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Abstract

We analyze the Rosenblatt process which is a selfsimilar process with stationary incre-
ments and which appears as limit in the so-called Non Central Limit Theorem (Dobrushin
and Major (1979), Taqqu (1979)). This process is non-Gaussian and it lives in the second
Wiener chaos. We give its representation as a Wiener-It6 multiple integral with respect to
the Brownian motion on a finite interval and we develop a stochastic calculus with respect
to it by using both pathwise type calculus and Malliavin calculus.
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1 Introduction

A selfsimilar object is exactly of approximately similar to a part of itself. Selfsimilar processes
are invariant in distribution under suitable scaling. They are of considerable interest in prac-
tice since aspects of the selfsimilarity appear in different phenomena like telecommunications,
economics, hydrology or turbulence. We refer to the work of Taqqu [43] for a guide on the ap-
pearance of the selfsimilarity in many applications and to the monographs by Samorodnitsky
and Taqqu [39] and by Embrechts and Maejima [13] for complete expositions on selfsimilar
processes.

In this work we analyze a special class of selfsimilar processes that are limits in the
so called Non Central Limit Theorem (see Dobrushin and Major [11] or Tagqu [42]). Let us
briefly recall the general context.

Consider (&,,)nez a stationary Gaussian sequence with mean zero and variance 1 such
that its correlation function satisfies
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with H € (3,1) and L is a slowly varying function at infinity (see e.g. [13]). Denote by H, ()
2

32 m xz
the Hermite polynomial of degree m given by H,,(z) = (—1)"e= Cﬁj—me_T . Let g be a function

such that E(g(&)) = 0 and E(g(£3)) < oo. Suppose that g has Hermite rank equal to k; that
is, if g admits the following expansion in Hermite polynomials

g(@) = Y ¢ H(@), = j,E (9(E0H;(0))
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then
k = min{j;c; # 0}.
Since E [g(&)] = 0, we have k > 1. Then the Non Central Limit Theorem ([11], [42]) says that

[nt]

1
nH Z 9(&;)
j=1
converges as n — oo in the sense of finite dimensional distributions to the process
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where 1 = max(x,0) and the above integral is a multiple Wiener-1t6 stochastic integral with
respect to a Brownian motion B(y))yecr (see [27] for the definition). The constant c¢(H, k) is
positive and it will be taken such that E (Z§(1)?) = 1. The process (Z§(t));>0 is called the
Hermite process and it is H-selfsimilar in the sense that for any ¢ > 0, (Z¥(ct)) =@ (7 Z% (1)),
where 7 =@ ” means equivalence of all finite dimensional distributions, and it has stationary
increments.

When k& = 1 the process given by (2) is nothing else that the fractional Brownian
motion (fBm) with Hurst parameter H € (3,1). For k > 2 the process is not Gaussian. If
k = 2 then the process (2) is known as the Rosenblatt process (it has actually called in this
way by M. Taqqu in [41]).

The fractional Brownian motion is of course the most studied process in the class of
Hermite processes due to its significant importance in modeling. A stochastic calculus with
respect to it has been intensively developed in the last decade. We refer, among others, to [4],
[5], [9], [16].

Our main interest consists here in the study, from the stochastic calculus point of view,
of the Rosenblatt process. Although it received a less important attention than the fractional
Brownian motion, this process is still of interest in practical applications because of its self-
similarity, stationarity of increments and long-range dependence. There exists a consistent
literature that focuses on different theoretical aspects of the Rosenblatt processes. Let us
recall some of these works. For example, extremal properties of the Rosenblatt distribution
have been studied by J.M. Albin in [2] and [3]. The rate of convergence to the Rosenblatt



process in the Non Central Limit Theorem has been given by Leonenko and Ahn [23]. Pipiras
[29] and Pipiras and Abry [30] studied the wavelet-type expansion of the Rosenblatt process.
A law of iterated logarithm has been given is [15].

Among the applications of the Rosenblatt process in statistics or econometrics, we
mention the following.

e In the unit root testing problem with errors being nonlinear transforms of linear processes
with long-range dependence, the asymptotic distributions in the model are shown in [46]
to be functionals of Hermite processes.

e limiting distributions of the parabolically rescaled solutions of the heat equation with
singular non-Gaussian data have similar behavior to the Rosenblatt distribution (see
[24])

e the Rosenblatt distribution also appears to be the asymptotic distribution of an estimator
related to the semiparametric bootstrap approach to hypothesis tests (see [18]) or to the
estimation of the long-range dependence parameter ([21])

Besides these more or less practical applications of the Rosenblatt process, denoted in the
following by Z, our motivation is also theoretical; it comes from the recent intensive interest to
push further the stochastic calculus with respect to more and more general integrator processes.
We believe that this process constitutes an interesting and instructive example where the recent
developed techniques of the generalized stochastic calculus can find a significant test bench.

We actually use the two principal methods to develop a stochastic integration theory:
the pathwise type calculus and the Malliavin calculus/Skorohod integration. The first ap-
proach (that includes essentially the rough paths analysis, see [34], and the stochastic calculus
via regularization, see [36]) can be directly applied to the Rosenblatt process because of its
regular paths and of the nice covariance structure; a pathwise It6 formula can be written and
Stratonovich stochastic equation with Z as noise can be considered. The Malliavin calculus and
the Skorohod integration are in general connected in a deeper way to the Gaussian structure of
the integrator process and as it will be seen in the present work, Skorohod It6 formula can be
derived only in particular cases. Although the formula we obtain is rather complicated and not
easily tractable, the principal signification of the result is the fact that one can precisely see
here that the Gaussian nature of the integrator process is decisive in the stochastic integration
theory; once we go out from the Gaussian context, one cannot obtain It6’s formulas that end
by a second derivative term.

We organized our paper as follows. Section 2 presents basic properties of the Rosenblatt
process. In particular we prove a stochastic integral representation on a finite integral that
will be useful for the construction of the stochastic calculus. In Section 3 we introduce Wiener
integrals with respect to Z by following the ideas in [25] and [22]. We define in Section 4
the Hilbert-valued Rosenblatt process and we consider stochastic evolution equations with this
process as noise. Section 5 describes the application of the stochastic calculus via regularization
introduced by F. Russo and P. Vallois in [36] to the Rosenblatt process and in Section 6 we



discuss the Skorohod (divergence) integral: we define the integral and we give conditions that
ensure the integrability and the continuity of the indefinite integral process. In Section 7
we prove the relation between the pathwise and the divergence integrals: here the pathwise
integral is equal to the Skorohod integral plus two trace terms (in the fBm case there is only a
trace term). Finally Section 8 contains a discussion on the It6 formula in the Skorohod sense.

2 On the Rosenblatt process

In this section we will analysis some basic properties of the Rosenblatt process; in particular
we are interested in its representation as a stochastic integral on a finite interval. As we said,
this process is obtained by taking k = 2 in the relation (2), so
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where (B(y),y € R) is a standard Brownian motion on R. The constant a(H) is a positive
normalizing constant and it is chosen such that E(Z(1)?) = 1. It follows actually from [25]

that .
H 2\
syt — (BEH =D
9H(2H — 1)
Recall that the process (Z(t));c(o,r] is selfsimilar of order H and it has stationary increments;

it admits a Holder continuous version of order § < H. Since H € (%, 1), it follows that the
process Z exhibits long-range dependence.

