Centre de Recherche

SAMOS - MATISSE

CNRS, UMR 8595 Statistique Appliquée & Modélisation Stochastique

On recursive estimation in incomplete data models

J. YAO

Prépublication du SAMOS N^o 81 (Version modifiée) Février 1999

On recursive estimation in incomplete data models

Jian-feng YAO SAMOS, Université Paris I

Running title : Recursive estimation from incomplete data

Contact address:

J.YAO, SAMOS, Université Paris I, 90 rue de Tolbiac , 75634 Paris Cedex 13, FRANCE

e-mail: yao@univ-paris1.fr Fax. (+33 1) 40 77 19 22

Abstract

We consider a new recursive algorithm for parameter estimation from an independent incomplete data sequence. The algorithm can be viewed as a recursive version of the well-known EM algorithm, augmented with a Monte-Carlo step which restores the missing data. Based on recent results on stochastic algorithms, we give conditions for the a.s. convergence of the algorithm. Moreover, asymptotical variance of this estimator is reduced by a simple averaging. Application to finite mixtures is given with a simulation experiment.

AMS Classification Code : 62 F 12, 62 L 20

Keywords: Incomplete data; EM algorithm; recursive estimation; mixtures; stochastic algorithm.

1 Introduction

In many statistical models data are observed only upon some deterministic distorsion. Such examples include censored data, mixture models and the deconvolution problem. The most popular parameter estimator for these models is probably the EM estimator found in the seminar paper (Dempster et al., 1977). An up to date report on its various extensions can be found in (Meng and van Dyk, 1997) with an extensive discussion.

Nevertheless on-line parameter estimation for theses models has not been fully addressed. Standard recursive estimation based on the observed likelihood (Fabian, 1978) do not directly apply, mainly because this likelihood is ill-defined for most of incomplete data sequence. Recently, Ryden (Rydén, 1994) develops a projection-based recursive likelihood estimator for the mixture problem. However it is not clear how to extend this approach to other incompletely observed models.

We propose in this paper a new recursive algorithm, called RSEM, which can be viewed as a recursive version of the EM algorithm, augmented with a Monte-Carlo data imputation step which restores the missing data. To state the problem, let us call, following (Dempster et al., 1977), complete data some unobservable random variable X with domain X . We indeed observe a transformation of this, say Y = Φ(X), where Φ is a known non-random map from X into some observation space Y. Typically Φ is a “many-to-one” map, we thus call the observations Y incomplete data, since many information is lost by Φ.

Assume that X (resp. Y ) has a density π(x ; θ) (resp. g(y ; θ) ) with respect to some σfinite measure dx (resp. dy). These densities are linked by the following

g(y ; θ) = ∫ X (y) π(x ; θ) dx , where X (y) denotes the set {x : Φ(x) = y}. It is worth noting that the conditional distribution of X given Y = y, denoted μ(X | Y = y ; θ), has the density k(x | y ; θ) = 1_{X (y)}(x)π(x ; θ)/g(y ; θ) . Let an i.i.d. sequence Y_1, . . . , Y_n, . . . of Y be successively observed. For the on-line parameter estimation purpose, we consider the following recursive algorithm, named as RSEM

(for recursive SEM-like algorithm). This algorithm is first introduced in (Duflo, 1996). The sequence (γ_n) below (gains sequence) is any sequence of positive numbers which decreases to 0. The parameter space is some open subset Θ of R^p.

Algorithm RSEM :

(i) Pick an arbitrary initial value θ_0 ∈ Θ.

(ii) At each time n ≥ 1, perform the following steps with the new observation Yn_{+1} :

R-step (restoration) : restore the corresponding unobserved complete data X by drawing an independent sample Xn_{+1} from the conditional distribution μ(X | Y = Yn_{+1} ; θn).

E-step (Estimation) : update the estimation by

θn+1 = θn + γn∇ log π(Xn+1; θn). (1)

In a non recursive framework, the above restoration R-step is the key novelty found in a class of so-called SEM, MCEM or SRE algorithms as introduced in (Celeux and Diebolt, 1985), (Wei and Tanner, 1990) and (Qian and Titterington, 1991) respectively. For a recent account on SEM algorithms, we refer to (Celeux et al., 1996) or (Lavielle and Moulines, 1995). This R-step plays a similar role as the E-step of the EM algorithm : it enables the use of the likelihood π from the complete data for parameter updating.

This paper is devoted to an accurate study of the RSEM algorithm including convergence and asymptotic efficiency. We shall first show in §2 that the RSEM algorithm is a stochastic gradient algorithm which minimizes Kullback-Leibler divergence from the true model. Unfortunately, for most of incomplete data models of interest, it is not clear from the current state of the stochastic algorithms theory (up to our knowledge), whether or not the RSEM algorithm should converge without transformation (see §2). Therefore, we shall (§3) truncate this algorithm at randomly varying bounds in spirit of (Chen et al., 1988; Chen, 1993). This technique is surprisingly effective and yields the a.s. convergence of the truncated algorithm.

Finally in §4, we implement the RSEM algorithm for finite mixtures and report a simulation experiment.

2 Does the RSEM algorithm converge ?

From now on, the true parameter value is denoted θ_∗. Let us define the Kullback-Leibler divergence

K(θ) := ∫ Y g(y ; θ_∗) log g(y ; θ_∗) g(y ; θ) dy , (2) and some assumptions on the smoothness of the likelihood function.

Assumptions (S). Θ is an open convex set of R^p. The likelihood θ → log π(x ; θ) is twice differentiable on Θ such that :

(a). K is twice continuously differentiable on Θ and the identity (2) can be twice differentiated under the integral sign.

(b). For all θ and for all y, we have ∇g(y ; θ) = ∫ X (y) ∇π(x ; θ)dx These conditions are merely what is necessary for a statistical model to be regular. In particular, the assumption (S)-(b) implies the following identity which says that the incomplete score function is equal to the average of the unobserved complete score function:

∇ log g(y ; θ) = ∫ X (y) ∇ log π(x ; θ)k(x | y ; θ)dx . (3) We shall also use the filtration F = (F_n), with F_0 = {Ω, ∅}, F_n = σ(Y_1, . . . , Y_n ; X_1, . . . , X_n) for n ≥ 1, which is the natural filtration associated to the RSEM algorithm.

Lemma 1 Under the assumptions (S)-(a)-(b), the RSEM algorithm is a stochastic gradient algorithm as follows θ_{n+1} = θ_n − γ_n [∇K(θ_n) + ε_{n+1}] ,

where ε_{n+1} = − {∇ log π(X_{n+1} ; θ_n) − E [∇ log π(X_{n+1} ; θ_n) | F_n]} ,

is a F -adapted noise sequence, that is E(ε_{n+1}|F_n) = 0 for all n.

Proof. We have by (S)-(a)-(b)

h(θ) : = E [∇ log π(X_{n+1} ; θ_n = θ) | F_n] = E [∇ log π(X_1 ; θ_0 = θ) ] = ∫ Y ∫ X (y) ∇ log π(x ; θ) k(x | y ; θ)g(y ; θ_∗) dx dy = ∫ Y [∇ log g(y ; θ)] g(y ; θ_∗) dy = −∇K(θ) . �

Therefore, the RSEM algorithm is a stochastic gradient algorithm obtained by perturbation of the following gradient system θ̇ = −∇K(θ) . (4) The convergence analysis of such an algorithm is usually set up in two steps (see e.g. (Duflo, 1996)). First we attempt to stabilize the algorithm, that is to check whether a.s. the sequence (θ_n) would lives in a compact subset of Θ or not. After the algorithm is stabilized, there are many methods to ensure the a.s. convergence of (θ_n) to an point (equilibrium) of {∇K = 0}. Recent results based on the so-called ODE method (Kushner and Clark, 1978) is reported in (Fort and Pagès, 1996).

The gradient system (4) has a natural Lyapounov function V = K : for any solution (θt)t_{≥0} of the system, the function t → K(θt) is decreasing. If in addition K is inf-compact, i.e.

for all a ∈ R, {K ≤ a} is a compact set of Θ, (i.e. lim_{θ→∂Θ} K(θ) = +∞ ) (5)

the whole trajectory (θ_t)_{t≥0} would stay in the compact set {K ≤ K(θ_0)}. Therefore this infcompacity of K is a basic tool to stabilize such an algorithm. Another widely used requirement for stabilization of this system is the following Lipshitz condition

∇K is Lipshitz on Θ. (6)

Unfortunately, Kullback-Leibler divergence K from incomplete data models often does not meet both the conditions (5) and (6). In the example below with censorated data, (6) is not fulfilled, while for a finite mixture (cf. §4), (5) is no longer satisfied. Consequently, we do not know whether or not the RSEM algorithm could be stabilized without transformation (actually our simulation experiment in §4 in the mixture case seems to show it would be not). Therefore we shall develop in the next section a truncated version of the RSEM algorithm which will converge.

Example with censored data. Let X be a real-valued variable and Y = min(X, c) with a known constant c ∈ R. Let also a_θ = P(X < c ; θ) and the reference measures be dx = 1_{x≠c}dm(x)+ dδ_c(x), dy = 1_{y<c}dm(y)+ dδ_c(y) with the Lebesgue measure m and the Dirac mass δ_c at c. Then g(y ; θ) = π(y ; θ)1_{y<c} + (1 − a_θ)1_{y=c} , and K(θ) = ∫_c −∞ π(y ; θ_∗) log π(y ; θ_∗) π(y ; θ) dm(y) + (1 − a_{θ�} ) log

(1 − aθ_� ) (1 − aθ) . Assume the exponential law π(x ; θ) = θe^{−θx}, x ≥ 0 for X. Thus we find Θ = (0, ∞), ∂Θ = {0, ∞}, a_{θ�} = 1 − e^{−cθ�} and in final K(θ) = a_{θ�} [ θ θ_∗ − 1 − log θ θ_∗ ] , K^′(θ) = a_{θ�} [ 1 θ_∗ − 1 θ ] , K^{′′}(θ) = a_{θ�} θ^2 . Therefore for this simple model, the condition (5) is fulfilled, while (6) is not.

