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1.
In

tro
d
u
ctio

n

T
h
e

p
ro

b
lem

:

F
or

a
given

sam
pling

rate,w
here

should
w

e
observe

a
stationary

random
field

�
��
���
�
�
�,in

order
to

m
ake

estim
ation

atunobserved
points

as
accurate

as

possible
?

T
he

sam
pling

rate
is

defined
as

the
lim

itofnum
ber

ofobservation
points

in
a

w
indow

divided
by

the
volum

e
ofthe

w
indow

as
the

w
indow

increases
to

�
�.

A
p
p
licatio

n
s:

D
iscretizing

m
ultidim

ensionalsignals
(�

represents
for

instance
space

and
tim

e
and

frequency
ofa

tom
ografic

im
age).

D
esign

ofexperim
ents

(com
puter

experim
ents,discovery

ofactive
com

pounds
from

a
chem

icallibrary).
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S
im

p
lifyin

g
assu

m
p
tio

n
s:

�

Linear
interpolators

only.

�

M
ean

and
covariance

function

�

know
n,covariance

function
isotropic.

�

O
bservation

points
form

a
lattice.

Ifthe
covariance

function
is

know
n,“observation

points
should

be
as

uniform
ly

as

possible”.
F
or

estim
ating

an
isotropic

covariance
function,there

should
be

observation
points

atarbitrary
distances.

T
hese

tw
o

goals
conflict.

To
obtain

uniform
observation

points,lattices
are

a
naturalchoice.

H
ow

ever,in

higher
dim

ensions
the

“m
ostuniform

”
lattice

depends
on

how
w

e
define

uniform
ity.

T
he

standard
cubic

lattice
is

very
non-uniform

w
ith

respectto
allcriteria.
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2.
L
attices

A
lattice

�

is
a

subsetof

�
�

consisting
ofinteger

linear
com

binations
of�

linearly

independentgenerating
vectors.

T
he

generator

�

is
the

m
atrix

w
ith

the
generating

vectors
as

row
s:

�
�
�
��
�
�
�
�
�
�
�
�

�
�

�
�
���

E
xam

p
le

Tw
o

possible
generators

for
the

hexagonallattice
in

�
�

are

��
�

�

�

�
	 ��
� ��
�

� �
	

�

�
	 ��
�
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T
he

basic
Vo

ro
n
o
icell


��
�

ofa
lattice

is
the

setofallvectors
in

�
�

thatare
at

leastas
close

to
the

origin

�

as
to

any
other

lattice
point.

A
llother

V
oronoiregions

are
translates

of

��
�.

T
he

sam
pling

rate
ofa

lattice
is

�����

��
��.

T
he

p
ackin

g
rad

iu
s

�
��
�

is
halfthe

m
inim

um
distance

betw
een

tw
o

points
ofthe

lattice,i.e.
the

inradius
of


��
�.

T
he

kissin
g

n
u
m

b
er

�
��
�

is
the

num
ber

of

lattice
points

atdistance
2�

.

U
niform

lattices
have

a
large

packing-radius.
O

ther
m

easures
ofuniform

ity
are

the

covering
radius,i.e.

the
circum

radius
of


��
�,and

the
vector

quantization

distortion,i.e.
the

average
square

distance
ofa

pointin



��
�

from

�

.
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In
the

frequency
dom

ain,an
im

portantrole
is

played
by

the
d
u
allattice

of�
��
�,

scaled
by

�	

,w
hich

w
e

denote
by

�
��
�.
Itconsists

ofallpoints

�
�
�
�

such
that

�
�
�

is
an

integer
m

ultiple
of�	

for
any

�
�
�
��
�.

A
possible

choice
ofthe

generator
m

atrix
for

the
duallattice

is

�

�
�	
��
�
�
�.

T
he

functions

��
�
��
�
�
�
�
�
�
�
�
�
�
��
��

form
an

orthonorm
albase

ofthe

space
ofperiodic

functions
w

ith
periods

in
�
��
�.