Since our main interest consists in the construction of the stochastic calculus with
respect to the process Z, the representation (3) is not very convenient; as in the fBm case,
we would like to represent Z; as a stochastic integral with respect to a Brownian motion with
time interval [0, 7. Recall that the fBm with H > % can be written as

t
Bl = / K (t,s)dW, (4)
0
with (W, t € [0,T]) a standard Wiener process and

t
KH(t,s):cHséH/(u—s)ngHédu (5)

B H(2H — 1) :
CH—<5(2_2H7H_%)) : (6)

Note that to prove the representation (4) (at least in law) it suffices to see that the right member
has the same covariance R as the fBm; otherwise, it can be easily seen from the expression of

where ¢ > s and




the kernel K that the right member in (4) is H-selfsimilar with stationary increments and as
a consequence it cannot be nothing else but a fractional Brownian motion with parameter H.

Since the Rosenblatt process is not Gaussian, the proof in its case of a similar repre-
sentation to (4) needs a supplementary argument; in fact we have the following

Proposition 1 Let K be the kernels (5) and let (Z(t))icjo,r) be a Rosenblatt process with
parameter H. Then it holds that

t aKH oKt
am [ [ [ [ ) G wm)du| aBaB) (0
Yy1Vy2
where (B, t € [0,T]) is a Brownian motion,
H+1
H = TJF (8)

and
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Remark 1 i) The constant d(H) is a normalizing constant, it has been chosen such that
E(Z()Z(s)) = § (t* + s* — |t — s|*). Indeed,

E(Z(t)Z(s)) = 2d(H /MS /t/\S dy1dys

s aKH/ 8KH/ 8KH/ 8
T dud
X (/ylVyz/ 9u (u, 1) ou (u,2) ou (v,91)—— (U y2)du U)

Yy1Vy2 v
UAv 8KH’ 8KH/
— / / dvdu (/ 5 (u,y1) (v, 11 dy1>
0 u u
= 24(H)*(H'(2H' - / / lu — v|*" ~2dvdu = R(t, s)

ii) It can be seen without without difficulty that the process

t t t H' H'
2= [ [ [ /ylvyf)gl(%yl)ag;(%m)du AB(y1)dB (1)




defines a H selsimilar process with stationary increments. Indeed, for any ¢ > 0,

Z'(ct) = /Ct/ [/Ct oK (u, yl)a[;j, (u, y2)du

1Vy2

ct KH’ OK KH
- [ [/ O (eusn) (e, )edu

t KH’ KH
= // / 0 (CU Cyl)a (CU cy2)cdu
y1Vy2 Ou

/

and since B(cy) = C%B(y) nd 8K (cu cy;) = _%8§:l (u,y;) we obtain Z(ct) =
cHZ(t).

The fact that Z' has stationary increments follows from the relation

KTt +h,s)— KT (t,s) = K" (t — s, h)

dB(y1)dB(y2)

dB(y1)dB(y2)

dB(cy1)dB(cy2)

for any s,t € [0,T], s <t and h > 0.

Proof of Proposition 1: Let us denote by Z'(t) the right hand side of (7). Consider
bi,...,bp € Rand t1,...,t, € [0,7]. We need to show that the random variables

PRAC B YACY
=1 =1

have the same distribution.

We will use the following criterium by Fox and Taqqu (see [14]): If f € L2([0,7]?)
is a symmetric function, then the law of the multiple Wiener-It6 integral I5(f) is uniquely
determined by its cumulants, where the mth cumulant of f is given by

em(f) = (m2—1)!2m o flxi,xe) f(za,23) . .. f(Xm—1, Tm) f(Xm, x1)dT1 . . . dXpy. (10)

In other words, if two symmetric functions f,g € L?([0,7]?) have the same cumulants, then
the multiple Wiener-Ito integrals of order two I5(f) and I2(g) have the same law.

We will show that, for every ¢,s € [0,7T], the random variables Z; + Zs and Z, + Z.
have the same law; the general case case will follow by a similar calculation. It holds that

Zi+ Zy = Iy (f1.s)

where
£ oK OKH
s(Y1, =1 1 ——(w,y1)——(u, y2)d
fr.s(¥1,92) 0,4 ¥1) 104 (y2)/ylvy2 50 (w,y1) 50 (u,y2)du
s 9K oK™
+110,6) (1) 10,5 (¥2) /yl\/yg W(Uayl)W(uayﬂduv (11)



We have denoting by a,, := Wde(H)m
Cm(fs,t)

= a(m) A frs(Wiy2) - frs(Umsy1)dys - .. dym

= a(m)/ dyy .. .dym

t KH OKH' s gKH' OKH'
X </ T(ulayl)T(uhy2)dul +/ ——(u1, 1) (ul,yz)dm)
y u y

1Vy2 1Vy2 Ou Ou
t oK OKH' s 9K OKH
X 7(u2,y2) (U27y3)du2 +/ — U2,y U2,y du
</y2vy3 ou ou yovys  OU (u2,2) ou (112, y3) iz
X ...
t o HKH oK s gKH oOKH
X Ums Ym) —— Um, Y dum+/ Um, Y1)~ (Um, Ym dum
( / T ) g ) g ) T )

and by classical Fubini theorem

fst
t1 tm
o5 [f
tye{t,s}

U AUm 8KH’ OK H'
X </0 Tul(ulvyl) D, (Um7y1)dyl>

w1 A\ug 8KH' 8KH’
X </0 %(Ulam)aw(u%w)dyz)

/m KT s ) 2t )
U -
o D1 my Ym o Um s Ym )AYm
t1 tm
= a(m Z / / duy ..
tye{t,s}
]ul —UQ‘Q H' 2‘“2 —’U,3’2H/_2...‘um—ul‘QH,_g. (12)

with a(m) = a(m) (H'(2H' — 1))™.
The computation of the cumulant of Z; + Z is similar. Indeed, we can write, for
s,t €[0,T7,
Z(t) + Z(s) = I2(gs)
where

H-2 H-2 H-2

o =at) ([ =) Tk [T ) i)

7



and the mth cumulant of the kernel g, ; is given by

cm(gst) = b(m )/ dyi ... dym

H-2

-2 H-2 S H-2
0 )+ [ ) ) )

(f -
(/t (u2 —y2)4 ;2 (ug — 2/3)H22du2 + /OS(UQ - yQ)%(uQ _ yg)H22du2)
(

0

t H—2 H-2 S H-2 H-2
/ )Tt — 1)o7 duy + / (o — Ym) 37 (atm — 1) 12 dum)
0

™ 2 /“ JARR

t;e{t, s}

=/< )3T (tm yn2dyl/<1—y2>f22<u2—y2>H22dy2
R R

H-2 H-2
...... /(um1 —Ym)y” (Um —Ym) > dym.
R
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o

/R (u— )% (v — ) dy = B(a, 2a — 1)[u — o>

we get,
t1 tm
culon) = b =1 3 [T
tje{t,s}
’ul —UQ‘QH,72|U2 —U3|2H/ |um _ul‘QH’fZ (13)
and it remains to observe that a’(m) = b(m) which implies that (12) equals (13). |

From now on we will use the version of the Rosenblatt process given by the right side

of (7).

We will finish this section by proving that the Rosenblatt process possesses a similar
property to the fBm, that is, it can be approximated by a sequence of semimartingales (here
actually, since H > %, by a sequence of bounded variation processes). In the fBm case, the
property is inherited by the divergence integral (see [4], [7], [6]); this fact can be used to
construct financial models with the Rosenblatt process as noise (see [6]).