3 Stabilization and convergence of the truncated RSEM algorithm

We investigate in this section a truncated version of the RSEM algorithm. This method, called truncations at randomly varying bounds, is introduced in (Chen et al., 1988) for the Robbins-Monro algorithm. Although the initial purpose of these authors seems to weak conditions on both the regression function and the error process, such a truncation method proves to be powerful for the stabilization task of a wider class of stochastic algorithms.

An extension of this method for our RSEM algorithm is as follows. Assume we can find in Θ a sequence of increasing compact subsets C_0 ⊂ · · · ⊂ C_s ⊂ · · · which tends to its boundary (see Fig. 1)

Θ ⊆ lim s→∞ ↑ C_s ⊆ Θ . (T.a)

Let us fix some point in the first compact w ∈ C_0. The basic idea of truncations is to bring the algorithm (θ_n) back to this fixed point w, every time θ_n will leave some compact C_s. The index s of such a barrier compact C_s is randomly selected, according to the own truncation history of each algorithm path. Moreover, s increases if truncations repeat, so that next barrier compacts go farther.

Figure 1: Barrier compacts used for truncations: case of a parameter space Θ = (0, ∞)^2.

More precisely, to truncate the RSEM algorithm, we replace the updating rule (1) by the following

θ_{n+1} = θ_n + γ_n∇ log π(X_{n+1}; θ_n) , if θ_n + γ_n∇ log π(X_{n+1}; θ_n) ∈ C_{σ(n)} w , elsewise . (7)

Here σ(n) stands for the number of truncations up to time n − 1

σ(n) = #{i : 1 ≤ i ≤ n − 1 and θ_i + γ_i∇ log π(X_{i+1}; θ_i) /∈ C_{σ(i)}} for n ≥ 2, with σ(1) = 0.

Furthermore, the compact sequence (C_s) should be carefully determined from a theoretic point of view. First, we shall assume (see Fig. 1) C_0 is convex and there are constants 0 < α_1 < α_2 such that (T.b) (i). C := {K ≤ α_2} is compact and C ⊆ C_0. (ii). ∇K ≠ 0 on {K > α_1}.

It is worth noting that unlike the inf-compacity condition (5) where all level sets {K ≤ a} must be compact, the condition (T.b) requires such a compacity only for small values of a. It also happens by (T.b), the set of equilibrium points {∇K = 0} is a subset of the level set {K ≤ α_1}. Therefore, the first compact C_0 should be large enough to include all target equilibrium points. On the other hand, the existence of the constants α_1 and α_2 is of theoretical importance only: practical implementation is always free from these constants (see §4.3).

Second, we should also select (C_s) in such a way to get the following control on the noise sequence (ε_n): ∑ n γ_nε_{n+1} converges almost surely . (T.c)

We shall provide a general construction of (C_s) fulfilling this requirement in Proposition 1 below, which is postponed at the end of this section.

To state our main theorem, let us fix the gains sequence (γ_n). Although many suitable general gains sequences can be used, here we shall only use the following slow gains sequence

γ_n = A (n + B)α , with 1 2 < α < 1 , (8)

where A, B are some positive constants.

Theorem 1 Assume that

(i) the smoothness condition (S) holds.

(ii) the compact sequence (C_s) fulfills Conditions (T.a-b-c).

(iii) the equilibrium points {θ : ∇K(θ) = 0} are isolated.

Then, with the gains sequence (8), the truncated RSEM algorithm (θ_n), defined (7), converges a.s. to a point θ_∞ of {∇K = 0}.

Proof. We proceed in two steps.

Step (1). First we show that the number of truncations is a.s. finite

a.s. there is a time T such that for all n ≥ T , σ(n) ≡ σ(T ). (9)

It follows in particular that the algorithm lives a.s. in some (path-dependent) compact subset of Θ (stabilization). This essentially relies on several extensions of Theorem 3 of (Chen et al., 1988). As stated before, the authors considered the Robbins-Monro algorithm. Also since the state space for this algorithm is the whole Euclidean space R^p, they used for truncations a sequence of discs C_s = B(0, M_s) with radii M_s increasing to infinity. Indeed, their Theorem 3 can be extended in two directions. First we may consider a wider class of recursive algorithm of type x_{n+1} = x_n + γ_n [h(x_{n+1}) + ε_{n+1}] ,

provided h is continuous and the following condition on the noise process (their condition A, see also the condition (2.5) in (Chen, 1993)) is fulfilled

a.s. lim_{n→∞} γ_n n∑ i=0 ε_{i+1} = 0 . (10)

Secondly, the original state space R^p, as well as the disc sequence for truncation can be respectively replaced by any open convex space and any sequence of compact sets tending to its boundary. Therefore, to conclude this step we need just check (10) for the RSEM algorithm. Since γ_n ↓ 0, (10) follows from (T.c) and Kronecker’s lemma.

Step (2). From the first step, we know that the sequence (θ_n) lives a.s. in a compact set of Θ. To conclude the convergence of the truncated RSEM algorithm, we just apply a global Kushner-Clark theorem ((Kushner and Clark, 1978), see also for an improved version, Theorem 2 in (Fort and Pagès, 1996)): since the function K is twice continuously differentiable and the equilibria set {∇K = 0} contains isolated points only, the gradient system (4) has no quasi-cycles solutions. �

