 (o, ) (o, - 51).

Let us denote by (11;)i>1 the eigenvalues of the operator K¢ i and by (gi)i>1 the correspond-
ing eigenfunctions. Then, using Lemma 2, we can write

Flay) = pigi(z)
i>1

with the vectors (g;)i>1 orthogonal in L2 ,(T) and the p; are square-summable.
The sum .S,, becomes

+1 [+1 o o o N
S’n, == Z /'l/lgl gl( ) (Bk+1 _BE> (Bl+1 _BL>
k=0 \:>1 " " n n
n—1 k 1 2
+ (0%
- Yw (zgz (o 51))
i>1
Since > 1 and g; € L2 (T) it follows from [13] that
k+1 i 1
292(7) < k1 BO‘> / gi(z)dB*(x) in L*()
k=0 n 0



and therefore we have that

Sp =3 wHP  in LN(Q)
i>1

where (HZ = fol gi(x)dB*(x),i > 1) are independent, standard normal random variables.

As a consequence, since the eigenvalues are positive (see Remark 1)

. 2
B(e") = B|exp| -5 wmH}
i>1

I o)

i>1
1

- M)

i>1

We can state an alternative result that allows to consider the situation when the
Hurst parameter of the integrand « is less than %

Theorem 2 Assume that H > % and a € (0,1). Then the characteristic function of S

(11) is )
B (") =]] (H;M)z

i>1

where (u;)i>1 are the eigenvalues of the operator Kﬁl given by (10) and f* is defined by
(14)-

Proof: We follow the lines of Theorem 1 by interchanging the roles of X and Y in (16).
. 2
We obtain that E(e') = lim,, .o E (e_tzS”) where

n—1

S» = > E(BiBY) (Bl - BY) (BL - BY)
k7l:0 n n n n n n
n—1 E ol
= > (k) (s B2 (52 - 81
k=0 n n n n

where f® is given by (14). Now we use Lemma 2b) and we proceed as in the proof of
Theorem 1. |



4 The two-parameter case

In this section, we will briefly discuss the case of the fractional Brownian sheet. Let us denote
by (B

and (Bﬁl’m) two independent fractional Brownian sheets. We recall
’ s,te

s,teT

Hq,Ho

that a fractional Brownian sheet (stt

) . with Hurst parameters Hy, Ha € (0,1) is a
s,te

centered Gaussian process starting from 0 with covariance given by
Hi,H2 pH1,H2\ __ pHi Hoy
E (BB ) = R (s, w) R (t,0), s, tu,v e,

where R is the covariance of the one-parameter fBm with Hurst index H; (i = 1,2). We
refer to [4] or [3] for the basic properties and [15], [16] or [10] for elements of the stochastic
calculus with respect to this process. We only point here the following facts:

e the canonical Hilbert space H(H1, Ha) of the Gaussian process BHLH2 g defined as the
closure of the linear vector space generated by the indicator functions {1[07 s)x[0,]: S, €
T} with respect to the scalar product

(10,5 (0.6 Lo,y x[0,0] ) 1111, 11) = B (s, 0) R™2 (¢, v).

e if Hy or Hy is bigger than %, then the elements of H(H;, Hz) maybe not functions
but distributions. In this case it is convenient to work with the following subspace of
Ligy g, (T7) := Liy, (T) ® Ly, (T)

which is a space of functions (and which plays the role played by L?,(T) in the one-
parameter case). Therefore Wiener integrals with respect to B71#2 can be naturally
defined for integrands in L12L11, Hy (T2).

We prove here the following result.

Theorem 3 Assume that H; > % and ay; > %, i =1,2. Then the characteristic function of

the random variable
A= / / Bove2q B,y (19)
T T b b
s given by
1
. 1 3
E (e = () (20)
(=) Zgl 1+ 82 g1 4152

a1

where (11;1)i are the eigenvalues of the operator Kle

values of K% and fHv, fH2 are defined by (13).

fH2

gwen by (10), (1j2); are the eigen-

10



Proof: Denote by

i
L

a1,00 pHyH
A, = BE1L2B 1 Q(A].M)
kl=0 ™"
where
Hq,H _ pHHi,H2 Hq,Hs Hy,Ho Hy,Ho
B2 (Agy) = Bigi i — Byl — Bl § By

n ’n n’ n n ’n n’n

As in Lemma 1, we can prove that A, — A when n — oo in L?(Q) for a; > %, H;, > %,
i =1,2. We obtain, using the methods used in the proof of Lemma 1 (see also [9]) that

E(e) = lim E (eits’”‘)

n—oo

with

n—1 n-—1
E+1 K +1 41 U+1\ Lo w o
S, = Z Z Fih (7> fHz <7 )B 02 (A ) B2 (A ).

n n n n
k=0 1'=0

By Lemma 2a) we get that f# € L2, (T) (i = 1,2) and thus fg, = Y, ttk,igk; where
(9r,i)k>1 are the eigenvectors of K7, (i = 1,2).

2

n—1
k+1 [+1
S — . . . . 1,02
n H Hi 15,2 Z gz,l( n )g],Z( n )B (Ak,l)
1,j>1 k,l=0

Since g;1 € Lal(T) for every ¢ > 1 and g2 € LgQ(T) for every j > 1, we have that
9i1 ® gj2 € L2)117(129T2 and it is not difficult to see that

n—1

k+1 L+1, . & oo
Z gi(T)gj(T)B 12 (Akt) —n—oo / / gz‘(x)gj(y)dB:p,Z i=H;;
k,1=0 rJr

and the random variables H;; are mutually independent and N(0,1) distributed. The
conclusion follows easily. |

Remark 4 If H; > 3 and «; € (0,1), we obtain

1
A 1 2
E(e) = H <1+t2ui,1uj,2>

4,521

where for j =1,2, (1 ;)i are the eigenvalues of the operator Kﬁjj, where f% is defined by
(14).

11
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