H
ence

under
the

usualisom
etry

�
��
��
��
�
�
�
�
�
�,the

subspace
generated

by

��
��
���
�
�
��
��

corresponds
to

the
space

ofperiodic
functions

w
ith

periods
in

�
��
�.
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3.
T
h
e

m
ain

resu
lt

Let ��
��
�

be
the

bestlinear
unbiased

estim
ator

of�
��
�

based
on

observations

��
��
���
�
�
��
��

on
a

lattice.
T
he

average
m

ean
square

error
of ��

��
�

is

�
���

���
��
��
�

�

���

��
�� �
�
�
�

�
�
���
��
�� ��
��
��
���
�
�

N
ow

consider
lattices

�
��
�

w
ith

���

��
��
�
�

and
scale

each
lattice

by
a

param
eter�

,i.e.
take

�
��
�
�.

T
hen

for
each

�
w

e
can

ask
w

hich
lattice

m
inim

izes

�
���

���
��
�
��.
Instead

ofconsidering
a

fixed
covariance

function
and

scaling

the
lattice,w

e
can

also
take

a
fixed

lattice
and

scale
the

covariance
function:

�
��
�
�
�
� ��		�		�.

F
or

the
spectraldensity

�

,this
m

eans

�
��
�
�
�
� �		�		��
��
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F
or

a
subclass

ofcovariance
functions

or
spectraldensities

to
be

defined
later,w

e

have
the

follow
ing

results

�

�
���

���
��
�
��

O
ptim

ality
criterion

�

0
none

sm
all

see
later

dualpacking
radius



�

??
??

large
see

later
packing

radius

very
large

�
�
�
���� �
�
��
�
��
�
�
�
��

none

�

�
�
�
�

none

H
ere,�

is
the

correlation
function:

�
��
�
�
�
��
���
�
�
�.
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E
xam

p
le:

d=
3.

H
ere

the
packing

radius
is

m
axim

ized
for

the
so-called

face-centered
cubic

lattice
w

hich
is

obtained
by

adding
the

centers
ofthe

faces
to

the
cubic

lattice.
Ithas

�
�
��

and

�
�
�
�
�
�
�
�
������
���

.

T
he

duallattice
ofthe

face-centered
cubic

lattice
is

the
body-centered

cubic
lattice

(the
centers

ofthe
cubes

are
added).

Ithas

�
�
�

and

�
�
�
�
�
�
�	
	
�
�

�
�
�����
���

.

H
ence

the
optim

allattice
depends

on
the

sam
pling

rate.

G
enerator

m
atrices

are
(up

to
constants)

�
� ����

�

�

�

�

�
�

�

�

�

�
� �		�

�

�
� ����

�

���

���

���

�
���

�

���

�

�
��� �		�

�
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4.
H

ig
h

rate
sam

p
lin

g

F
irstw

e
have

a
form

ula
for

the
average

M
S

E
in

the
frequency

dom
ain.

T
h
eo

rem
1

If�

has
a

spectraldensity

�

,then

�
���

���
��
��
�

�
��	
�
� �

�
��
� 

�
�


�
�

��
�
�
�
�
��
�
�
�



�
�


�
�

�
�
��
�
�
�

�
�
�

F
or

�

going
to

zero,the
peaks

ofthe
integrand

on
the

righthand
side

becom
e

dom
inantw

hich
allow

s
us

to
approxim

ate
the

integral.
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T
h
eo

rem
2

If�
��
�
�
�
� �		�		��
�

w
ith

�
� ����
�
��
�
��
�
��
���
�
�

then

�
���

���
��
��

�
�

�	� �
��
�
	
��
�

�
�
�
��
�
	
��
�
�
��
�

�



�
� ��
��
���
��
��
�
�
�
�
��
�
	
��
��

F
or

�

sm
allenough,the

righthand
side

decreases
as

�
��
�

increases.
H

ence,the

optim
allattice

m
axim

izes

�
��
�.
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S
teps

ofthe
proof:

� 

�
�


�
�

��
�
�
�
�
��
�
�
�

is
dom

inated
by

the
largestsum

m
and,

�

the
integrand

is
m

axim
alfor

�
�
��
��

w
here

��

is
one

ofthe
shortestnon-zero

vectors
in

�
��
�

(thatis		 ��		
�
�
��
�).