Nature of the limiting points: an important question from Theorem 1 concerns the nature of the limiting point θ_∞ of the algorithm. It is expected that θ_∞ should be (at least) a local minimum vfropoi32 y FF(hendximactsush FFadde)f(ch(includ1 yw())3 y(see7 617 6ru6 145(R)84guar(theoncluwe)e(replgded)15 b Fye)gpf FF(ful�eent)h(ih(this)fFz(StratrinKuswarice))f(ticstion 9Fw()e)11 b(shags:)45 b Fh(an)1(improvBact)ihe-)97 498 77513)g(3g(is)g(g(Du 327omum)(in)f(.)29 b0)i(levj))f FF(fulfilli68 sitivIn)q Fwreplgde(usewoust(stabil:)45 b Fh(a 145(Rnt)k(of Fw()addie)11 b(replgdvay)fb(i-covay)fb(i Fy(<)11)i (male ort bh(a.s.)0)f(a)97 824 y32 b F115 2514 beto <)11)iw(()p F Fy(how)g095 y(where022)158itect)97 2384nort)g 617 t a.081 inimu553b261i(levelD(59m)88291 y Fs104ns6 (se61i(lev)l(.b16842549y(�v7Fy4ns71801614 2554FF6 b(thnt) eependent)(>)ep Fy(X)d Fy( )995 2824 y(2179905@east))ent((0)p(T)19 b11098 y8(sequen(�)098 603 (sey(;)4098 6451704 11832))935e61i(levF((1055))h(wjj(a 97 824 y(lo(wjj(h(2)h Fw())h(=1832)(f)p2549y(�v7Fy43t)g(y b61i(level:)3365)392 2584(+1)120)h (comp7Fw(=)13 b(0)f Fo <) 8 9 b FF((10))102W84no8)g(for)h(2(0)p(T!7 b(81 inimuc velD( % 8(n)p Ft)h(2(o 12 25x(!(0)pa.s.)k(in)13 b9905e)g(con9))97 19 Fx(g)elD(9)g(8(n)p Ft)h(2(98 y891 y 70r g)i(slo75))12g(8(n)p F(ndxl(0c6 y(quenc[)o.s.)0)f(a 97 824 y(local)](b FF(s)g(ig Fy()h(cooreflbruncag(andg(radii)h hendpal)h((firsy(’ Fy( )995 28232 y((7))799321797 sand8<) 232 2172 D)81)8280)g Fe28232 883321797)i(slo75)9(and)w())F(ndxl(6 1939 1740 [)o.s.)0)f(a)97 824 y(local)](i F(#)q Fx(f)p ’ Fy( )995 28232 y((7))e(C)i Fx(521)h 15 y Fy 3)e FyNe(folay)0)p Fx(g)d 5e(1993))p Fy(X)’ Fy( )9 5 28232 y((7))5 217=b(thnt1libriaw84nof95 28232 j25x(!(h(an)97 210k(L((Fu(1)bgainsat)fhe)f(other)g(95 2b)j)>gch(a.1uc vF2414 y Ft(c0k(>)f(Since)g 210j Fw(=)e(Fy("ndede(al3 Fj(take,e,)by1jndgg(1978 b(shafy(X)’ Fy(70r g acts2 dict)i(t ydg(radii)h the)g(firfy( )995 28232 )117444e)13 b(co1284 l3 rithm)i Fg 2316 y FFF(From7 % 5g(sequX)’ Fy( )9 5 28232 80om5we)h(shouldep 5g(sequence)20 b Fy()q Fx( Ft(c09g(s53116 comp4 51mu 16 y Fp Fw(()p led)7Fy(� nce)gFF(49 45omp))h2y(;(49 5 y Fw(=)8 Fy(8)g(for6 y (7))50ath n)p Ft(bb110% 5g(sequX);052523 b q Ft(g(for6 Fy(T)19 b FF 1999 y F:)55y Fs(i)p F6 y Fy()g(Fj(F Ft(porthxaheor)97 ihafy(X)’ �)e Fy(�y(;)97 2419ig(igaddie)11,97 7e)g(os)g(thtakeof95 28232 4e)6 722)13 b(co1 b(a)g(R 598 yjy(X)’ 1ives685 20014Fy(�)ce)g14SPLI65y(�v7Fy2066 1 y(n5sequX)cshol08s685 200 y Fp Fw(()p led)7Fy(�)ce)g1603 713 b(T)l)f(o8 Fy(c(for6 y((7))5726 69456rs)7Fy(� nt(bb1672 I65y(�v7Fy2)g1805 (n5sequX):55 y(an(twonFw(� y(4 0u7 759h(2)h(T)l(takeoh))f FF(y(C)11i 145 y Ft(for6 y 8r g (dedi(for6 fFy(T)19 b FF(scoms0 789(compact940y(4 0u inimuh % 8(i(levelC09g(s8(n)p Ft(com93 8(i(lev)l(.bg velD((0com8(n)p Ft(1832))(po895)g Fe2sw(1)1 8(i(level:)7523)q Ft2587))504 2564(inunce)i ()f FF04 1n)hFy(T)19 b F(sco403 99me)g((seee0)2564( )70r g (and)hf04 1184 y588 990)g F48 y)f(f2564( )nt) FF(.)15701 996)p Ft(1833)q Fw())25 b Fx(2)13 b 78(f2564( )nt104ns:F(.)15)662990(n)p Ft(+02f2564( )2341 y FyD(98(n9(n)1607 168e Fx(6299w())e8 y Fs9)2564( )70r )h(gainhawhethe)f /p97)i(slo75)7mber129 g FF(ndxl8.s.) /p97)i(+[s.)0)f(a)97 824 y)j(ir129(n)p Ft(+(alg /p97)i(+l)](�)p Fw())h(=’ Fy( )995 28232 50a5er129 g F48 y Fh (sg/p97)i(+l)(�)p Fw())h(=c9h(6 b(0co 1)9871140 07mu 16 y Fp Fw(()p led)7Fy(� nce)gFFthe)er1(algg(asy(;)he)f(161 Fw(=)8 Fy(8)g(for(�)g Fy1329((1)1 p Ft(bb1e)f(f /p97)i(sw(g(in2564( )70Hfigenc 513 y j5(R)fce) h F 5(R)8 w(0)p Fy(;)25 �)the)13 b22)q31nstanummay)zi)h)97 )12 bhawhe033)415 b FF()f FF(fulfilns68 sitivIn))g Fy385 y Facan)h�)gg 97 8245toj(ir426)g FF(ndxl((�15 b Fnc[)o.s.)0)f(a 97 824 y(local)](gw(zintsfhun)h(coorestabigh(a.s.)k(i )p Fyh5(Rnt)k(of)f(is)ium)j(phis)fnuh (s4e)g (upp r(th)h(cogg 97 ’ Fy( )995 28232 y((7))g Fw(swelsfy(idej)h 15 y idedg (sy(C)11g 5 28232 y(z210k(W)m(Fw()) Fy385 n)g(convex)g(spacg ii))2 0 334.2)13 b(co1orits4e)g (z2022)1589 1fy(A,)d(sF6 y-2587),llowit1537 y3116 the)14m)h (v)32 b 49256rsv(P+3737 y3116 )g(to15)(1)17539 g F48 y4ke gy3116r 51"1 4517539 g F48 y15)747 5526)gy3116r zh 517 y Fy(022)1340 e)g FF(is)g(<)g F4 1363 y Fw(cl)g(mi59these)e 16first)Sa:s:)d FFa(0)491 2)n(e)11 b l)gimeig Fye768 ticerp Fz(.)97ree)f(from)h)))f FF(2)158itegF 5mix)h(T(4)2h(has)97 3)h (s68 46rsA)h)6portAf(tics(is)g(7 194 y(2)158itegh5mix)h(T(w)j(;)5 0u ini y(se)d FF(is)g(p)h(a.s. 202voFF(of)g FF(4766 hg(1)g(ceff)e(for)13 bh.)22 b(T)leo)15 b(conct ysection)g(a)h(trbi))f Fe5mix- g(sequfrom)h(Thrt)g model.)32 1))h(f5 y((�)rmomsolaFyimitm81,)h(14at)g(randomgy(A,)d(sPears11,9t y;)5410 b(t2)158itegd5mix)h(T(�)8 26 model y Fh(R)84be-)97 h(rep u�y(;)9eof)g FF(bgainecti(�e))nFwysoreflbruh(algoj(picea(4� 1Fw(=)e(211 refe FF(a4 y(2(Red 442�)61)c(twicFy(cW)m(alfollm(,97 71mp4 (onltwicf 1363owittediv tfil Fy(K(of)ilark85 y i))f Fe .)16 b 251 ig ackgrh(co(4e(RecsolaFyadvamany)1573 1quen0 138 (ide5 217Bayesi)g(thapproach,uh(aloch(Rt120Fyimitm81,)h(gsushnctiomhis)c(2 b(imit)h thsuitable)9))fun 1fy(A,1573 24Fj(ThCeleuxuncanreg(Diebolt)i(Theo5;uncDacunha-C(Rt) he419 y FnctG6 b a4)97 end;sh(sobertoise(in);40 Rich(rdp)1573230uencs)g(6g(is)g(h(Gsmal)i(Thend;sihCeleuxucions)e(of)i(Then)f(.)3Pag)F Ft(711 ree)fsfor0Fyimitm81)11,9f 15R3owydhe-)972498 77511,95 y((hen4Fw(2)prop)157328 46g095onc(< Fs(n)1ree)fsfor0hows)kelihood0Fyimitm81,)(pa46i)h heproje(e)11 b(s(this))97 1(n)1432 7 b Fx(�uh(ar)p Fy(K)241573i4(sequenc.)k(in)13 bk(Despitegcss)f(ohat)f( (amiy(C y Fs(s)1)d 5e(ization)dtion)f FycFy(022rd)i(f(a)twe-)97 R3o wydhe-)972498 orthis)f(fre)i (onder)h(clastwicf Fw(=)e240797 sectii)f(authors)h 4a)f(theo))g Fy385 fysection)g(a)h(trbi)(the)f/newrestabign)d(the)fheororithdata(0)s)kelihood0Fyup(=)e24564(a94 e0 Fs(ni(neto well)g(aStep;x)g(ss)97 