The basic observation is that, if one interchanges formally the stochastic and Lebesque
integrals in (7), one gets

Z(t / (/ / 8KH (s y1) ag(j (uvyz)dB(yOdB(yz)) du

8




1 8KH/

but the above expression cannot hold because the kerne o (U, yl)agf (u,y2) does not be-

long to L2([0,T]?) since the partial derivative 818{ (u y1) behaves on the diagonal as (u —
H-2

y1) 2 .
Let us define, for every € > 0,

Z=®) // [/ywm Kjl(que yl)ag (u+&,y2)du
/ (/ / OKH u+6,y1)a§:l(u+g,y2)dB(yl)dB(y2)> du

- /0 A (u)du.

Since A. € L*([0,T] x Q) for every € > 0 and it is adapted, it follows that the process Z¢ is a
semimartingale.

dB(y1)dB(y2)

Proposition 2 For every t € [0,T], Z¢(t) — Z(t) in L*(9).

Proof: We have

74 //den dB(ys)

t aKH aK aKH/ aKH/
(/y ( 8u (u—i—anl) au (U+E7y2) - 8T(U, yl)aT(’U,, yz)) du)

1Vy2

and

t t t t
E|Z:(t)— Z(t))? = 2/ / dyldyg/ / dvdu
0 JO y1Vy2 Jy1Vyz

oK oK™ oK™ oK™
5 (u+e,11) 9u (u+e,y2) — 87(% yl)w(ua Y2)

OKH OKH' oOKH OKH'
o (v+e,y1) 5 (v4e,y2) — 5 (v,91) 5 (v, y2)

Clearly the quantity ( (u +e yl) (u +e,y2) — dau (u, yl) (u,yg)) converges to

zero as € — 0 for every u,y;,y2 and the conclusion follows by the dominated convergence
theorem. |



3 Wiener integrals

The covariance structure of the Rosenblatt process allows to construct Wiener integrals with
respect to it. We refer to Maejima and Tudor [25] for the definition of Wiener integrals with
respect to general Hermite processes and to Kruk and al. [22] for a more general context. Let

us recall the main points and translate this construction in our context.
One note that

T T
Z(t) :/0 /o I (1p04) (y1,92)dB(y1)dB(y2)

where the operator I is defined on the set of functions f : [0,7] — R and takes values in the

set of functions g : [0, T]?> — R? and it is given by

T H' H'
I ) = d(H) [ (0% () P (o)
Y

1VY2

If f is an element of the set £ of step functions on [0, 7] of the form

n—1
f= Zaz‘l(ti,tm], t; €10,
=0

then we naturally define its Wiener integral with respect to Z as

T n—1
Afmww:gw@m— // 1)1, 92)dB (1) dB(ys).

Let H be the set of functions f such that

117 = 2/ / ) (Y1, y2)?dy1dys < oc.

// / £ 25 ) 2K ) 2d d
U)—F— U, Y1) —F— U, y2)au y1ay
s 9 U5, 2 10Y2
= / / dyldyQ/ / dvdu
y1Vy2 Jyi1Vy2

OKH' OKH' OKH' OKH'
fu)f(v) 0 (u, y1)—— 9 (u, y2)—5— o (v yl)W(vaQ)

2
T rT uAv 8KH’ OK H'
= Qd(H)Q/ / (/ T(u,yl) (U yl)dyl) dvdu
o Jo 0 u v

T /T
= H(2H—1)/0 /0 fu)f(0)|u —v*2dvdu.

It can be seen that

1£11%

10

(14)



It can be proved as in [25] or [22] that the mapping

T
o / F(w)dZ(u)

defines an isometry from € to L?(Q2) and it can be extended by continuity to an isometry from
H to L?(£2) because € is dense in H (see [32]). We will call this extension the Wiener integral
of f € H with respect to Z.

Remark 2 It follows from Pipiras and Taqqu (see [32]) that the space H contains not only
functions but its elements could be also distributions. Therefore it is suitable to know subspaces
of H that are spaces of functions. A such subspace is |H| where

M| = {f : OT—>R|// W1 F )|t = v[2H2dvdu < 0o}

It actually holds
1
L#([0,T]) C |[H| C H.

The space |H| (and hence H) is not complete with respect to the norm || - ||3 but it is a Banach
space with respect to the norm

1£3y = H(2H —1) / / WI1F )l — v 2dvdu.

The Wiener integrals fo w)dZ(u) and fo u)dZ(u) are not necessarily independent
when the functions f and g are orthogonal inH. A characterlzation of their independence is
given in the next result.

Proposition 3 Let f,g € H. Then fOTf(u Z(u) and fo u)dZ(u) are independent if and

only if
H' H'
GO g0 T =0 ey ) € 077 (13)

where H' is the space analogous to H corresponding to the Hurst parameter H'.

Proof: We use a result by Ustunel-Zakai [40] (see also Kallenberg [20]): two multiple Wiener-
It6 integrals with respect to the standard Wiener process I,(f) and I,,,(g) with f, g symmetric,
f € L?[0,T]" and g € L?[0,T]™ are independent if and only if f ® g = 0 a.e. on [0, T|™ "2,
where

(f@lg)(tl, costn—1,81y- -3 Sm— 1 / ftl,... n—1, )g(sl,...,sn,l,t)dt.

11



Let us apply the above result to

r oK oK'
F(y1,y2):1[o,t]2(y17y2)/ f(u) 5 (u, 1) 3 (u,y2)d
y1Vy2
and T H 7
oK 0K
G(y1,v2) =1[o,t]2(y1,y2)/ g(u) 3 (u, 1) 3 (u,yo)d
Y1Vy2 u
Then

T
(F©1G)(y1,p2) = /Ods

T OKH oK' T oKt OKH’
d d
x/msﬂu) g0 g ) [ ) ) 2
H' H
= //f K (u,m)ag (v, y2)|u — v/ 2dvdu
and the conclusion follows easily. |

As an immediate consequence, we obtain

Corollary 1 If f ® g = 0 a.e. on [0,T)? then the random wvariables fOTf(u)dZ(u) and
fOT g(u)dZ(u) are independent.

Remark 3 The construction of Wiener integrals with respect to the Rosenblatt process allows
to consider associated Ornstein-Uhlenbeck processes. This has been done in [25] for general
Hermite processes of order k following the argument in [8] for the fBm case. It can be showed
that the equation

t
X, —¢— )\/ Xods+0Z(1), 130, (19)
0

where o, \ > 0 and the initial condition ¢ is a random variable in L°(Q) has an unique solution
that can be represented as

X4(t) = e M (5 + O'/t e’\“dZ(u)> , t>0.
0

where the stochastic integral above exists in the Wiener sense. When the initial condition is
= af eMNdZ(u) (in [8] the integrals are considered on the whole real line), the solution of
( 19) can “be wmtten as

X(t)=o0 / t e MW a7 () (20)

— 00

and it is called the stationary Rosenblatt Ornstein-Uhlenbeck process.

12



Remark 4 The Non Central Limit Theorem given by [11], [42] can be extended to Wiener
integrals (see [25]). More precisely, under suitable assumptions on the deterministic function
f € H one obtains that the sequence

;Hje%f (£) st

converges weakly when n — oo, to the Wiener integral [ f(u)dZ(u) (g and & were introduced
in Section 1).

4 Infinite dimensional process and stochastic evolution equa-
tions

In this part we define a Hilbert-valued Rosenblatt process and we consider stochastic evolution
equations driven by it.

