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Maximum variance direction [1/2]

m We look for an orthogonal coordinate system such that
the elements of X in the new system are uncorrelated

m We look for axes that maximize variance after projection

0.5

-0.5

M. Verleysen
ucL
4




M. Verleysen
ucL
5

Maximum variance direction [2/2]

We look for axes which maximise the variance after
projection

i.e. along axis u with Nl Vou” =1

In the new coordinate system :
Xl =uY

Therefore :

Var(Xy) = o2

Y =Elaxi]= u  EYY u

Maximum variance = min. distortion (LMS)
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Maximum variance = minimum distortion
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Choice of direction [1/3]

m Choice of u ?
e = argmax uTE[YYT]u
u

= argmax uTnyu
u

=argmaxu’ @N0” u

u EVD(Cyy)
2 _al T
G)(l,max =e @,0_1 e
EVD(Cyy)
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Choice of direction [2/3]

m Choice of u ?

e=argmaxu’ E[YY Ju e=0,
u

where @, is the eigenvector corresponding to the largest
eigenvalue of Cyy

4 0 0 O
0O & 0 O
2 T T > ;
O max =1 @10°0:=[1 0 ... O " F " [ 0 .. 0]
eig(Cy)
0 0 0 4,
O-f(l,max = /11 where /7-1 > 12 >...> ﬂ'n




Choice of direction [3/3]

m Classical result :

Best choice for u, is the eigenvector ©, associated to
the largest eigenvalue A, of matrix Cyy.

= In the space orthogonal to u,-

Best choice for u, is the eigenvector ©, associated to
the largest eigenvalue A, of matrix Cyy.

m And so on ...
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Probabilistic PCA

Idea #1: generative probabilistic model with
latent variables x

Idea #2: linear dependency between y, and x,
Idea #3: Gaussian distribution of latent variables
Idea #4: Gaussian additive noise

{Vn}gzl <%, {X,,}ﬁzl e/, J<N

P(x)=N(xlo,1;)

Ply|x)= N(y‘WX + ,u,r_llD)
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Probabilistic PCA

/ Isotropic: natural (what else?)
Arbitrary center and variance:

— /
P(x)=N(xl0,1,) no problem because compensated
P(y|x)= N()/‘WX vurly,)  bywand W

Gaussians: natural, and
mathematical convenience!

m Marginal distribution:
Ply)= [ Pvx)P(x)ax =N(y

where s=ww’ +:71/,

MZ)‘




Probabilistic PCA training

m Finding parameters 6 ={W, u, t} in
P(x)=N(xl0,1,)

Pylx)= N(J/‘WX o, 1‘1/0)

m How ? By finding the parameters that lead to
maximum likelihood of the observations y,

=g [1t)aapo{ o 117
= arggmir{— %‘, log(P (v, ))]

=arg min(zf(y,, —u) 2y, - )+ ﬂlog 272'2'_1]
M. Verleysen ¢ n 2 2
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Probabilistic PCA training

= How to find 6, ?

. _ N -
QL = arggnln(zg(yn —u) =Yy, —y)+EI092m 1J
n

m = fitting a multivariate Gaussian distribution to the
observations, with a constrained covariance matrix

s=ww’ +:71,

= How: EM algorithm
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Probabilistic PCA

m Is it useful?

(does the probabilistic formulation add something to
the deterministic one?)
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Probabilistic PCA

m Is it useful?

(does the probabilistic formulation add something to
the deterministic one?)

m Answer: no ®

Tipping and Bishop showed that the axes found by
PPCA span the same subspace as those found by PCA

(standard equivalence between ML + Gaussian noise
hypothesis, and LMS criterion)
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Probabilistic PCA

m Is it useful?

(does the probabilistic formulation add something to
the deterministic one?)

m Answer: yes ©

The probabilistic formulation makes it possible to
introduce new, more realistic hypotheses
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Probabilistic PCA

m Is it useful?

(does the probabilistic formulation add something to
the deterministic one?)

m Answer: yes ©

The probabilistic formulation makes it possible to
introduce new, more realistic hypotheses

m EXx: LMS criterion (= Gaussian hyp.) does not
correspond to natural goals!!!
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PCA and outliers

m With “easy” data
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PCA and outliers

m With a few outliers

\Z
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PCA and outliers

m Why is it the case?

Y,
new data:
not likely (low posterior)

Y1
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PCA and outliers

m Why is it the case?

Y2
new data:
not likely (low posterior)
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PCA and outliers

m Why is it the case?