3g)nf(padtass)f( aproje(e)11 bh.)nis)fFz(es)g(a.sisor)p Fyb(shall)j(p.)k(F FF)(spacpf FF(e 1fy(A,157351nstaR3owydhe-)972498 orthis)f(fre2 1e)f(fduh(tob(replgdsection)g(a)h(trbi)achieh(in)fpact)i(saulfilbfunctst)13 b(we)g(s(v)97act)om(� 735Fs(nevayyb Fy(hbh(co(4)1208 2598 y8Fw(=)13 b(0)f F9(f 9lineb FFe)e 10))102L((F3(1)bgaf04 1mFw(()algg095 y(where /igollm 0r )h(a.s.)0Fw(()a1 asse-)914 2316 yh(p Fyb(shall)ithm)285 12 b(theqd)g(4 y(queF2414 y FxyD(h2598 yp Fz((iii)f)5 j(T)l)f(a)9eqFy(9 x(�;41 y Fw(36�)g Fy13(1))p F b y Fw(36Y353 200gh(a.s.)0Fg(equilg(()algg0arstion (0)p Fme dicoh))ami)i(trsolutunivay)forithdhis)tiT(4 F b(A(Fu(1)2)158itegf5mix)h(T(hFy(;)8 04 1mFfry)h 5mitioer)g(ints)d Fx evay)f32 7i(forYould)f(be(B)r Fw(c(replgded)15 b Fyihdhis)ty)723 32797)i(sg 2006 y Fs(i)1y)p Fy(98;+1)1339 2gorit(local)ge34110<) 26n)1607 mom93 2(f)p F38 4m93 372 b(thek b Fy(=)g(066 32797)i(s Fy(�)13 3e)f(noisk))2f(se797)i(sf) Fj(T)l)f(a i)1y)14 Fy(98;+8)g(for)h(6 Fw(3 3e)f(noisk)torese797 (7))614 Fy(Ft2581 y Fy(4y Fyh�)gp Fy(hs Fy(jev)l(.bh015)9 5 282y(+1)3461f(noisk�)) 4y Fylocal)gc(points)d Fx(e)fbct)i(ti(t ydi2 dibuell)g(ay Fs(iz5mixb Fy64di2 dibuell)grges)i(astabili15 b(also) h Fz((iiien(�uX);0f(()p()p(k4)f FmFg(equil01uX);0g vF2414 FF(no)e(qhr)h(6 F6Fj(T)l(.bf015)995 28236)w(3 51(n)p F(1)273F(no)e(q 2179 y ()p()p(k4)f F8236)409 51(n)p 7 mo(alg(no)e(q)g Fy13(13 b FF(hh 5mitioerge3)g(used)fsheoremtant)h(qumix)h(T.)mportending)h(to)3 Fy385 fy)g(spai3)g(ustion 2671 (ed)f f(ve(ef Fy(ise)g(algorith9et)g(of)g(15)995hs Fy(9 5 2;+8)g(fhr)h(6 o20 1185 4Fy(B)r 0)h(igs)d(rng)k(The)euncations5 y((.bf01y()g(2 b Fy()q000gh(a.s.)0F1curv55s(n)p Fm Fw( s(n)770�)gdependen1Ffry)hdeno 1617 617 hsse-)91 (ameorxalmos284 y Fw(iii))4(<)g(9 63istence)g( y(s28 2554>)f(Since)g Fy(9 y ()p()p(k4)f F82y(+1)363i(n)p Fm led)7Fy(� nce)g480os284 y 54>)13(13 ince)g Fy(�181 970613 63istence)g6f (g26 b FF(if)26 b eqFy(9 eqFy(9 gqFy(9 gj FF(ajii))4(<)826 631 n)p Fm led)7Fy(� nce)g917(s28 2554<gdepen1Fg(equil01u 2101 y 68797 Ay(h)16 b 251 h 370 y Fs(sed)g(f)858he)d(cond5mix)h(T(g model)45(R)84a1 as0 1fheororifhdata(0)model)45is))1toili15ink Fy()Fw()aboutec4a1 asuno)p rvf32 7h( y Fulfilvay)f32 7,)12 ZFw(()oall)97 1re /igols(is)h(a)g(sen(�uX);0e(()p()p(k4)f FmF g(equil01u 2,uncanreg((From)13 b(sta)p rvftion)e(n)1)e)11 t 15)Yth9et)goints ortdraw)97 138die)11FF)i(trFs(se7 2116 y Ful�h which)16 (Dempstions. Fyb((of)i(The77f((d)ts:)at)h(a.strFs(f988).)h(A1)15449y()f(ofj(ve(ef Fi(i)105jand)i(th15)9 5 2Y)sy(9 y Zeast)))f(set)g70�)g6y F94116r 51Z3)h(c53 200d(a)g(sen(�uX);09 y ()p()p(k4)f FmFg(equil0 5 2;+39Fy(B)r Fw()3(13 q(P)-6Fj(T)l)f(mr 51Z3)hy(and)i(t 5 2kp Fy(�)i Fwii))4(<)g39 F949f(noisk)4)hy94116 5 2;+29 b0)5(queF2414 76 4(0com7)i(slo76�)g 5)995 2Y)2h(c53 2j+8)g(forZd 5e(1993=41 y Fkp Fy(�226 b eqFy30t(g(forf) Fj(T)l)f(a)9)1y)14 Fy(98;+ Fy(X)1462(6 Fwke g099(n)p Fk)t45170com7)im)i Fw(y(dy)rsw(g(in1we)h(s2483 10118a.s.)easyof)g Ffe)h(pro(From)13 b(stmar 8 bop 9di2 dibuell)georemta5 2Y)21et)goints)) Fyexact)i(tb(T)leomix)h(T(hF2581 y(3)h(can�of) Fymis6i)h g(in2e)f(hdata(ieneral)ha.strF1)g(coy Ful�i evay)f32 7h(forZdsn)13 b92)q351 g Fd(4.)g48 Fyl)llp Fyc)ci15 r( y Fsdi�)p FFh(a)twe-)97 2)158itegh5mix)h(T(w 11440.)i(1L Fy(Kuh(of)h b FF(From)1r)97 ))p FF(y(Then,)et)h(is)f(worth)h at)f(unfhdony)i(no (Ththe)ere)f Fy(mix)h(T(4(a)g((theo))6h(set)- g(se49he)f(Rd r(th)d(the)asT(hFy(;)8 )oay)g(open)t)h(qumix8 g)jane)fbct)i(ti(gii))4(<)g15e gy03f(noisk))�4964( )70r e (dedhhand,)g(th31e gy03f(noe)h(co0 354964( )70r )hg(ansof)g Fh(02003 yegc hdhis)ty)g)i(sg 2006 y Fs(ieqFy(9 8 Fy(98;+1Fy(Fs)97 7685 (7))537 y (Cond)hde))p FF 161d)g Fh(1 65 y his)ty)h.)22 balivrequi r( iomix)h(T(e0)p Fx(04 1mF76 b eqFy(0 2 v 118jry)h 5mitioer).d )h(sending)h(totic)97 ndede(a169 y bhawhe8e(a16662 2598)))j684 y5)1607 16)p F0 F170e)h(sce)g9ul 1 y5)160u(!02 nce0894 16662 25h(least))f(a)97 824 y(local)gi2554<ggparamet 5 2;+29 b764(n)770�noti)f Fy(hxaheor)9trF1)g(ce)fbct)i(ti(i ydi2 dibuell)s1fy(A,) FxyD(h25b FF(he)e (htinuovaloer).d h(can ts)0(1)2)158itegf5oncerns)g)j(;)he)f(behawi(of) )h(sndedts2 gimef 81 a F))f5 1y))d(the)fhetioergg3)g(used)fshe fhr)h(6 fry)hgo))1toili15Fy()h(compact)g(setsu(1)C).)h(A1)1 87)f(hi y FF))g Fy385 y )ami)i(jstabilexetioeriFF(shdi2 dibuell)s1ta5 2f) Fj(T)l)f(a)9)1y)25 Fy(98;+8)g(for)h(6 Fwe(o1884(n)p Fk)t4(o187ithm)i Fw((pos341 y Fyw(36X)g 8(i(l p Fk)396o187ithm)y=)e(41711860 20014Fy(�)syw(36f5er)662 25esk)48411860 200s1y)150 F18)1111 24,3)hy(anFyw(36n1 18(i(lev Fk)setli8)1111 20023Fj(T)l)f)d(of)f(a)h(paramet (7))5)523 b F)g(h(takeould)f3(sequX)mlibr2341 (2n)97 210k(n�ofa)g()g(used)f i(ve(ef Fh(a.s.)97 824 ygbr2341 (15)9 5 282y(;09 y w(36 Fw)f(0f(noe)h(22)sy;+295d)f3(sequX)w(36�q00 )f(0f(noe)2))12g()f3(sequ)g Fy13(13 b y(;)8 04endent)(.bh01509 5 2;+8)g(fwg Fw(2 Fy()q000j(T)l)f)d(of)f(adparameter)g(sph Fy()q000h(T)l)f)d(of)f(aeparameter)g(sp9 y F:)k(s2483 g8a.s.)easyof)g Fl)h((99e)f(foe4m)h (v)foll20 Fw()p Fx(go)i(sed)167 363 y(Sec82y(;09 y w(36 6 19953f(noe)h(c004l20 Fw(er)g(sp9 8r 67e(1993))10y Fs077)1607 1686b110b F0.2)13 cy F1 18 s077)160)779 1re 20 Fw(erh(least))f(a)97 824 y(local)g(<)g Fw(<(free)1 p)i(sw(g(i21964( )d(4.2g48 FySeo))g Fyup)g(open)t)h(g g(gains)h(sequencehis)g (smix)h(T(w)j(we(4(n)770L Fy9 (Fs)97 76815 0 2(n)p Ft(+1235(we(4(n)798 yje(let)h(us)g(+208 2(n)p Fe)h(22)sy;n)3y Fs2(i(level)f F()p()p(13(1))p81181 9705)g(e2(n)p Ft(m led)7Fy(� nce)g22)sy;n)62j(we(4 level)fg 1686b675 2(n)p Fe)h(22)sy;n)726 s2(i(level)fgF()p()p(t 1686b80 372(n)p Ft(m;n)85 0 2684 y Fw(;)h25b banh13 b(thcurrsolat (imitm81 afs(v)97eah(igs(.)21 (for(�F1255 217n�o 775neto wp)1573i1797 ell)g(aR-(.)21 bdraws j5(livraheor1ta5 2Z)6)f (Fhe)97 1585 y(follo(exp3i17973 b q))g FFprovided)15 b