Let us consider U a real and separable Hilbert space and @ a nuclear, self-adjoint
positive and nuclear operator on U. There exists then a sequence 0 < A, \, 0 of eigenvalues
of @ such that ) -, A, < co. Moreover the corresponding eigenvectors form an orthonormal
basis in U. We define the infinite dimensional Rosenblatt process on U as

Z(t) =>  V Anenzi(t) (21)

v>0

where (2;);>0 is a family of real independent Rosenblatt processes.
Note that the series (21) is convergent in L?(€2) for every t € [0, T] since

E|Zt))? =Y NE@ED) =Y )\ <.
j>1 j>1

Note also that Z has covariance function R(t,s) in the sense that for every u,v € U, and for
every s,t € [0,7]
E(Z(t),u)u(Z(s),v)v = R(t,s)(Qu,v)y.
This can be proved exactly as fBm case (see [45]).
In some situations the assumption that () is nuclear is not convenient. For example one
cannot take @ to be the identity operator, that is A, = 1 for every n. Therefore, if > A, = 00

we will consider a bigger real and separable Hilbert space U; D U such that the inclusion
U C Uy is nuclear. Then the quantity

2t =" 2(t)e; (22)

J

is well-defined stochastic process in Uj.

13



In the sequel we will consider the infinite dimensional Rosenblatt process to be defined
by (22).

Following the one dimensional case, one can introduce Wiener integrals with respect to

the Hilbert-valued process Z. Let V' be another Hilbert space Let (®s, s € [0,7]) a stochastic
process with valued in the space of linear operators L(U, V). We put for every ¢ € [0,T]

t@dZ = t<1> d
/0 s <s>—§1/0 we47;(5)

where fot ®ye;dZ;(s) is a V valued random variable. Note that the integral exists in L*(Q, V)

if
/ t ®,dZ(s)

0

2
E

2
= Z |[|[®ej |y, < oo.
Vi

Remark 5 If the integrand ® does not depend on time, then we find
t 2 t 2
/ ®dZ(s)| = Z]@en]%,E’/ dzj(s)] =) " |Pey|}
0 v - 0 -
J J

and it can be seen that the integral f(f ®dZ(s) exists if and only if ® is a Hilbert-Schmidt
operator.

E

Now we introduce stochastic evolution equations driven by the infinite-dimensional
Rosenblatt process. Let A : Dom(A) C V — V be the infinitesimal generator of the strongly
continuous semigroup (etA)te[()’T}. We study the equation

dX (t) = AX (t)dt + ®dZ(t) (23)

where X(0) =x € V and ® € L(U; V). We will consider mild solution of (23), that is, (when
it exists), it can be written as

t
X(t) = et + / eU=DABdZ (s). (24)
0

We will not assume that ® is Hilbert-Schmidt (although the integral [ ®dZ exists if and only
if @ is Hilbert-Schmidt); this assumption is unnecessary because, under suitable hypothesis on
A, the integral f(f e(=9)A®dZ(s) will exist even when ® is not Hilbert-Schmidt operator.

The method used in the fBm case will allow to prove the next theorem.

Theorem 1 Let Z be given by (22) with H € (3,1). Consider ® € L(U;V) and A : Dom(A) C
V' — V be a negative self-adjoint operator. Then there exists a mild solution X of the equation
(23) if and only if the operator ®*Gy(—A)® is a trace class operator, where

Gpr(\) = (max (X, 1)) 721, (25)
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Remark 6 in [/4] in the fBm case is assumed that the spectrum of A, o(A) C — (oo, —l] with
I > 0. The situation when 0 is an accumulation point of the spectrum is not treated; this case
is solved in [12].

Proof: Since

t
/ =484z (s)

0

t gt
E =c(H) Z/o /0 (et ABe, D¢, )y |u — v 2 dudy

2
v

and what it follows is a deterministic problem that can be solved as in [44]. [

If S! denotes the unit circle and A is the Laplacian on the circle, we have

Corollary 2 Assume that U =V = L*(S') and A = A is the Laplacian on U. Denote by
(€n, fn)n>1 the eigenvectors of A that form an orthonormal basis in L*(S'). Let (qn)n be a
bounded sequence of non-negative real numbers and

Z(t) = Z \/C.Tnenzn(t) + Z \/q>nfn2n(t)

with (zj,%;); independent real Rosenblatt processes. Then (23) has an unique mild solution
such that X (t) € L*(Q,V) if an only if

Z qnn_4H < 0.
n

5 Pathwise stochastic calculus

At this point, we will start to develop a stochastic integration theory with respect to the
Rosenblatt process. In general, for processes that are not semimartingales, the 1t6’s theory
cannot be applied. One needs generalized alternative ways to integrate stochastically with
respect to such processes. In general these generalized method are essentially of two types:
the first is the pathwise type calculus and (here we included the rough path analysis [34] and
the stochastic calculus via regularization [36]) and the second type is Malliavin calculus and
the Skorohod integration theory [27]. In general the pathwise type calculus is connected to the
trajectorial regularity and/or the covariance structure of the integrator process. The Malliavin
calculus instead is very related to the Gaussian character of the driven process.

Since the Rosenblatt process with H > $ has zero quadratic variation (see [37]) and
regular paths (Holder continuous of order H —¢), the pathwise calculus can be naturally applied
to construct stochastic integrals with respect to it. Here we choose to use the approach of Russo
and Vallois. Let us list first the main ingredients of the stochastic calculus via regularization.

Let (X¢)i>0 and and (Y3)s>0 continuous processes. We introduce, for every ¢,

— X(s—e)
g

P Xsre — X
I (e,Y,dX) :/ y,ote 2
0 3

t X,
ds, I*(a,Y,dX):/ Y, * ds,
0

15



Xote = X(s—e)y

d
2e y

t
I°%,Y,dX) = / Y,
0

and

th E_Xs—e Y;E_Ys—e
C’E(X,Y)(t)—/o( e 2 ”2( re = Yoma) 4o

Then the forward, backward and symmetric integrals of Y with respect to X will be given

t t
/ Yd~ X = lim I (g,Y,dX), / YdtX = lim IT(e,Y,dX),
0 0

e—0t e—0t

and .
/ Yd°X = lim I°(,Y,dX) (26)
0

e—0t

provided that the above limits exist uniformly in probability (ucp). The covariation of X and
Y is defined as
(X, Y]t = ucp — lim+ C:(X,Y)(1).
e—0

If X =Y we denote [X, X] = [X] and when [X] exists then X is said to be a finite quadratic
variation process. When [X]| = 0, then X is called a zero quadratic variation process.

The Rosenblatt process is clearly a zero quadratic variation process since

t
1
EC.(Z,Z)(t) = E / E(XW — X)2ds =t 0.
0

Therefore the stochastic calculus via regularization can be directly applied to it. Precisely, it
follows from Proposition 4.2 of the Russo and Vallois survey [38] that every f € C?(R), the
integrals

/Ot fI(X)d™ X, /Ot fI(X)dT X, /Ot f(X)d°X

exist and are equal and we have the It6’s formula

F(X0) = f(Xo) + /0 J1(X)dX. (27)

Remark 7 An immediate consequence of the existence of the quadratic variation of the Rosen-
blatt process is the existence and uniqueness of the solution of a Stratonovich stochastic dif-
ferential equation driven by Z. Concretely, if o : R — R and b: [0,T] x R — R satisfy some
regularity assumptions and V is a locally bounded variation process, then the equation

dX (1) = o(X (1) Z(t) + b(t, X (£))dV (¢) (28)

with X (0) = G where G is an arbitrary random variable, has an unique solution (see [37] for
the definition of the solution).
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6 Skorohod integral with respect to the Rosenblatt process

In this part we define a divergence integral with respect to (Z(t));cjo,r). Constructing gen-
eralized Skorohod integrals with respect to processes that are not necessarily Gaussian or
semimartingales constitutes a frequent topic. For results in this direction, we refer among
others, to [33], [19], [26], [17] or [22].