\Z

all data:
more likely

Y1
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PCA robust to outliers

m Increasing the probability of outliers: Gaussian

)
new data

Problem: all data
close to x; become
equally probable

Y1
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PCA robust to outliers

m Increasing the probability of outliers: Student

Yo
new data

For identical outlier
posterior: better

discrimination aroundj
axis

Y1
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Student-tdistribution

oof Student—f

P(X)
—log P(x)
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Robust PPCA

m Probabilistic PCA
P(x)=N(xl0,1,)

Plylx)= N(y‘WX + U, r’llD)

m Robust Probabilistic PCA
P(x)=st(x

Identical for simplicity !
O, /J V
Py|x)= St(y‘WX My
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Robust PPCA

m Model (P(x 0,1;,v)
P(y\x ‘WX+,U p, v

m But Student-¢ = infinite mixture of Gaussians:

St(y,u,Z,v):jgoN( Vi, Z)Ga( v )a’u v>0

2'2
where Ga(y|.,.) is a Gamma distribution

m Therefore the Plu)= Ga(u
generative model is

)
Pxlu)= N[XO, 1 IJJ

Ply|x,u) [ Wx + u, 110]
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Robust PPCA

= Model P(u):Ga(u ,

Plyix,u) N[ Wx + u, 110]

m Good news: the posterior is tractable

P(y)= j;ofx Py|x,u)P(xlu)P(w)ax =St(y|u,=,v)

where again s=ww’ +:7%/,
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Robust PPCA training

m Finding parameters 6 ={W, u, t, v} in

Plu)= Ga(u;;j

P(xlu)= N[XO, % IJj

Pyix,u)= N[yWX +y,L:ILTIDJ

= How ? By finding the parameters that lead to
maximum likelihood of the observations y,

o - argemm(— S oolely, »j
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Robust PPCA advantages

1. Only one parameter to fix in advance (the dimension
of the latent —projection- space)

2. Natural framework for an extension to mixtures

16



Overview

m Principal Component Analysis: a reminder

Probabilistic PCA

Robust probabilistic PCA

Mixtures of (robust) probabilistic PCA

Experiments

M. Verleysen
ucL
33

Mixtures of (robust) PPCA

m (P)PCA: linear dependencies in data only

m Mixtures of (P)PCA: nonlinear dependencies, through
mixtures of linear manifolds

Y1

m Latent variable model, 70 common projection space
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Mixtures of (robust) PPCA

m Concept of (hidden) cluster membership

PWy)=Y kP (y)

k
\\Single PCA model

Mixture proportions 74 >0
z T = 1
k
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Mixtures of (robust) PPCA

n =2z, 2,.., Z] with
z~=1if y, was generated by component &
z,=0 otherwise

m Latent variable model

P(z)= Hﬂ';k
k

Zk
Plulz)= HGa(ukvzk,Vzkj
‘ 7 Possible different
P(XU,Z)ZHN(XO,]' /J] ‘ dimensionalities
k Uk
1 “
PO/X’U’Z):HN kaX"‘,ka/Dj
k Uktk
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Mixtures of (robus

t) PPCA training

m Finding parameters 6 ={(W,, L Tp Vi T tke1 K IN

P(z)= I 72';/(
k
Pujz)= HGa[uk
k

P(Xu,z):l;[N(x

vie vie ¥
22

Zk
O,llJJ
Uk

Plylx,u,z)=T]N
k

= How ? By finding

1 K
kaX+ﬂka/DJ

Utk

the parameters that lead to

maximum likelihood of the observations y,

b, =arg gmin(— %‘,Iog(P(yn ))]
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Mixtures of (robust) PPCA training

m In practice: EM algorithm

m E-step: fix the model parameters, and compute
expectations (over an approximate distribution) of

latent variables

m M-step: update the model parameters to maximize

the likelihood

m Two hyper-parameters:
— the number of components
— the dimensionality of the latent representations
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Experiments

m PCA and robust PCA

Y

[
yl

M. Verleysen
ucL
40

20



Experiments

non-robust robust
2 D&bbbb LR
! iﬁ /i’%> E \R
= . PCA = j :
A ° h ¢ A ¢
<) mixtures
M. Verleysen s 3 2 T [ T 2 ER
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Experiments
m Three 3-D Gaussian clusters
— Diagonal covariance matrix: diag(5, 1, 0.2) before rotation
— Intrinsic dimensionality: 2
without outliers
“ dim of
= latent space
o =1 J=2 .-
iz] \ .
- Y robust
y] yz 0 2 4 ; 8 10 12
number of components
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Experiments

m True model (K =3, J=2)
m Outliers

Performances on test set Degree of freedom parameters

x10°

o ~‘almost Gaussian

T

~log P(y)

o takes outliers

! into account
J 20

30» 50 60 o 10 30 40 60
# outliers # outliers

Experiments

m USPS handwritten digit dataset
— around 700 images of “2”
— around 700 images of “3”
— around 100 images of “0” (as outliers)

m Experiment: two 1-D components (two clusters)
m lllustrations: images close from the 1-D subspaces

standard mixtures robust mixtures
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9000222222 00% 233333333
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Conclusions

= Probabilistic formulation of PCA:

— identical to PCA

— but possible to introduce other hypotheses
m Robust PCA:

— replacing Gaussians by Student-¢

— makes outliers more likely — lower influence on the model
m Mixtures of PCA

— latent variable model

— better than mixtures of Gaussians through regularization
(dimensionality of latent space)

m Mixtures of Robust PCA
— replacing Gaussians by Student- ¢
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