Fy1988)die)11FF(64di2 dibuell)gf04 11846�)g 5)995 2Z)46 2j+d95 2Y)23e(1993=41Fy(Fs)9Ythw()(Fhe)97 1585 y(follo195(sive9 1740 ;s.)97 824 y y Fs(Fhe)97 158520381 ye9 1740 Fw(62e245(n)p q(P)- Fj(T)l)f(a)9)1Z)13(13 in41 y Fyka)h(parajmta5 2Y)23e(1993=41Fy(Fs)9Yt6793216ring)f(th1)1176 27())4i(sequen;s.)97 824 y8(sm216ring)f(th)e(o)4i(sequenl)gd3=496))42he)p)g(to1p F y(cl3 rithhek by;n)10g(as42he)p)g(f)5 j(T)l)f(a)9)9Yth11801l3 rithhe341 y Fw([)p99321262 2598;+ F b y Fw(36 ten2l3 rithhek by;n)13w(=)e2Fw(er)g(sp9 91117447 472h2y(;(w(=)e551704v(P+9ten2l6(n)p 7 mo9ten250o 1)‘41 y F=)g(0e(o)489e)p)g(to1p i)9742496)p Ft(‘;n)1i)9 )489e�œ�L¢œfi�⁄k�!X�`�EæQ� Tf T3 2006 y Fs(i)1xgc(p98;+)g(algorit5 (7))i8 yjy(X)62(3 2006 y Fs(i)1y)rs(9 y z0h(T)l;+14 (Fs)97 768 Fy(�)i Fgii))4(<)ge(0)25(i(lev Fz)1503013)1111 orf 6ψF644Ω25↼i↼levψFz↽16n↽pψF7ithm 025F125d(Howatiolm(,9(Pag)t(Λf(all)i(lumix8g)jce)fbct)i(tiesh95hsΩFy(fiev)l(.bg015)9Ω5282y(Σ938841f(noiskΥINEΩl)i(lev(7))e(C)ihawheirFs(sebheirkepf(na)pFig(igF1)g(c(ameorxajependen1FbFF((10)97Ω21164912)ain3g8a.sΩ)120)hΩ(comp9Fw(=)13b(0)fF1942)f(af)FFF((10))102(.)297b()i(fa)g(h(rdof)gFfe)welsfyoh))fFF(F(theree)fsfor0FyFx(utwell)g(ae)f(fduh(255Ω217FFt(porti(othecr)9trF1)g(h(the)gc)hΩ(seqf(hig(Fu(1)f(alg(procee(thapplis)f(stoelsewise970599)g(set)gFx6035ffrst)gFy(`tg(aStepmta52nFy(70rgp)g(to1pF6)g(set)gFx22)sy;n)1ΩyFw([)p10Ω5ffrsw8yjy(X)62(¡)g191)g(set)gFx22)sy;n)1inetsequeFF(ifc)g(to15)1326)g(set))g(the0)gΩhe)f(@gFFt3541Θ6)h2y(;t354)gy3a(@gr))4(¡)g3956128)h(sce)g1he)fsequeFF(Fy(8)g(for10432006yFs(i)1057F7it)g(set))g(t15)7475F6445ffrsw8;+)g(algorit1686)g(set))g(th709Ω5ffrsw8Ω881inimuFu(1)a)g(h(weFfe)h(puld)f(be)gFrom)1atiF t36199n98,⇁kX T22 a Ω5ψ2,⇁8 [ be(B)rndedj(imcapeg)f(point(T)l)f Ω52;+8 fwgFw(13(13by(;)8i)algg095y(wheree)fbct)i(ti((2)19etsu(1)endin-)hFy(ffg)h(997194Ωy(otioc))971(nh(igsnumer251hΩti(otht)i(ti((2s)1)d1y(ce)gfcpfFF(ed(cond5newgg3)g(usedr(saul˘h)f/newreftabili15b)13b(alwLogidete2)ansg)hm81)1110j:)at)d(y)-5b)nf(padtb(shall)hsΩFy(fiev)l(.bhe(let)h(us)g(Hb314(n)pFk)Ω/p930756rsw8Ω881inimu)h(gains)g(sequ(can25Ωj(Th(!)14Fy(98:i(el)f(a)9)1!)y(ve31i(levFk)s23e307y(sequencgnd)hde2)1589145(R)5Fw4)i(level!)57h(4w()ΩpFka.s.434(n)798yh(Fy(722)the)13vlgorit772603f(hand,)g(t7eΩΩ%10(levFkp76)h4keΩ6yFy(;76)h4651704118g(t7e0Ω472n)p7mo)e(othe)13vlgor3)8NEΩg3i(level)f53Fy(B)rqFt(g(f11811y()qw())h(=kph(¡(fmo)(1))p44523bF)g(3g(for!)142044n)pFt(m10-434(n)798yFy(”)13695)3922520y(œ56rin(No158FF(theri(Th(!)ky(98:i(el)f(a)9)1!)4i(s5uence)isk’p5g5(lev(7))e(C)i)d(rng)k(stoell)ithm76)h548(n)pFmłed)7Fy(Θnce)g846d5g5(levbF)g(h(thich)h2)ansg)hm81)11)nly)-5Ω84a1aseasyogndgg(1978re)fΩmb(.almos211ΩbFn(truncated5newge)gpg(used)fshgFF()g(algorith2598yfl)f(a)9)1!)8(i(628ΩpFe)h(904os211Ω1uX);09y()p()p(k4)fF!)10g1(628ΩpFFmłed)7Fy(Θnce)g1Ω118s211Ω1uX);0g1686b11y628ΩpFe i(levFkqy;n)1ΩyFw([111577ithm)i= i(lΩpFZ780789(come2nFy(c76Ω29.)198h(compa=(22)syki)94Ω7)1111)g(of)hΩ(t(us)g(J8Υ(i(levFkqy;n)))935740.)i(v)97Ω3 fwgg(2bFy()qw())h(=kph(¡(fmo31Ω889(cF8236)4orig96)pFt(kqy;n)1ΩyFw([1115889e)p)98=)42Ωg(for8236)j(thg96)pFt(kqy;n)7g5(889e)p)98(and)25bFy(Γ834Ω896)pFt(348974889e)pZ7807599nt15 compa=(22)syki+ a5ψ2f T77ithm 341ΩyFw([)275(889Ωyy(98;+1)1339Ω2go(6FgΩ%896)pFt(kqy;n)5`(889e)p)98) fwgg(2bFy()qw())h(=kphFy()qw(fi041mFt(16Ω83(Cond)h2521y(Λ9f(be)Recg(sequ))97Ω1946y72)158FF(64imitm81h(198FF()13b(thatione6łl)j(pro11289(n)111846)Ω/p9994(n)ph(!)115b(00Fw())8b6929i(lev(7))fevbF)g(hl)j(pro1325Ω940u11846)se799i(levhr)h(6F351100(set))g(the059994(n)pw8Ω881inimu)ha6Ωb(022)1589their)97Ω258)f(1y(A;)c(B)211Ω1ud(4.3g48FyAd5e(izimb(ulffl68yrimsola)c(B20f(up)70Fw(=)eens)g(seif(in)h(two)f2229yunivay)forih(Gaussi)g(FΩ5mix)h(T()gFy(;)8)2229y5mitioer)g(ieach,ul(take1as0a)c(B26rin(2(Red442f(twice)W)m(alfollm(,9f71mp4Ω(Ωb(a)g(cunce5Ω(Fs)97768k2598yfl)f(a)9)1!)9toΩ¡2y(B)re)h(9256126rΩlevel)f8Fy)1039Ω¡2y(B)re)h(i)956126r1Ω1uX);0g168(Hc(B245200yF1i)9Ω¡2y(alwh(11line26r1Ω1uX);0gm(11868¡2y(Ω200yF120ine26r1Ω1uX);0g168(Δinets245200yF1252Ω¡2y(alw2Ω4e)3ne26r1Ω1u11854Fy(B)r414yFt(g2006yFsΩi(sw(py(98;+8)g(for)h4y(local)g(Ω217=b(th(us)g(q2Ω¡2y(B)re)h(iF3226r1Ω1ux(N)7Fj(T)l)f(a)9)1mm)7048¡2y(Ω200y)g(of3ne26r1Ω1u1)pFy(X)18(Δ80oms245200yF18e)er2y(alwh(182g()26r1Ω1u1185k8(a(proc(2Fy()q00)hΩ(se22Ω2554FF(3w11329gFF()g1h5(se221Ω1uiFw(025x(N)7FjΩT)l)f(a)9)1mm26r11329gFF(2)2684se221Ω1ui)pFy(X)18(Λmber30muΩ16yF3)4513)i(luF3511e221Ω1uiFw(025ˇ)dFy(Γ)7Ω2229FΩ52)126ru6Θy((qumix)h(T.s.)jF()g(j9y06211329gFbwh(110c(Be221Ω1ui=cgnd)h0.3*(025x(N)7Fjnd)h253g(Ω217;7b(Fire8(a(p0.7*Fu(1)N)7Fjnd)h25-3t(711;sh((Fire8414yFj9yF0F1329(n)pbyFt()g(oe221Ω1ui=chΩ(se7256rst)0.3*(025x(N)7FjΩ92258))dFy;sh((Firg451p0.7*F25x(N)7Fjnd)h25-1dh(ca;0g1(sp9yF:)k(s24yegc7Ω329yFf7Ω617Ωa)ace)Ωh-athΩr(concl)f/imod51hdi2dibuell),5eent)ltruncateg(se43ider)ss)97gc7nts)dΩg(FΩ5unimod51htio17bNo15co(From)13b(stAssume)13b(that)1191h(19w(0)pS))fevbF(T(hFmeom)1r)9)97Ω2116Gaus-Ωg(se491e)f(Ra1asmix)h(T(gΩe)asT(`)q(so02Fw(=)e8Fyn66hgdimcdibk(ofFw(987ail617Ω617Ωt)lso)hΩyup)g(open)t)h(fn)g(a)h(trbi)awicfFw(he)f(other)g((R)1556thr5youteΩe(a1690yn)glete217Ωt)limb(ulΘf.)29b10(levj(I8it)ai(saulΘ:)633)qFtnΘofa)g()g(a)h(trbi)othrphis)y(;)86ing)829e)p)g(to7686oΩ1836(compa0)696o1829e)p)98=)g015)8y(”)1(of)f(a)3)34299Ωyy(98płe)3)34depyFy(;)3)34d61yF8974829e)p)g(me8e(Ω1836(compah(22)sy;+led)7Fy(pFy04829e)p)g(;29.734299Ωyy(98)gFF()j(;)epVF()j(;)61yF1038g)829e)p)g(to8(F6Ω;)e9201yFt(n)p18u(!1)1+led)7Fy(p11094829e)p)g(;21134er71Ω1999ypłe1134(;)epVF1134(;)61yF1Fy(;829e)p)g(me1refu1836(compa2(22)sy;+led)7Fy(p14829e)p)g(;21299)299Ωyy(98)gFF1299))epVF1299))61yF1339g)829e)p)g(to8(^7Ω;)e9201yFt32818u(!1)2+led)7Fy(p410o1829e)p)98(sp98.puld)f(0ynAare)ete217Ωt)lam)n)f(iit)ai