We will need some basic elements of the Malliavin calculus with respect to a Wiener
process (W)icpo,7]- By S we denote the class of smooth random variables of the form

F=fWey,...,We), t...tn€0,T] (29)

where f € Cp°(R™). If F is of the form (29), its Malliavin derivative is defined as
DF = -~ Of W, W, )1 t tel0,T
t _;81‘@( t1y e tn) [O,ti}( )a E[ ) ]

The operator D is an unbounded closable operator and it can be extended to the closure of S
(denoted D*P, k > 1 integer, p > 2) with respect to the norm

I, = EIFPP + ZEHDU Fl72
J=1

oy FESk>1p>2

where the jth derivative DU) is defined by iteration.
The Skorohod integral ¢ is the adjoint of D. Its domain is

T
Dom(8) = {u € L([0,T] x Q)/ ‘E/ usDsFds| < C|F||2}
0
and D and § satisfy the duality relationship
T
E(Fo(u)) = E/ DsFugds, F €S8,ue Dom(9). (30)
0
We define L*P = L? ([0, T];D*?). Note that L*? C Dom(5). We denote §(u fo usdWs.
We will need the integration by parts formula
T
Fo(u) = §(Fu) —i—/ DsFug (31)
0

if F e DY and u e 112,

We also mention that the Skorohod integral with respect to the fBm B with Hurst
parameter H > % is defined through a transfer operator

/ngBH //gr (r,s)drdWs (32)
0

17



where the integral in the right side above is a Skorohod integral with re%pect to W. moreover
g is Skorohod integrable with respect to b if the quantity fST Jr agr (r,s)dr is Skorohod
integrable with respect to W.

Definition 1 Let us consider a square integrable stochastic process (gs)sepo,r]- Following (16)
and (32) we define its Skorohod integral with respect to Z by

/O ' 9sdZ(s)

T T
— /0 /0 1(9) (w1, 92)dB(y1)dB (1)

T T T H I
= / / (/ g(u)agL(U,yl)agZ(u,yg)du> dB(y1)dB(y2). (33)
0 0 1 VY2

We will say that a process g is Skorohod integrable with respect to Z if the process Ig € Domd?),
where 8 is the double Skorohod integral with respect to the Brownian motion B.

We refer to [28] for the study of double (and multiple) Skorohod integrals.

Remark 8 Note that the Skorohod integral coincide with the Wiener integral if the integrand
g is a deterministic function in H. Another Skorohod integral with respect to Z has been
introduced in [22] as the adjoint of some Malliavin derivative with respect to Z but this integral
does not coincide with the Wiener integral for deterministic integrands.

Next lemma gives a condition that ensures the Skorohod integrability.

Lemma 1 Let g € L?(Q;H) be such that g € L>? and

T T
E/ / ||Dx17mg||%{da:1d:c2 < 00. (34)
0 0

Then g is Skorohod integrable with respect to Z and

/0 " g.62(s)

Proof: We use Meyer’s inequality for the double Skorohod integral (see [28], pag. 320) and

2

T T
E < cst. [E||g||%{ + E/ / HDxl’ngH%d:cldmg ) (35)
o Jo

18



we obtain

/0 " 0u02(s)

2 T T

cst. [E I(9)(y1,y2)*dy1dys
0 0

T T T T ,
+E / / / / (D:m,xz I(g) (yh y2)) d$1d$2dyldy2:|
0 0 0 0

- [EH(?H .y /0 ' /0 " W) — v 2dvdu

T T T T
+/ / dz1dzo </ / Dw1,x29(u)Dm1,x2g(U)|u - v[2H2dvdu>]
0 0 0 0

T T
- [EIIgII%+E I HDm,@gn%dmdm]
0 0

E

IN

[
Corollary 3 If g € L?(Q; |H|) be such that g € L?? and
T T
E/ / 1Dy e gy dir diy < o0 (36)
0o Jo
Then g is Skorohod integrable with respect to Z and
T 2
E| [ 9:62(5)| <estlgl? (37)
0

where
2 2 r r 2
Il =[Eugum+E /0 JRIE A

Example 1 The Rosenblatt process Z is Skorohod integrable with respect to Z and

/OTgséZ(S)

Proof: We treat the two terms in the right side of (35). Clearly

2 T T
E < cst./ / R(u,v)|u — v* " 2dudv.
o Jo

T /T
E||Z|3 = cst./ / R(u,v)|u — v*2dudv
0 Jo

We have, for every z1, x5 € [0,T],

v 9KH . KM

U ,xl)T(u',xg)du'
u

Dy ayZ(s) = 2d(H)1g 2 (1, 22) /

— 7
xr1Vxo 8ul
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and then (note also that aK (t s) is positive and therefore we omitt the absolute value at a
certain point)

T T
B[ [ 1Dmmslfhydnidos
o Jo
T T T T
= / / dxldazg/ / lu — v|* =2 dudv
0 0 x1Vxe Jx1VIo

v gKH oOKH v 9KH OKH'
/ e (u’,xl)au/(u',xg)du’/ W(U’,xl)i(v',azg)dv’
T1VIe x1Vxo

2
T v g 0K
= / / lu — v~ 2dudv/ / (/ /(u,xl)ﬁ(v’,xl)dm
o Jo
T
= cst./ / R(u,v)|u — v ~2dudwv.
o Jo

We finish the section by a result on the continuity of the indefinite Skorohod integral
process. This shows that the indefinite keeps the same order of Holder regularity as the
Rosenblatt process.

Proposition 4 Let g € L>P such that
sup [|gr|[2,p < oc.
,

Then the indefinite Skorohod integral process (Xt = fg gs0Z(s),t € [O,T]) admits a Holder
continuous version of order 6 < H.

Proof: We can write

t t t aKH/ aKH/
xe-x. = [/ </y auw,yom(u,m)du) AB(y)dB(y2)

1Vy2

H’ H'
+2 / / ( o mg;w,w)du) AB(y1)dB (1)

H’ H'

= J1+ 2J2 + Js.

Then
E|X; — X,|P <c(p)E (J7 + J3 + J§).
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By Meyer’s inequality ([28], pag. 320)

P

2

E|J;|P t tE t OK™ OK™ d 2d d
< u ) )
< )| [ B( [ e T | dnd
2
t pt pt ot t 8KH' 8KH/
+C(p)E//// Dm,m/ Gu——— (U, y1)——(u, y2)du | dzidzadyidys
s Js JO JO Y1 VY2 ou ou
t ot z
— o) |B [ [ ot o
t ot t gt g
+c(p, H)E /0 /0 dwldm/ / 1Dy 22 9u Dy 90| [t — v|*H "2 dvdu
t ot £
< c(p,H)sup|lgrll5,, / / lu — v 2dvdu

= c(p, H)sup||g.|[,(t — s)P".
T

In a similar way, we can find the same bound for the terms J; and J3 (see also [4], proof of
Proposition 1). The conclusion will following by the Kolmogorov’s continuity criterium. |

7 The relation between the pathwise and the Skorohod inte-
grals

Let ¢ a stochastic process. Recall that its forward integral with respect to Z is the limit ucp
as € — 0 of

T
! / 655 (fare(o) — folow))ds  (38)

T
I(e,g.d7) = i/o (25 +2) = 2(s))ds = - |

where the kernel f; is given by

s QKM OKH
fs(z,y) = d(H)1p g2(z,y) /xvy W(U, x)W(u’ y)du. (39)

We will need a formula by [28]: if F € D?? | u € L?([0,T]? x Q) such that for every s,

u(-, s) € Dom(6), then Fu € Dom(6®) and

T T T
F§@ (1) = 6@ (Fu) + 2 / DoF(u(-, a))do — / / D& Fu(a, B)dadB.  (40)
0 o Jo '
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We apply relation (40) to (38) and we obtain
1 (T
Fe9.d2) = 2 [ 69 (0 (fureleon) = fleos)) ds
9 T T
2 [ [ Dagb (Fuseleoo) = £io0)) dads

e )
5/0 /0 /0 D 39s (fs+e(B, @) — fs(B, ) dBdads. (41)

We can already observe, besides the first divergence type term, the appearance of two trace
terms. Recall that in the fBm case the corresponding term I~ (e, g, dB) can be decomposed
in a divergence term plus a only a trace term.