�

near
such

a
point,the

integrand
is

approxim
ately

equalto
�
��
��
� ���
�
�

�
��
�
�
�
� ���
�
�
�

�

F
inally,use

Laplace
approxim

ations.
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5.
L
ow

rate
sam

p
lin

g

T
h
eo

rem
3

If�
�
�
�
�
�

and

�
�


�
�

��
� 	�

��
�	
�
��

then

�
���

���
��
��
�
��

��
�
� �
�


�
�

� �
���
��
�
���
��

w
here

�
�
���
�
� �

�
�

�
��
��
��
�
�
��
�
�

�
���
�
� ��� 

�
��


�
�

��
�

�
�
�
	��
�
�
���
��
��

���
�
�

�
�
�
�
�
�

��
�
��
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T
his

is
an

analogue
ofthe

usualkriging
form

ulae
for

countably
m

any
observations,

using
the

“infinite
m

atrix
inversion

form
ula”

���
�
�
�
	
�

��
�
�

�
��

(U
nder

the
conditions

above,this
is

w
ell-defined).

In
the

infinite
sum

,the
leading

term
is

the
one

for

�
�
�

,i.e.

�
���

���
��
��

��
�
�
��
�
��

w
hich

is
independentofthe

lattice.

T
he

nextterm
s

are
those

for

�
�
�

and
the

one
w

ith
�
�
���
�
�

.
If�

decays

exponentially,sum
s

over

�
�
�
��
�

are
asym

ptotically
equivalentto

the
largest

sum
m

and.
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T
h
eo

rem
4

If�
��
�
�
�
� ��		�		�

w
ith

�
� ����
�
��
�
��
�
��
���
�
�,and

if�
�
�
�
�
�

,then
up

to
term

s
oflow

er
order

�
���

���
��
��



��
�
�
��
�
�
�
�
��
��
���
��
�	
��
�
���
�
��
�	
��

�
��
��
�
��
�
��
����
��
�	
�

w
here

	

is
a

unitvector.
T
he

asym
ptotic

behavior
ofthe

righthand
side

depends
on

�

,butitis
alw

ays
a

decreasing
function

of�
��
�.

T
herefore,the

optim
allattice

m
axim

izes

�
��
�.
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6.
C

ard
in

alin
terp

o
latio

n

Ifthe
spectraldensity

�

is
zero

outside
of

��
�,then

by
T
heorem

1
the

interpolation
M

S
E

is
zero

and

��
��
�
�

�
�


�
�

� ���
�
�
�
�
��
�

w
here

���
�
�
�
�

�

���

��
�� �
�
�
�

�
��
�
�
��
�
�
�
�
�
��
�

does
notdepend

on

�

.
T
his

is
called

card
in

alin
terp

o
latio

n
.
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O
ne

can
use

cardinalinterpolation
even

ifthe
field

is
notband-lim

ited.
H

ow
m

uch

does
one

loose
over

optim
alinterpolation

?

B
y

analyzing
the

form
ula

in
T
heorem

1,for
isotropic

and
decreasing

spectral

densities,the
efficiency

ofcardinalinterpolation
is

atleast���

.

F
or

high-rate
sam

pling,under
the

conditions
ofT

heorem
2,the

lim
iting

relative

efficiency
ofcardinalinterpolation

is

�
�
�������� ,independently

ofthe
lattice

and

the
spectraldensity

�

.

17