suFf7Ω617Ωu(e1fy(A,hΩwhiRed442f(twich)W)m(alfollm(,9f71mp4Ω(i))fFfng)i(cofl68yrimsolh(198(on)g(t00797217Ωt)ctii)f(authors)hkbNo15)dFF(thereΩfor!)744l2007(compah(7)11t00797)798yh(0ˇ)effFwii))4(¡)946Ω2007(compah(9791t00797)798yg)1p s=(py(98k(in)13Ωb(8Ωsits)97Ω3)hΩ(210s(n)7j(Get)dΩ)dFF(ig(ff:nditiqFtnΘofa(car)f(main)Ωi(theoreints)dΩFg(piec)pFs(ie)f(other(dFg(1978eoremtant)h(e))pFF(.i)f(alghΩ(21thness)8Firg4y(;)8)exetioerFtΩ15)10(¡)i)798yg)3p)i(s=(py(984(in)13:ence)gc)lso)260Ω2684i)fΩFy(hah(iF041n)hFy(Tygbr23[1)0)f(a)97kerentiFy(02v11(sp9yF;8k2598100(a)97ke(local)ge3by(;)8he/igollfΩ52kp10012405hΩ(trunc1inimu37)25bFy(ff46372(n)pyFs(n)`(we(4(n)798y1ΩyF2w(3Ω1)10(a)e43id2tore285Ω2y(;t43id2g(tha2580(a)97keFy(A)p78g58yFsI65y2304Ω200y3(22)sy=41ΩyF4)1717Ωs2(i(level:)38h(has)97Ω3)hΩΩ2oΩn)7j(Cs)g(a.sand)25bCu372n2l62Ω2172y40792oΩΩn)7j()fFfngt)13b(we:)hFy(B)rFFt()h(thakeoe(open)(ameoic(ti((2)19opΩ%%Page:dgdimcdip1)11)nlΩ617ΩgFyitablyof)meanFF(and)ht)h(897217ΩgcpfFFr(is)g(8)g()g(used)fΩ1y()g(to13b675t)h2(set)gFx6Fy(x51(n)pFp(k4)-5b0Fs(ctuFw(Γe)u(e1fybh(co(idedgΩhΩfor!)constah2(set)gFx13yFs51(n)pFpc(that)gFy(adiily15402rFyd)hkΩ(cuncFy(23)r1Ω1uX)Co1b)25(2)13b(co16413)r1Ω1uFl)gimef(takeod)h(iane)fducty(;)fmb(th(uA2)g(R25(2)13b(co744l23)r1Ω1uy()q000tΩ52Mnd,)e25(2)13b(co8thn23)r1Ω1uy()q000F041V78025(2eral)g(c964l23)r1Ω1uy()q0002179y05)e25(2)13b(co1083013)r1Ω1uy()q000g041V7115b25(2)13b(co1Fy(23)r1Ω1uX);ΩhΩf)rqFtwii))4(¡)g29925(2)13e)h(co0313)r1Ω1uy(2ΩhΩforA(Fuw(=)5(2)13b(co1420)h3)r1Ω1uFl,fi041mFt4925(2eral)gk)F53813)r1Ω1uy(2Ωh2179y618015(2)13b(co1649Ωh3)r1Ω1uFlawicfp)g(to8(fflore,558201yFt7722trunlΩpFk)80om3)r1Ω1uy(2Ωh2179V)873n15(2)13b(co18(n)3)r.)i(1Φk(W)(=)ef(all)(!1)(can)dFFa(0)222-othge1fylso-up)h) se638 !11uiFw(025ˇ) comp10(a)= 0 gs oeΩ1g(o2ebFFe20(10))102Theorem)f(1FFt((.a-80(h7Ω329yFe(es)g(a.h(198y(;)804en0811y()qw())h(=FF(a32v110081inimus)fFz(es(other(5b(.)21gΩ(aze)nlΩ617Ωu(e1s21118(sequX)A8y(t19e)13b(com15er)3(n)798y7comp46)13vl)q000811118(sequ110F897464Ω200)7Fy(Θnce)g914118(sequtiFy(0d)h(=FFpqu110F1026Ω;6456rs)7Fy(ΘΩyF4)10)3ne8(sequX);020)g(fwgg(26beqFy(5418fu146)13vl)q00F120ine8(sequ110F1y(Γ;6456rs)7Fy(ΘΩyFh(co09er)(sequtiFy(0g)h(=FFpqu110F1420;6456rs)7Fy(ΘΩyF4)11y146)13vl)q01Fy(p515ne8(sequX);06w(=)50u1M8y(t259Ω13b(com15=)50up)98=)42.a-[Fs(ieqFy(0Fpqu1100gpFy(eqFy(0FiΩF(sc;8k2598100(971+di(for6pqu1]+Fy(X)14;0620)32hΩb(V8y6łgorithb(com15=3211Ω1uiy7com2(i(levvl)q000811Ω3211Ω1ui10F897430256rs)7Fy(ΘΩyF3g91413211Ω1ueqFy(5410Ωg(for6pqu110F1026430256rs)7Fy(ΘΩyF6)10)3n3211Ω1uX);02g(f1100(971+d))h(=FFFw(3Ω2(i(levvl)q0¡)g2yF3211Ω1uX):)210Ω42(Cond)hNo15io(From)13b(stAtdrrns)n)g(convex)gΩ615uenh2(set)21724y32(compa0)6394751Ω1uiy685488(levvl)q10F711Ω4751Ω1ui0p9yF:)p(f11811y()qw())h(=)4(¡)859y32Ω200y)g)504751Ω1u(#)qFx(f)i0p9yF:)p(f19p9yF;8g62j+a)9)1mm)078y32(comsyki)994751Ω1u(#j0g16Fx(ΩF98100(a)97;2v110th31eΩ50756rs)7Fy(ΘΩyF3ghe0)Ω4751Ω1u(#)qFx(f)g(to8(e0Ω50756rsyFt448orithm)isk)482Ω4751Ω1u(#)qFx(f)98100(12991488(levvl)q11Ft(164751ΩΩ92252t((curv6e)f(hIitab(.)297b((m()9trF1)g(c6ru6tab(.)used)fΩgΩ978242)945ł)i(lev)7Fy(pF79v6e)f((pointsgs)d(ieh(d(trFs(se)d(rngimpleocfp)g())203l)i(levpact)5278s2)f((poipFyIitabre51hdata(he)asT,cgΩii))29)eł)i(levpactcurv6(4(n)770)f(thatfhe)f(dpFy(Ky(;)8he(n)1r5yFΩfcpfeoncenmpacj(imitm81ae(shafy(X)184y31eł91(lev)7Fy(ph(27Ω6(4(n)77024))F(778ness)g(conditioFFt(711next)g(es)g(a.h(g4y(;)8ΩF(sco20bFy()q5gch(a.10081inimu(711c)97us)97385yFw((W)n(e)11aΩhde2)1589145r)97Ω)fFF(ful˘f(2.tcurv8)i(luT)m(akns)et)hhe)eus(cc(tnom)13b(st)d(ieh(d(trfnvex)y(X)184y)5Ω28w()Ωp)7Fy(ph0nst834111200:F(.)1511lin841(levpact)150834ΩΩ1uFl,fi97Ω211hae)f(fduh(fi9yiee)14igF1)g(ced)15bFy159495f(up)g(C(59m)9(the)f(gs1s2119591Ω1uiy682o895)gFv7Fy4ns730Ω9gorithm)(ffl2119nst42h2y(;721199e)70411832�299w())b(com692591Ω1u(#)qFx))h(=)4(¡)857)9(the)fy)g)50Ω591Ω1u(#)qFx2v118c1ueqFy(54103819gorithm)(Δ)12gΩ9nstV1)12g199e)70411832h0n5299w)13b(co10ollo59e)p)g(;2FΩby2j+a)9)1mm)15eΩ9(the)f(gko1Fy(591Ω1u(#jt((.a-)qFx(ΩFt(8232Ω4e)2)9(the)f(gs1g290lo59e)p)g(;23417Ω9gorithm)(ΓΩh(2789nstV1)(27899e)70411832h351299w)13b(co138795fΩ25(#)qFx(f)g(to8(fithnf(0f(noe)2))461f98yhm)isk)495Ω591Ω1u(#)qFx2v11832hs(9(the)f(gs1g5((195)gFv7Fy43Ft(16Ω95f(up)702523((curv108Fw()pFx83ine25f(up)g(to32Ω859Ω02(the)f(gs1889ee25f(up)98yg)108943ne241(levpaph02ber153f(novl8)h02bF1gf(be)¿)h02bF12b(alw¡)h02bF1289(cF¿h02ber30hnes11(0c6B)15bqFy(54143120orithb(cop(fΩ/p91215e5yFy(;)4/p91240))1t8100(1692B)15bFv7Fy()g(2he)fΩ8w())ce)gFFthee)fΩ93;)6ysy(;)he68¡213yF01)168ms245)15Ω2y(;t168ms2651704v(Fy20661180129456rstbFy(itiqb(copΩ110%r30mui)9Ωey(;)40%r330))1t8Fy(8100(120f(126rΩlevv7Fy2)g12rits2(f)pFyF1214153f(novl9F12141quenc¿F12142b(alw=F1214289(cF¿h21430hnes;y31e152())ce)gFFt31e158;)6ysy(;)31e179val8)honste25f(up)7024544905524((curv14basicD7ailonc(¡Fs02rFb(we)g(sg)j(poins9videdgmb((ianFF()1FF(tetiore,)94Ωy(LgΩFjcj(2re84om)13b(thendt(stabsΩ617Ωt)lsc-)Ωcurv14684i1)1110(711Itgc7nts)dwort(ieanorns)n)))97Ω1Ω528232Ω83)344(n)pFe)h(Γ899)g(4(n)798yi)1089945)468Ωlevpaph026)g(4(n)7Fl,fi9so4m)hΩ(v)FF(.)1571140Ω4(nΩlevpa99F1293;)g(4(n)7nt104nsFF(.)1573`49n)pFe)h(flberg(4(n)7Fl0)h(if5onnkts)dup)e1688(othges(curv15)hΩb(ellese)e16(so02wonFw(ΓFx(g)dFF(contad5neto.)2)hs)i(suFhΩforwcgnd)hu(e1e84ftions.ah(iirst)13b(wereints)dpFy(KgFF(bgasΩ617ΩtΩ)lam)ni5(R)fcnro)h(algrgc)hΩ(s70hnes8g)jc)i(suas:)46orwce2598yfy(X)184y448b10(lev(see68ms7031Ω1uX):)25Ωsits)97Ω3)e)e1817973bFFt(u(1)eah(igssolutionsg1688(mix)h(T()gΩFj9y834(;)ew)13bwh(8701817973b414yFj9y0.s.))ew(n)pbyFt0301817973b,9f71(0Fihiyrithm)iad5nu(main(gains)otioFhΩforN020)g(fwg=gc71q00)hΩ(s)66225ointerb(we)geF(T(hF))pFF1d2f(twichant)hn(thationedetsu(1)e)m(ab.8))dFy(10)9e)m(ab.2ains)owΩtΩ)(T(e)e(for)i(g(algoj(pic(w)j(;92(Co)aboute)0(1)2)158Fw(Γe)nuld)isoncl)fl)llpFy(64di2apFFat)h(least))f(ah0nst1886yFΩvy(X)184y)use193e)13b(NF1i)9Ω¡92(sequ)gFyFy(70rgsnumbtwo)fsoluctst)13b(we)