Definition 2 We say that a stochastic process g € L1'? admits a trace of order 1 if

1 (T T
6/0 /0 Dogs0 (fsye(s, ) — fs(+, ) dads )
converges in probability as € — 0. The limit will be denoted by Tr(l)(D(l)g).

We say that a stochastic process g € L>? admits a trace of order 2 if

T T T
é /0 /; /0 D((j,)@gs (fs+€ (67 Oé) - fs (ﬁ, OL)) dﬁdads (43)

converges in probability as e — 0. The limit will be denoted by Tr?) (D(Q)g).
We have the following relation between the divergence and the pathwise integral.

Theorem 2 Let g € L?? such that

T T

Assume that g has traces of order 1 and 2. Then g is forward integrable with respect to Z and
it holds

T T
/ gsd~Z(s) = / 9s6Z(s) + 27rM (DW gy — Tr(DP) g). (44)
0 0

Proof: By (41) and Definition 2, it suffices to show that the term

T
A =1 / 5@ (go (fare( ) — fal(-r%))) ds
0

g
[ 50265

22

converges to



in L2(Q) as ¢ — 0.
We can write, by Fubini,

T T T
e = 2 as [ o (etonm) = o) dB) B ()
oK™ oK™

y1Vy2

I
= // )(y1,y2)dB(y1)dB(y2) = /OTgi(SZ(S)

where we denoted by
1 u
9" (u) = / gsds.
€ u—e

By using (37), it is sufficient to check that
¢° —e0gin L2(QH)
and
T T
| [ ElDeaats” — ez —o .
o Jo

We will show that
1% 1) < c(H) g3

/ / a:1,a:2.g |||H\dx1d$2 < C / / D, xQQ”‘H‘divlde'g

and

T
ABmaBe) [ g% () () du

(46)

(47)

The bound (46) has been proved in [5], proof of Proposition 3, Step 1. Concerning the bound

(47), we can write

T T
J L o
T T T T
— () /0 /0 dyday /0 /0 D21 205 | D ) [ — o[22 ducy

IN

T /T T T 1 s+e  ps'+e
< C(H) / / dzydxy / / dsds’ |D961,90298D501750298’| o) / /
0o Jo o Jo € Js s

It follows from [5], proof of Proposition 3, Step 1, that
1 s+e  ps'+e
2/ / lu — v 2dudv < ¢(H)|s — s'|*H 2
e s s

23

1 T T T T of o v u ,
H)2/ / da:ldxz/ / dudv|u — v|*"~ / / dsds' | Dy, 209sDay 2095 |
€ Jo Jo o Jo v—e Ju—e

u— v|2H2dudv> .



and thus (47) follows.

Now we can finish the proof proceeding as in [5], proof of Proposition 3, Step 3. Consider
a sequence ¢g" of simple processes of the form ¢" = Z?;Ol Fily, 4, with F; € S and t; € [0, T
such that ||g, — g|| — 0 in L?(2) when n — oo (the existence of a such sequence follows easily
by the densite of £ in H). Then by (37) we have that

T T
/ GSZ(5) —mso / 9:62(s)
0 0

Denote by ¢g™*¢ the approximation process of the form (45) associated to g". We can write, for

any ¢ >0and n > 1,
2 T T
<s(B| [ gioze) - | greoz(s)
0 0

/OTgiéZ(s)—/ngsaz(s)
/0 Tg?"faz(s)— /O Tg?dZ(s) 2+E /0 ' 967 (s) — /0 Tgsgz(s)

2)
By (46) and (47) it follows that for n large enough and for any § > 0

‘/ —/0 950 7Z(s <3( V E§Z (s /OTg?(SZ(s) 2+5>

and we can conclude by taking £ — 0. |

2
E

+E

8 On the Ito formula in the Skorohod sense

We study It6’s formula for the Rosenblatt process in the divergence sense. As we mentioned
before, the Gaussian nature of the integrator process is essential in the framework of the
divergence calculus and this fact can be entirely observed here. We are actually able to prove
Skorohod It6’s formula only in two particular cases; but more relevant than these formulas,
which are not easily tractable, is the fact that one can observe from the computations contained
here that the standard method to obtain divergence type change of variables formulas (see e.g.
[27]) does not work here, in the sense that one cannot hope to obtain It6’s formulas that stop
at f”.

We will deduce the Skorohod It6 formula by using the pathwise It6 formula. Recall
that for any function f € C%(R)

fZ@) = 1)+ /O f1(Z(s))d2(s)
— fO)+ / F1(Z())62(s) + 2Tr V(DY f(Z(s))) — Tr (DD f(2(s)))

provided that the above terms exist.
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8.1 The trace of order 1

Recall that
W(DW ' (Z(s))) = uep — lim B.

e—0

where
1 t t ,
B = - /0 ds /0 40D f(Z(5))8 (Fupe (-1 0) — 52, ))
1t t , i
= 5/(]ds/odaf (Z(5))DaZ(5)5 (fuye(-0) — fu(-r 1))

The Malliavin derivative of Z(s) is given by

s s H' H'
DaZ(s) = 24(H)1 4 (e) ( / ( | S (u,yndu) dB(yn)

Vi

Thus

B, - id(H)/ dsf"(Z /5 fore(0) = fol- ) da

° * 8KH 8KH’
/o (/avm ou (u, ) ou (U,yl)du> dB(y1)

where f; is given by (39). By using the integration by parts formula (31) it holds that

9 T " s
B. = 6d(H)/0 dsf (Z(s))/o da
s © 9K oK™
/ [6 (Ferelen0) = fleo) | () Z ()

Vi1
+ d / dsf"(Z /da
l

oK oK™
/ (U, Oé) au (u7 yl)du(f8+€ <y17 CY) - fS <y17 CY)] dyl
avyy
= B!+ B2

dB(y1)

ou
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We regard first the term B2 because it can be treated in the same manner for any function f.
We can write

T s
B = Zamy / dsf"(Z(s)) / da
€ 0 0
: ) oK™
J e [ e T

ste g H' OKH'
[1[0,5+5}2(91,Q)L W(% a)w(v,yl)dv

V1

s 9K oK
_1[075]2(3/170{) /aVy1 v (/Uva) v (U’yl)dU]

UAV 8KHI 8KH’ 2
= id(H)Q/ dsf"(Z / du/ dv </ W( U, @) 50 (v,a)da)
_ 2 _ 2H72} "
= 2A(H) /Odv/o dulu — v| 5/(ve)\/uf (Z(s))ds

with A(H) = H'(2H' — 1)d(H) and we have

B? = /dv/ dulu — v~ 2( / f”(Z(s))ds)
+2A(H /dv/ dulu — v[*H~ 2( /f” > (49)

Therefore we have the convergence in L!'(Q) as ¢ — 0

T T
2 oAl / / 'z —U|2H_2dvdu:£§hi>21 /0 /0 P2 @) (50)

since the first summand in (49) converges to the limit and the second one goes to zero by the
dominated convergence theorem.

The study of the term B! is rather difficult to be done in general. We will restrict
ourselves to its study in some particular cases.

The case f(z) = 2?2 :
We have

4 t s t t

B! = Ed(H)/D ds/o da/ / dB(y1)dB(y2)
s H’ H’

[ ) T ) dulfse(e,0) — Fi(vme)

V1
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and by Fubini we get

t ot t v aKH/ aKH’
Bt = i [ [ o) [ do [ a7
0 0 Y2 Y1 8u 871,

1 v uAv 8KH’ 6KH’
(5 /(U 6)vud5> </ 50 (u, o) 5 (v,a)da)

= 4d(H)*H'(2H' — / / dB(y1)dB(y2)

t v 9KH OKH' , 1 (v
do [y g e (2 [ s
/y2 ou ou € Jw—e)vu

1

and then one can prove that

B! — 4d(H)*H'(2H' — / / dB(y1)dB(y2)
oK

/ dv/ du (u,y1) (u, y2)|u — o272, (51)
Y2 1 du
The case f(r) = 23: It holds by calculating first the integral da

B! = md(H)QH’(QH’—l)/tZ(s)ds

0
s s+e aKH’ aKH’ ,
[/ / B(y1)dB( yg)/ du/ dv 50 (u,y1) 5 (’l),yQ)"l,L—'l)’2H —2

OKH :
/ / dB(y1)dB(y2 / / (u y1)w(’v,y2)’u—”\w -
Y2

and the integration by parts formula for the double Skorohod integral gives

B! = Bt + B! + B!?

Bd(H)QH’(2H/ 1) / t ds
0

sooete oK oK /
[/ [ ammanze) [ [ antT ) 2 e o

aKH’ oK .
//dB y1)dB (1) 7 /du/ Ao — (1) (0, ) — o272

Y1 Y2
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4
B? = —?Sd( H)H'(2H' — /ds/ do
(e oK™ oK™
d/ !/ / B
/0 </Oz\/y1 N ou/ (', ) ou’ (u,y1)>d (v1)

s+e s st+e 6KHI aKH’ ,
IB L 2H'—2
[ S as [ [t TG

s s s 8KHI 6KH’ ,
= [aB) [ au [ a0® w0 7 o
0 «

Y2 8?}
and
13 24 37 (o 1y '
B3 = ?d(H)H(QH 1) [ ds
0
s 9KH OKH'
dy1dys / 'y ', y2)du’
/0/0 o ) W)
s aKH’ oK :
J _ L 2H' =2
/yl u/ S () S () — ol
s KM OKH
— dyldyg/ —— () (v y2)du’
/0 /0 y1Vy2 o’ O )
s s aKH’ aKH' /
du / dv S (u, y1) o (v, o) |u — v 2
/y1 Y2 ou L
Now,

)

Ll — 12d(H)?H'(2H' — //dB y1)dB(y2)

H' H’ v
/dev / o ) 2 (v ) — o2 (1 /(”)Vuzwms)

and we have the convergence as in the proof of Theorem 2

B — 12d(H)*H'(2H' — / / dB(y1)dB(y2)

t OKH OKH /
[ v [z, 2 ) 2 o2 (52)

Y2 71 ou

To treat the term BL? one needs to use again the integration by parts formula (31) and one
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obtains

B} — —48d(H)*(H'(2H' — / / dB(y1)dB(y2)
t v 0K oK
S [ [ a2 20 ) T
" du v
—48d(H)3(H'(2H' — /dv/ / du/dulu — v 2| — o2y — o/ P2,

. 1 .
Concerning B we similarly have

B} — 24d(H)*(H'(2H' — /dv/ / du' dufu — v =2 — o2 2|y — o/ P72, (53)

8.2 The trace of order 2

Recall that
Tr(2) (D(Z)f’(Z(s))> = ucp — ]iH(l) C:
£—

where

c. - / s / / Dol (Z(5)) (frs=(a B) — fo(o, B) dad

- /d// (Jore(@ ) — fu(0 B)) dad

(8))Da,sZ(s) + ["(Z(s))DaZ(s)DpZ(s)]
= C; +C§.

We can write

/ , 2
_ 2 ” / / /u/\v 8KH 8KH
C. = 5 / Fa ; du ; 9 (u,a)iav (v, a)da

t

2
= ZdH)XH'2H' -1)? | f( ds/ du/ dv|u — o2

€ 0

= 24(H)*(H'(2H' — /dv/ dulu — v~ 2( / )vuf”(Z(s))ds)

and then clearly

/ !
Cgl R d(H) (QHH 2_‘H1 / f// 2H71d’l}. (54>

in L(Q) as e — 0.

29



The term denoted by C2 can be handled in the following way:

ez = L[z / [ PaZDs2(5) (vl )~ Sl 9) daad
= it s [ [ dads (heton )~ 1)

t s 9K oK ' * oKH oK
( [ B [ e T ) ( | s | vyzavw,ﬁ)avw,wdv)

The case f(r) = z3. In this case
2 24 9 t s s
cz = Zamy [ ds [ [ dods (fsefo.B) - £l )

t ot s H' H' s H' H'
[ aswasee [ 25w a T [ 2509 5 e

V1 Vya a’U av

t S S
_|_2€4/0 ds/o /0 dadf (fsye(o, B) — fs(o, B))

s s 0K aKH’ s 9K aKH’
Y A TR i SO XA

V2

and by the same type of calculations as above we can prove that as e — 0

C? — 24d(H)*(H'(2H' — //dByldByg /du/du/ dv  (55)
Y1 Y1 Y2

: 8K aKH’
ju— u/PH 2y — /P2 5y (W y1) (v,92)
+24d(H)(H'(2H' — /du/ / dudv
|U |2H 2|U |2H 2|’LL |2H’ (56)

We can summarize

Theorem 3 We have
t
Z(t)? —2/ Z(s)0Z(s) + 21

4(2H — 1) v gKH oK )
dB(y1)dB( d d - — P2,
“HT1 / / (y1)dB(y2 / U/y1 U (u,y1) 9 (u, y2)|u — v|
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and

Z(t)3 :3/t Z(s)%67Z(s )+24(d(H)gf;§2fI;_ D)* /OtZ(s)SQH_lds

+24d(H)?H 2H’—1//dB y1)dB(y2)

/dv/ 1z, Uyl) (U y2)lu — o[22
Y2 Y1 a
FT2d(H )} (H'(2H' — / / dB(y1)dB (1)
0K oK
/dv/ du’ du|u o )P 2y — P2 B, (u',y1) BN (v,y2)
y2 Juy Y1
+24d(H)3(H' (2H' — /dv/ / du'dulu — )T 2 — 0P 2|y — o P2

Remark 9 One can note the appearance of a term involving f" in the expression of the sum-
mand C.. Therefore one cannot hope to have Ité’s formulas that end with a second derivative

term.
References
[1] V. Pipiras and P. Abry (2005): Wavelet-based synthesis of the Rosenblatt process. To
appear in Signal Processing.
[2] J.M.P. Albin (1998): A note on the Rosenblatt distributions. Statistics and Probability
Letters, 40(1), pag. 83-91.
[3] J.M.P. Albin (1998): On extremal theory for self similar processes. Annals of Probability,
26(2), pag. 743-793.
[4] E. Alos, O. Mazet and D. Nualart (2001): Stochastic calculus with respect to Gaussian
processes. Annals of Probability, 29, pag. 766-801.
[5] E. Alos and D. Nualart (2002): Stochastic integration with respect to the fractional Brown-
tan motion.
[6] T. Androshuk and Y. Mishura (2005): The sequence of semimartingales that converges to

the capital process in a mixed Brownian-fractional Brownian model. Preprint University
of Kiev.