gFy(X)18(�6yFs(i)1N)Fj(T)l)(0)pFyFF(providlasteΩe(a1F79vyrst)13b(werF(pim()g(alTth9et)goide2)15891fa(ca(R)44720o11Ω1uX)T55y(and)i((Fy(”ndxx603204i(levvl)q108659Ω20o11Ω1uX)bigh(a.:yfy(X)184y745220o(n)pFt(+7791t081ueFF(ifΩ(t(us)g5to)9220o(n)pFt(+(use20o11Ω1uFw(+d10bFyyFsΩi(s5)1032220o(n)pFt(+1ΩyFw([)p07920y(quenc;+)g(algorit11)g(i0o(n)pFt(+1165920y(quencFw(Fy(X)14=)-281353200(g(forCo12844097e)13b(1833)qFw())25bFx(2)13b1368Ω20o11Ω1u)r414yFt(nFy(T)19Fx2v1N1g5(03204i(levvl)q11)s23Ω20o11Ω1uX):)p(939Ω2196415Ωysy(;20-225yFy58;vy48-225yΩV547-225yV573n12rit))102Meantb(shall)h(least))f(aΩyFw(he)fyFy(;(algorit837-2244)13b(NF88y23756rsw8Ω881Ω+(al225yFy58;v)92wrst)Stdrrns)gc)i(sual)h(least))f(aΩ(X)184y33id2t4h(compact)yF2w3756rsw8Ω881)396o225yΩV502wrst)rb(wal)h(least))f(a3129Fw(he)fyFy(;(algorit16(yΩb244)13b(NF165y23756rsw8Ω881X)14=least))f(a)97824yn)goΩ2t4h(compact)7com2w3756rsw8Ω881)803725yFy58;v18)g(i5yV939Ω25mu15Ωysy(;20-23(al257;vy48-23(alV97482(5t))102Mix)h(T(fFj9y50bF30256rsbe)gFF547-23(alVΩ66)h22(5t))1020.0538p9912-23(alV987w(2.481981)396Ω23(alV340w(2.2Γn581)80373(alV1o)g723(alV939Ω23oeΩ15Ωysy(;20-2398157;vy48-2370lV974-23y3a(Mix)h(T(gΩFj9y50bF360200byF01547-2370lV66)h23y3a)1020.015281Ω+(al2370lV987w(0.238681)396o2370lV340w(6.3Γn581Ω)8037370lV1o)g72370lV939Ω238y)5Ωysy(;Fy(23e)fa9e)m(abalg(p1:)462MeantcstabsΩ617Ωt)nuld)isoncifl)llpFy(64di2apFHere)poinf71(0FhΩti(yrithm)iad5nu(maintabsΩ617Ωt)st)1-)hFy(57Ωb(b(conci)k(oh)120jocal)0zu,(hFy(;)8)g)i(coflrb(wh1toili15Fy(Atdrrns)n))i(su24))t7ΩhΩ(comp1)f(1(a)=)13b(0)fF1omp4Ω1omp3ebFFw03rits67(nsy(;202f24157;vy1119nV509Ω9nV507it))102Numbtwo(Fy(”tabsΩnu(mafs(ctuFw(Γe))15Ωb(concy19219nV)92wanum)f(shafy(X)188(�6yFs(i)1N)FjΩsw8Ω881)60759nV)82wrst)Meant(Fy(”tabf1uX)T51)871Ω9nV18279nVw0395ts67(nsy(;202f152157;vy111152(VF36;t35t))102Mix)h(T(yFj9y4(ˇ256rsbe)gFF50f(152(V8)11t35t))10237gFF1292f1521Valso)w(4781)60751521VΩ20f(wp1)f(19.151)871f1521Va1827952Vw03153fs67(nsΩ(;202fcurv57;vy111curvVF36;t93a(Mix)h(T(gFj9y4(200200byF0150f(curvV8)11t93a)10291gFF1292fcurvV485Ωw(26581)6075curvV1964w(243.551)871fcurvV1827210ΩVw03y111167(nsy(;)134)fa9e)m(abalg(7112:)i(inF)m(t)13b(wer(7Ω1algoj(pic(wff(points1q00)hti(yrithm)iad5nu(maintabutionsg115Ωb(concΩgg(gains)h(se-)hF39w)1(l)0zu:b(a)g(numbtwo(Ω217tabutnu(ma(Ky(;)8he(r(5b5775eftabnsg115Ωb(c)11,971totFF(64numbtwotrsolutst)13b(we)g1826Ω363f(novlPthw(2F39w)1Fy(X)18(�6yFs(i)1N)Fj(T)l)(97Ω4Ω(Cond)hotioF)dFy1(0Fihiyrithm)iad5nu(mah(twich)meanigssolutionsgΩdlasteirst)13b(werf(pim(h1uX)T521et)goi(poin(Ω217thF(ed(cnu(ma(Ky(;)8ΩFF(n0vyrst)13b(we13b22)639g(Fpoinf7e)m(ab.8mu)h(gag(foe4m)hΩ(v)hant)h(qumix)h(Th1uj9y9(n)646)13byFt0281639Ω(comp10(a)=639ΩX)18(�6ysolaFy(M)mporthish(Th6ulm)ni5(Rfhetndl)h(qumix8g)gF48lpFy(64di2ΩFy(i6(hFy(apt)goi(porns)ne)ho)g7237se970cl)f/iuld)ifo4mgoin(Ωqw()bigge2)p)i(an)13b(8lpFy(64dibyFtit030185168)e)Ωt35t))1dimcd6h(02003Δo)g723(FyΩb(b199n)b(absolutthors715=)5)poinf71(d5nu(hΩti(yrithm.dh(cFx(041m(FF(a4Ωy(T(hFy(hΩtiogram6Ω363f(ndi2apFHere)poinf71(f(hΩti(yritΩevay)Ωd)ht)hgi)f(aut805jand)i(ci5(prg4ygoj(curv8)Fig)asT2i(ve(efsreints)hΩti(yrith(LgΩFjchighy(23)amanp13b(nearg)i(sg)2))8)m(alnsgjb(conci)k(oZFw(()oagimef81ag(algon)lso)hΩy)e(for)i,y9(n)64e)13byFt02816391j()f8720(a)=639Ωf((p8ansg)hm8nenede(coore�6yFs(i)119462lya(un91)g(a)h(trbi))elutionsgΩdΩFg(1uX)781g)jas,8(ΘΩ)(T(e243.h)om(Δ735Fs(nurv8)t)13bfgΩdΩFg(1uX)47768f(AJudigwerf(pim(h1u194611neKgFF(bgasΩ61573Ω24occu770Lht)i(tlareintsΥ210ΩV98775Ω8))dFyΩsgΩdΩFg(1uf1827952)hg(er929h(poinsmiddl)h(qygoj(curvpimFig)ah(2fflli68Ω(algojede2)1589rc(w)vbFp1)f(hΩtiogram(ab.s1q044l2001(compah(t)i(ti(giaximumcΩgg(gains)hci)k(oZFw(()oae)g1826ΩΩ(ob-(a.s.)0)f(a15)Yi))kthm)iag.h(198y(concy7ΩtΩ)c(w)j(;92(Co)ab9vpimF(sco40301814iw(()pF=639ΩX79FF(henuldm81)11)n4set)gFx133018336w(()pF=6h(=F)hon(henuldm8oncer92it)ai)x)h(T(efsree(hΩtiogram(gFbwh002)pFFatconuen0tioned(nearg)i(sgFFFw8yfl)f(he)g.2)13ems64numbbop9di2et)ew.h)om(Δ735Fsfl)f(a)ΩΩ(dedi(f)e(for)1gfcpfzeyrst)13ha.st0afst))f(a)9sg)2))1266)hmFig)3ed(algosjede2)158evolutisolated.mpacj(ir(Ωiomfy31eł91)hΩ(s8;+1)1339Ω2goriocal)g(Ω21)6(aSt24)13829e)pmpact)0-p2h(le126Fw(62e21185k1266)ho1325Ω940u1ei2)p)i15891fa(n17ΩyFh02b))5)523bF)g2750756rs)7Fy(˘07o(6yh(pFydjb(mai,)i(trs414(Red44hm)iad5itFF(6(lev)5f(up)g(mah(tw(thationede97158sΩ(se638Ωains)h(s13byFt02816391j21Ω1ui4pF=6h(=)i((rs414ldm8onjncernsdΩ)971585y(coRfhetpen)t)h(N)7FjΩ3y(Tyl(te:F2)15har19eri(yri:)x)h()Fj(T)l)(97Ω4Ω(Cond)hotioF)dFy101(co=8(n)pFt)h(2i(s=(oΩ2t4h(compa97973336wVact)0-pu)gFy(881X)1496nsy37two)fsoluch(¡)946Ω2goriocal)g(0765x(!(h1846)sa(ca(RΩi(levvl)q10869pFt)h(2d688(otgFbwh((cln0vyrstdigwerf(217Ωgcffln)gF(1(a)=ncy)ht)h(8o)hΩy)e(for)1)1573i1791FF)i(t971585i1573Ωe)e)m(ab.8mitm8h(T(Ω28w(data(0(217Ωgchagimef81ai)awicfFwg(a)h(trbi))(pim(4(to32)0zu:j(;)86ing)82jolh(198(on46)13byFt02816398nkts)))e8y=6h(=hgdimp)h(a.sAnyFualogo(C)11971585yb(8lpFy(eΩ4dibyFtit0301płe1(level:=639ΩX1M8imp)h(a.sF(and)ht)hlso)hΩyFig)4)1(loer)g(ints(T)l)(97Ω4Ω(Cond)hotioF)dFy101(co=8(n3Fs077)1ce)fyFy(;(algori7022)105wVact)0-p171Ω1u(leveΩ1X)14=lC09imp)h(a2006y(¡)946Ω2goriocal)g(0y161d)gF12991F79vyr7thF(ed2226beq5fy)69pFt)htAssIg(gains7ΩtΩ)l˘ie1Ω5282hΩ2Ω83)344fn)g(convex)ghh(T(w)j(we(4()p)g(toeeoncenmpacj(5eent)ltiFs(ieqFy(13s)36oΩ1up)9yΩ(dedi(f)e)iad5nuns)hci)k(mly)hΩeent)ltiFs(ieqFy(on)fFycFy(0Ω)(T(eFy15949f/imodcln0vye0Fyimixty(`si(werein5Ω8507hFF1das:)4612dwort(isciflnl)1Ω87)f(6A)h)6portAf(ti1)2+)pFjoj(pic(wff(point1(co811y()qw(94751Ω;)e925Fx))h(=ed)1)2+)pFjo(T(4)2h(has)9784a1as01ianFF(Ωeasyln5Ω892)q351i:)42044n)wfΩFh(a.srhm)198(on46))leo)as:)48)(!1(15Ωb(concj)awicfuorithdbarrieints20bFy()q94751849ΩyFsg)108943n1)48)()h(a.s0o11Ω1uX)Teendpal83ine2-lonc(¡)asTAc9rFp1)gΩΩwhich)1)1589145r)97Ω)fFn)13ΩbkV4)f(ai(luT)m(akns)e,rom)1atiFyunivaΩ11aΩeyei2)p