31



[7]

[10]

[11]

[12]

[13]

[19]

[20]

[21]

F. Biagini, M. Campanino and S. Fuschini ( 2005): Discrete approzimation of stochas-
tic integrals with respect of fractional Brownian motion of Hurst index Hz;1/2. Preprint
University of Bologna.

P. Cheridito, H. Kawaguchi and M. Maejima (2003):  Fractional Ornstein- Uhlenbeck
processes. Electronic Journal of Probability, Vol. 8, paper 3, pag. 1-14.

L. Decreusefond and A.S. Ustunel (1998): Stochastic analysis of the fractional Brownian
motion. Potential Analysis, 10, pag. 177-214.

G. da Prato and J. Zabczyk (1992): Stochastic equations in infinite dimensions. Cam-
bridge University Press.

R.L. Dobrushin and P. Major (1979): Non-central limit theorems for non-linear functionals
of Gaussian fields. 7. Wahrscheinlichkeitstheorie verw. Gebiete, 50, pag. 27-52.

A. Drewitz (2005): Mild solutions to stochastic evolution equations with fractional Brown-
1an motion. Diploma thesis at TU Darmstadt.

P. Embrechts and M. Maejima (2002): Selfsimilar processes. Princeton University Press,
Princeton, New York.

R. Fox and M.S. Taqqu (1987): Multiple stochastic integrals with dependent integrators.
Journal of Multivariate Analysis, 21, pag. 105-127.

V. Goodman and J. Kuelbs (1993): Gaussian chaos and functional law of the ierated
logarithm for Ito- Wiener integrals. Annales de I.H.P., Section B , 29(4), pag. 485-512.

M. Gradinaru, I. Nourdin, F. Russo and P. Vallois (2003): m-order integrals and gener-
alized Itos formula; the case of a fractional Brownian motion with any Hurst parameter.
Preprint, to appear in Annales de I’Institut Henri Poincaré.

M. Gradinaru, I. Nourdin and S. Tindel (2005): [Ito’s and Tanaka’s type formulae for the
stochastic heat equation. Journal of Functional Analysis 228 (1), pag. 114-143.

P. Hall, W. Hardle, T. Kleinow and P. Schmidt (2000): Semiparametric Bootstrap Ap-
proach to Hypothesis tests and Confidence intervals for the Hurst coefficient. Statistical
Inference for stochastic processes, 3, pag. 263-276.

M. Jolis and M. Sanz (1992): Integrator properties of the Skorohod integral. Stochastics
and Stochastics Reports, 41 (3), pag. 163-176.

O. Kallenberg (19910: On an independence criterion for multiple Wiener integrals. Ann.
Probab. 19, no. 2, pag. 483-485.

H. Kettani and J. Gubner (2003): Estimation of the long-range dependence parameter of
fractional Brownian motion. Proc. 28th IEEE LCNO03.

32



22]

[23]

[24]

[25]

[26]

[27]
[28]

[29]

[30]

[31]

[32]

[33]

[34]
[35]

[36]

[37]

I. Kruk, F. Russo and C.A. Tudor (2006): Wiener integrals, Malliavin calculus and co-
variance structure measure. Preprint.

N.N. Leonenko and V.V. Ahn (2001): Rate of convergence to the Rosenblatt distribution
for additive functionals of stochastic processes with long-range dependence. Journal of
Applied Mathematics and Stochastic Analysis, 14(1), pag. 27-46.

N.N. Leonenko and W. Woyczynski Scaling limits of solutions of the heat equation for
singular non Gaussian data. Journal of Stat. Physics, 91, pag. 423-438.

M. Maejima and C.A. Tudor (2006): Wiener integrals an a Non-Central limit theorem for
Hermite processes. Preprint.

O. Mocioalca and F. Viens (2004): Skorohod integration and stochastic calculus beyond
the fractional Brownian scale. Journal of Functional analysis, to appear.

D. Nualart (1995): Malliavin Calculus and Related Topics. Springer.

D. Nualart and M. Zakai (1987): Generalized mulptiple stochastic integrals and the repre-
sentation of Wiener functionals. Stochastics, 23, pag. 311-330.

V. Pipiras (2004): Wavelet type expansion of the Rosenblatt process. The Journal of
Fourier Analysis and Applications, 10(6), pag. 599-634.

V. Pipiras and P. Abry (2005): Wavelet-based synthesis of the Rosenblatt process”. To
appear in Signal Processing .

V. Pipiras and M.Taqqu (2000): Convergence of weighted sums of random variables with
long range dependence. Stochastic Processes and their Applications, 90, pag. 157-174.

V. Pipiras and Murad Taqqu (2001):  Integration questions related to the fractional
Brownian motion. Probability Theory and Related Fields, 118, 2, pag. 251281.

N. Privault and C.A. Tudor (2000): Skorohod and pathwise stochastic calculus with respect
to an L?-process. Random Operators and Stochastic Equations, 8, pag. 201-204.

Z. Qian and T. Lyons (2002): System control and rough paths. Clarendon Press, Oxford.

M. Rosenblatt (1961): Independence and dependence. Proc. 4th Berkeley Symposium on
Math, Stat., Vol. 11, pag. 431-443.

F. Russo and P. Vallois (1993): Forward backward and symmetric stochastic integration.
Prob. Theory Rel. Fields, 97, pag. 403-421.

F. Russo and P. Vallois (2000): Stochastic calculus with respect to a finite quadratic vari-
ation process. Stochastics and Stochastics Reports, 70, pag. 1-40.

33



[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

F. Russo and P. Vallois (2006): Elements of stochastic calculus via reqularization. Preprint,
to appear in Séminaire de Probabilités.

G. Samorodnitsky and M. Taqqu (1994): Stable Non-Gaussian random variables. Chap-
man and Hall, London.

A.S. Ustunel and M. Zakai (1989 ):On independence and conditioning on Wiener space.
Ann. Probab. 17, no. 4, pag. 1441-1453.

M. Taqqu (1975): Weak convergence to the fractional Brownian motion and to the Rosen-
blatt process. 7. Wahrscheinlichkeitstheorie verw. Gebiete, 31, pag. 287-302.

M. Taqqu (1979): Convergence of integrated processes of arbitrary Hermite rank. Z.
Wahrscheinlichkeitstheorie verw. Gebiete, 50, pag. 53-83.

M. Taqqu (1986): A bibbliographical guide to selfsimilar processes and long-range depen-
dence. Dependence in Probability and Statistics, Birkhauser, Boston, pag. 137-162.

S. Tindel, C.A. Tudor, F. Viens (2003): Stochastic evolution equations with fractional
Brownian motion, Prob. Th. Rel. Fields., 127 (2003), 186-204.

C.A. Tudor (2005): It6’s formula for the infinite-dimemsional fractional Brownian motion.
J. of Math. Kyoto University, 45(3), pag. 531-546.

W. B. Wu (2005): Unit root testing for functionals of linear processes. Preprint.

34