)i(suen)g(a)947D)9f(up)Fw(025slo75)(le1931+d))h(=h(a.s0o11Ω1uX)Teenden1=)13b(5448061y)14FD)581Ω067w(025slo75yhΓ061y)1430Ω9g21Ω15bFx(172119ns01Ω0(0ynAar99e)77)1605b(w7452997)16091(com692591Ω1(que61y)14(the)f(gs1g5(Π91Ω8974067w(02v11easte61y)14(the)f(gh31eΩ000h(T11311110(0ynAar99e)hr)h605bV)hr)h6091Ω(co10ollo59e1aste61y)(5418fu1syki)994751lfollm72Ωh2179V)[)p99e61y)14(t(f)p2549y(Γv7Fy43t)g;F3211Ω021299))61y5)h605bV)y5)h6091(com692591.)1579e61y)Ωf(0f(noe)2))461f98n(No204led)7Fy(p42554FF(:)2v1101Ω061y)14(the)f(gs1g5()g(yΩ85Ω15bFx(172113bre51061Ωsy(;20)exe8414ldm8)158FF(64imitm81slo75)7mbeFwysorefeleuxhndxl((˚4(n)1110%r30)f(a)13exe8414ld;(al)](iΩF(#)qFx(f)pΩrst)Me5Ω940u1Rnt)k())(po8x)h(1110%rΩFs9)2564195()6ysy(;p1001240)j)¿gchy(fl)995ifl)ict)i(tydh(compact)y(idej)hΩ15p48Fyl)ll22))e8yjhendt(sfyFacan)hΓnsg1F))f51as01fh7Ωb(b(x)h(FΩ5mix)h(T()fΩeasylnh892)q351ih(qumix8fact)yF26225ointegFk)s23e307ysy(;0(sequX)w(1912-23(3B)re)h(i)9561203f((;0(sequX)w(1741l22))e8y0yF1252Ω¡213v227k)482Ω4757g(2944i8(a(pr09l22))e8y0yF1m3)r0((;0(;0g168(fl22))e8y0yF1252Ω¡2956rsw7k)482Ω475935Ω2944i8(e7256622))e8yhΩ15p48m)j(1bdr5ts2g184tm)13bhst)d(igh(d(trfnveul˘hredi(f)ee(shafy(X)18iy31eł91Ft(+1165920208Ω295Ω4751Ω1u(#2(Co)fa9e51y)14(tct)1508343nste95Ω4751)396o31)851y)14zΩgy03slo75crst)1fmb(yb(8lp(fl)refeleuxfΩy((7ndcur06y)14zΩ1846)sa(Ft(+02f(711c)97us)93116)8908)h02bF162ly250232Ωy((7))799321797sand8¡)Ω232Ω2eo=8(n3Fs0g5()g(y1489y(s08)h02b820y9y250232Ωy(:2Mnd158FF()pFx(g2611y)14zΩMorehm)iand)i11)nlΩ61b(8l¡)g2yme)g((seee0)us)97385z((trbi)achibarrieinis20bFy()q947510)fF961;2FΩby2j(o)4611y)14zΩ0o11Ω1uX)Teendphl83ine2-lonc(¡th(LgΩF5Ω892lidb(0)fF1942)15812mp3ebFFw03rits57Ωs54b()i(fa)g(h(rzai(lof.e(open)(aLΩg(gains)scj(ir4l20(pic(w)j(;92(Co)iendpgd)7FE162970rg)i(n;0-pu236)(8(n)p201yqy(23)2870rg)i(n;0-p([)25T)19Fx2)hΩat)f(fell)gf041184aΩ10797c17FFt(poΩ)(T(e92)qlg(procee(t0nst1d1001240c(w)j(;eFwyso2l3rith[gs)dx(F)58445ffrsw8;)r1Ω28232Ωy(e)h(c0041829e0Ω5ffrsw8;)58;v1)g(set)g7yΩ(Cond)hde)Ωb(V8p)(can)d)158FF(cn)pFe)h(wl)](iΩF(#)qFx(f)pΩ)fsoluch(¡)gyqy(23h(us5ffrsw8;0-p(2a)971)g(setFy(eqa(r¡2y(Ω200v7Fyxgc(p98;+)g(algorit5(X1186Ω5ffrsw8;;+)g(algo561686)g(set))g(th709Ω5Υrsw8Ω)](Θ)p1b(co)a)g(h(weFf]gs)dtioF7Ωy(2(Red1h))fmbe497)7bFy()qw(see4ll)h650%r30)f(a020.0e)p)g(to129(n)pFntsfhun)h(coorestai14(the)f(gs1F84a1c617Ω617ocal)](gw(zintsfhun)h(cooresta2(f)p3exe)702523X66Ω;)e2bha(Θj56417)7bFy()qy(23)22)h650%ri(n;0-p([)ded)15bvthe)f()226Ω22)1N)Fj@68¡213ix)h6768ms245)131ece)gs)0-p2h(4Ω2e)p)98)j(queF.0e)p)g(toFs(i)1057F7it)g(set))g(t15)7475435Ω24i(sequen;s.)9782)70r25)g(set))g(th709Ω5˘ueF6Ω)](Θ)p1568r25)g(setld)f386ed)15bvthe)5p1b(F.0e)p)Ω(;20)e40p)h(a.sno1617Ω6t)yF265)e409p)98)j(286e402sy(;p1ti(y949f/)13e)h(c!)(#j0409p)98X)w(j(F40p)h(a.sctcurv6m;)r6e409p)98)k)F(co40p)h(a.sv1N1g5(0252Ω¡Fy(�))482Ω47763queF)98)k)0.)i40p)h(a.sr)9trF1)g(h(ata(ieas01fh7Ωbf834(;)Ω4FΩb(A(Fu(1)neasylnoall)971rsFF()fdF(ful˘414thg184qu))97Ω100(5115bvt8Ω100(5p)9yΩ¿Ω100(5699yΩ¿Ω100Ω5y(t2Ω¿Ω100(5(hFy(¿Ω100(611y)(¿Ω100(62(t2Ω¿Ω100(6rvf3¿Ω100Ω65)1111og(23(t2Ω¿Ω100(74hFy(¿Ω100(761y)(¿Ω100(77(t2Ω¿Ω100Ω(is)g(¿Ω100(87))(¿Ω100(814))(¿Ω100(8Fb(w:)411u(#j0gh217@68¡3F981n5se068ms23F9816rste)g1h!bFF(Υ!02nce08471Ω(level:toFs(i)1057F7it)g(set))g(t15)747gFv5589Ωyy(98;+)g(algo61e(level:to))g(th709Ω5;Fv5589Ωyy(98;754(le022)1589t54(co=8sA)h)6789(c(co5589Ωyy(9Z5)(l8166(compa=(22)syki)p2o5589Ωyypi)9747!0(level:01)12gΩ9ngFx6Fy(x51hae)Ω5589Ωyyp00k(T)l)f)d18g(well)@68¡3F986637168ms23F9861eΩte)g1hme(o16l:)7523)k)z20674vel:toFs(if57F7it)g(set))g(t11ΩyFw20o1681(sequen;s.)9782u(!0674vel:to;Ft(+7791t081u2Ω681(sequen;Fy(ßvel:to(es)(i(lΩpf)6789(c(co681(sequeZ5)(lΩ686(compa=(2)syki)p2o681(seqFw(+)10bFy(74v605janY751l4Ω6x(e)fbpa=(2)syki)1Ω1u6level:)66225esk)y;+le2o655Ω7523)k))98=)42y(74v6(V88768ms2410o16485Ωw2)13b)1Ω1Ω681(seqreΩΩ20(l87047523)k))98=)411u8uencgnd)@68¡3F9Ωroc(e068ms23F98850sce)g1he)b98y8�6reΩΩ4)fa8e:)hF3)k)Υy8Θvel:toFs(i)1057F7it)g(set))g(t15)747gFΩ8y3116rzh5g(algo61e8Θvel:to))g(th709Ω5;Fv8y311Ωy(98;7548Θvel:to89t54(co=8sA)h)6789(c(co8y3116rzZ5)(lΩ84(e)fbpa=(2)syki)p2o8y3116rFw(+)10bFy(767m72Ωh2vthe)f()rit18Θvel:00F120ineo(6149Ωyyp00k(912158FΩ8ste25f(1215850scence)gFFtb)179y8�6reΩΩ)178a8e:)hF3)k)Ω52;+24y8Θvel:to+he)f(@149Ωyyp00k(960758FΩV(96075850scence)gFFtb)33y8�6re4`(889bCu373)k)Ω52;+890Ω8Θvel:to8(gs)danY752Fw(8y3116rzh5g(algo152o8y2y)Ωf(0f(20ine1057F7m23Ω28(8y3116rzk)Ω52;+6508Θvel:to89t1918Ω2+led)7Fy(p670r767w(02vthe)5p1v6e))e)e188FF(6pFx(g2;+2(Smp9Fght)13wFF(i(255Ω217FFt(poalgosjh9di2et)gFx13y)8(i(628(tctfk())(po1Ω1u(589Ωyy(9899)g(4(n0mp)h(aqy(2879Ωy)ug)i(n;0-pu973w8Ω8818974302)(l8n0mp)h(arp)i(s=Ωy)ug)i(Z1817l8n0x(e)fbpa=(2)syki)063y)ug)pi)9745Ωn0mp)h(a(0f(20ieFx6Fy(x51ha7;vy)ug)p(ifc)g(to1597)w8Ω88189743b)30rsw0mp)h(a(0f()f(sA)h)6))618łgorithb75e(6p)h(aqyE)704e(6)ug)i(n;0-ppeg)f01uX):)21”)VF12e(6p)h(a99n)p21Ω1(6)ug)i(Zo11Ω1Fx(Ω)fbpa=(2)syki9012e(63116rFw(+)10bF(#)q4101+d))hY;)epV130y(quenc;)g(algor(764101+d)(971+diFy(591w=F1230y(quek))98=)4Ω(#)q415)h640(1692r)g(h02bFag5(0252Ω¡64195)179yd)7Fy(p0s=Ω203116rzk)Ω52;+219)f01uX):)21#(dy)rsw(gl9F1214130r2e(6p)h(a(0f()f(sA)h)6))221797sand8ln)g(1239F12141455e(iΩ88189743f5on39Ω¡(6p)h(ag5((195)F361239F121415312e(6p)h(a6)pFt(348974835167l8n(63116rFw4829e)p)g(;21299)265)5e(iΩ88189743w(19844(6p)h(ag5;6(so023btwo)fqyE)53f(n330Ωg)i(n;0-p30rsw28(sequX);()Desp23btwo)f99n)n(Non330Ωg)i(Z)31573335Ω)fbpa=(2)syki4)dFy30116rFw(+)10bF516Ωw28(sequX)”(544823btwo)f(971+d6)15b))e8yhΩ)10238Fy(5s5alg(p1:5y(t13mo9)221797san3)0)f(13sk)495Ω563)97170116rzk)Ω52;65)463btwo)fso+)7ne241(!)1199e)75o0231leas75o023mo9)221797san3)87)13sk)495Ω4)VF17170116rzk

algo98Ω1ui3Ωo g8¡2y(579F1214130r2e3btwo)f(97)f(sA)h ;89743f5on55463btwolevFnsequX d32Ω4e 989s70357;v470116rf1299 e

268 Δi stoell⇁ψg797ψsa351ψ/ stoell⇁ψf182e sequejr